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Abstract

In this note we show how to improve and generalize some calculations of diameters and
distances in sufficiently symmetrical graphs, by taking all the eigenvalues of the adjacency matrix
of the graph into account. We present some applications of these results to the problem of finding
tight upper bounds on the covering radius of error-correcting codes, when the weight distribution
of the code (or the dual code) is known.

1. Generalities

We aim here at improving known bounds linking the diameter of a graph (or more
generally distances between subsets of vertices of the graph) and eigenvalues of the
graph. Our main result is when mild symmetry requirements are fulfilled (such as vertex
transitivity ) then using the whole spectrum of the graph, one can improve substantially
the known bounds. This approach has applications to coding theory, when one wishes
to obtain an upper bound on the covering radius of a code. Indeed in this case it
is known that for a linear code one can associate a Cayley graph whose diameter is
the covering radius of the code, and its spectrum can be computed from the weight
distribution of the dual code. In this case when this distribution is known (and there
are examples for which this is the case) one can obtain a rather sharp bound on the
covering radius of the code.

First of all let us recall a few graph theoretical concepts that we are going to use.
Let ¥ be the vertex set of a graph G, and E its set of edges. The graphs we are going
to consider are all undirected. This implies that their adjacency matrix 4 is symmetric
(which is a square matrix indexed by the vertices of the graph and a, , = 1 if there is
an edge between v and w, and O otherwise). The eigenvalues of the graph are defined
as the eigenvalues of this matrix.

This matrix can be viewed as a linear operator on the vector space of functions
V — R. We denote by {l1,},cr the canonical basis of this vector space, i.e. |, has
only zero entries except for v where the corresponding entry is equal to 1. This space
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is given the (usual) inner product (f|g) = >, f(v)g(v). It is readily seen that
Af©) =y yer S0).

A is symmetric, so that the eigenvalues of 4 are real and each function f is a sum
>, [»» f, being the orthogonal projection of f on the eigenspace associated to the
eigenvalue 4. All these components f; are mutually orthogonal.

It is well known that the entry a(vfzv of the /th power of A4 represents the number of
walks of length / going from v to w. Therefore the value at vertex ¢ of the function
A'(1y) (in other words the inner product (1,|4’(1,))) is the number of paths of length /
between s and ¢.

The key fact which explains how we will bring in linear algebra is the simple remark

(see [3])
Fact 1. If (1, A%(1,)) # O then the distance between t and s is at most d.

It has been noticed by several authors [4,7,9-11,14,18] that one can improve on
this approach by using instead of 4% a linear combination of the 4'’s

Fact 2. If some polynomial P of degree d satisfies {1,| P(4)(1;)) # O then the dis-
tance between t and s is at most d.

The term (1, | P(4)(15)) # 0 is shown to be different from 0 by simple considerations
on the spectrum of the graph. Recall that this spectrum is defined as the spectrum of the
adjacency matrix, and that if the graph is connected and not bipartite, the eigenvalue
with largest modulus £ is unique and has an eigenspace of dimension one, generated by
a positive function f. This is Perron—Frobenius theorem (see [17]). Of course one may
choose f of norm 1. If n is big enough, the component £”{f | 1;) f of 4"(1,) becomes
so large that its inner products with 1, cannot be cancelled by the inner products of
the other components of 4"(1;) with 1,. Hence such a number # is an upper bound on
the diameter.

More generally, if one replaces 4" by some polynomial P(4) such that

PSS 110 > P = (11021 = (£ [1,)2

then for any eigenvalue A # k, the distance between s and ¢ is at most the degree
of P.

In particular, the diameter of G is less than the number of eigenvalues of G. This
can be obtained from P(X) =[], # (X —4). See [1, Corollary 2.7] for a direct proof.

A drawback of all these known results is that even if these bounds can be tight for
certain graphs (see [11]) they are not in general, and there is definitely a gap between
these upper bounds on the diameter (and this even with ‘optimal’ eigenvalues) and
the Moore bound (for example all the results given in [4,3,11,14, 18] miss the Moore
bound by a multiplicative factor which is at least 2). Let us consider the following
graph for instance.
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Table |

Degree 41 [10}

1 X —1 53 X -1 543
2 X —1» -3 419 (X — 1y =5 s
3 (X — 1y —(27/4)X — 1) 365/27 (X =1 =X — 1) 15
4 (X — 1 —9x2 +81/4 3281/81 (X —4XX = 2)X(X +2) ~

AP
LA
2/&

Fig. 1. The line graph of the cube and the diameter of its line-graph.

e

Example 1. The line-graph of the line-graph of the cube Q3 has spectrum 6', 43, 23,
0%, —212 where the bold exponents show the multiplicities of the eigenvalues. Since the
graph is regular, the function f is constant and {f | 1,) = 1/(1/24) for each vertex s.
The length of the part of 1, orthogonal to f is \/(23/24 . The projection of f on
each 1, has length /(1/24), and the projection of any vector of length 1 orthogonal
to f on 1, has length <./(23/24).

The polynomials used to bound the diameter, according to [4] (adjusted Tchebychev
polynomials) or [10] (optimized polynomials) are given in Table 1 with the ratio
P(k)/ max |P(4)|. These methods give D <4. The diameter is in Fact 3. This can be
checked on Fig. 1.

2. Using the multiplicities

We can refine the previous calculations when the graph displays some symmetries.
Basically the idea is that if the graph is vertex transitive, one can easily calculate the
lengths of the projection of a vector 1, on all the eigenspaces E; of the operator A4,
and use them in order to study the inner product (P(4)(15)|1,).
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This is done by calculating in two ways the trace of 42/, Denote by m; the dimension
of E;. Clearly

Tr(4*) = S myA2.

On the other hand, this trace is readily seen to be the sum of the squared entries of
A’, since this sum is the trace of the matrix (4*)'4’ (4* denotes the transpose of 4),
which is 4% for 4 is symmetric. Note that this sum of these squared entries is just the
sum of the squared norms of the columns of A/. Therefore
Tr(4?) = 3 |4'(10)l*.
sev

All these [4'(1,)[? are equal because the graph is vertex transitive (this follows easily
from the combinatorial interpretation of the entries of the vector 4/(1,)). Comparing
these two different expressions of the trace we obtain

AP = = Sy (1)

This innocent looking equality (1) is in fact surprisingly powerful. It is the key fact
used in [8] for example (see Lemma 1 Ch. 3B) in order to find tight upper bounds
on the rate of convergence of random walks over Cayley graphs towards the uniform
distribution. This is proved in this setting by using Fourier analysis on groups, and
more precisely the Plancherel theorem. The proof technique used above would have
yielded a much simpler proof of this Lemma 1 in Ch. 3B.

A consequence of this equality is

Proposition 1. If the graph is vertex transitive, the projection s, of 15 on the eigen-
space E; has length \/m;/N where m; is the multiplicity of /. and N the number of
vertices in the graph.

Proof. We have for every /
AP =3 Is; 4

By comparing this with equality 1, we obtain that |s;|* = %+. O

Corollary 1. Let G be a connected vertex-transitive graph of degree k. If |P(k)| >
2o av [P(D)m; then the diameter of G is at most the degree of P.

Proof. Consider P(4)(1). The inequality ensures that the projection on 1, of its com-
ponent in £; cannot be cancelled by the projections of the other components. More pre-

cisely assume that (P(4)1,|1,) =0, since (P(4)1,|1,)=>", P(A)s; |t;) and (s; | ) =

1
~ one has

1 ,
P(k)]v = _Zg\k P(2)(si | t:)
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Then by the Cauchy-Schwartz inequality

|
P(k)o < X [P(Wls:|i]
N R

m
< 2 PO
JEANK N

This is impossible, and we conclude the proof by using Fact 2. U

Example 2. With the graph of Example 1, we choose P=(X — 4}X — 1)}(X +2)
and observe the inequality P(6) > 3|P(4)| + 3|P(2)| + 5|P(0)| + 12|P(—2)|. This gives
D <3, which is the actual value.

Remark. The replacement of the sum on the set of vertices by N times the term
corresponding to a vertex holds also if the graph is walk-regular; i.e. for every # the
number of walks of length » with both endpoints at s does not depend on 5. In other
words, any power 4% has its diagonal entries all equal to Tr(4¥)/N. We will show
later that this property is indeed a characterization of walk-regular graphs. This class
of walk-regular graphs contains the class of vertex transitive graphs and the class of
distance-regular graphs.

The class of matrices for which each power of a matrix of this set has diagonal
entries which are all equal is stable by Kronecker products or polynomial transfor-
mations. Hence the class of walk-regular graphs is also stable under miscellaneous
operations like cartesian products, cartesian sums, strong products and other so-called
NEPS (a multilingual acronym), see [6]. Therefore it contains graphs that are neither
vertex-transitive nor distance-regular; it is well-known that some distance-regular graph
are not vertex-transitive (the trivalent bipartite graph of diameter 6 on 126 vertices de-
scribed in [1] is an example). This implies that the cartesian sum of this graph and K,
is neither vertex-transitive nor distance-regular.

3. Optimization and relationship with linear programming

We may improve on this method by giving various weights to the edges. If the
weights are positive and preserve the vertex transitivity, i.e. for each pair of vertices
u and v, there is an automorphism » which maps u to v and preserves the weights,
w(asot) = w(st) for every pair of adjacent vertices {s,7}, then our method is still valid.
The matrix A4 is replaced by 4, where the (u,v)-entry is the weight of the edge wv if
it exists, and 0 otherwise.

Corollary | holds even if the weighted graph is walk regular in the following sense:
any walk has a weight which is the product of the weights of the edges it uses (e.g.
w(abac) = w*(ab)w(ac) if the vertex a is adjacent to vertices b and ¢), and entry (u,v)
of A% is the sum of the weights of the walks of length k from u to v. We say that the
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weighted graph is walk regular iff for every / the total weight of all closed walks of
length / starting at some given vertex v does not depend on the chosen vertex v.

Proposition 2. Let A be a symmetric matrix. If the diagonal entries for each power
of A are all equal, then the projections of the 1,’s on each eigenspace E; have the
same length and conversely.

Proof. If the diagonal entries are equal for powers, they are also for polynomials.
Among these we can look at

Tl - 2d)

B, = —.
! HA\,u(:ui/“)

This idempotent operator is just the projection on the eigenspace £,. Computing
(1, | Bu(1,)), which is the vth diagonal entry of B,, we see that this quantity is just
the square of the length of the projection of 1, on E,.

On the other hand, if these lengths depend only on A, then the diagonal entry (v,v)
of 4% is (1,14%1,) =3, 2*(p,| p:), where p; is the projection of 1, on E;, and does
not depend on v. [J

Therefore, Corollary 1 holds for walk regular weighted graphs too. The point is that
a convenient choice of weights can decrease the number of eigenvalues, or increase
the ratio P(k)/>" Ak [P(A)|m,, k being the largest eigenvalue of the adjacency matrix
of the weighted graph.

Example 3. The cartesian sum of ¢ complete graphs K, ,K,,...,K, has clearly di-
ameter ¢. This can be obtained by our method too, by letting the weight 1/a on the
edges that come from a K,. Then there are only r+ 1 eigenvalues, namely 4,4+ 1,4+
2,...,4+¢, where 4 = — th,:l 1/a;. And therefore by using a polynomial of degree
t whose zeros are 4,4+ 1,...,4 +t — 1 we obtain that the diameter of the graph
is at most ¢. Without optimizing the weights of edges, there may be up to 2 eigen-
values.

The issue of finding a polynomial of degree at most 4 which maximizes
P(k)/ 3 o4 |P(D)Im; is indeed a linear programming problem, with the constraints
vk £aP(A)m; <1, where ¢; takes its values in {~1,1} (ie. 2MAND) constraints), and
the objective function P(k). The constraints and the objective function are linear with
respect to the d + 1 coeflicients of the polynomial P of degree <d.

First of all let us notice that

Proposition 3. The ratio P(k)/ > Ak |P(M)m; is maximized over all polynomials of
degree d by some polynomial P(X) = I (X — 1;), where the J;’s are d different
eigenvalues chosen from A\ k.



C. Delorme, J.P. Tillich! Discrete Muthematics 1651166 (1997 171-194 177

A proof of this proposition will be given in what follows. Therefore a straightforward
algorithm to find this polynomial P(X') could be

Step 1. Choose an initial polynomial P(X) = HEQ,I(X — 4;), where the 2;'s are
d different eigenvalues chosen from A\ &.

Step 2: Compute P(k)/ ZA\k |P(2)|m,.

Step 3: Replace one of these #;’s by a new eigenvalue 4; which increases the value
obtained at step 2.

Step 4: Tterate step 3 till it becomes impossible to increase the ratio P(k)/
> o [P(A)m;. The maximum of P(k)/ 3 4\, [P(4)[m; is obtained by this polynomial
P which we cannot modify anymore.

All what we have to do in order to prove that this polynomial yields the biggest
ratio P(k)/ZA\k [P(4)|m;, is to prove the following lemma about the set of extreme
points of the convex region % in R¢*! defined by the set of points (ag.qa..... ay) tor
which the polynomial P(x) = ay + a;x + - - - + azx* satisfies Do [P m; <1

Lemma 1. When d is less than the number of elements of A\ k the extreme points
of € correspond to polynomials of degree d whose roots are d distinct eigenval-
ues A;’s. When d is equal to the cardinality of A\ k the set 6 has no extreme
points.

Indeed we have to find the maximum of a linear function (in the coefficients of
the polynomial) P(k) in this polyhedron % of R‘"!. The maximum occurs therefore
at one of the finite number of extreme points of é (see [5. Ch. 2, Section 1]). To
find this maximum we can use the simplex algorithm. That is, start at some extreme
point, compute the value of the objective function at this point. Find a neighbouring
extreme point for which the value of the objective function is larger and iterate this
process until an extreme point for which the value of the objective function cannot be
increased by choosing another neighbouring extreme point is reached. It can be proved
that this extreme point is the global maximum of the objective function on % (see [5.
Chs. 2 and 3]).

The aforementioned algorithm is just the simplex algorithm. It remains to prove our
claim about the extreme points of 4. An extreme point of a convex region % is a point
p for which the equality p = (x + ¥)/2, where x and y are two points in %, can be
achieved only if p=x = y.

Proof of Lemma 1. In order to avoid cumbersome statements, we will identify from
now on a polynomial with its image in R given by its (d + 1)-tuple of coeflicients.
Let us first prove that every extreme point P(x) of % is necessarily a polynomial which
has d distinct roots among A. We proceed by contradiction. Let 4, £2,..../; be the
roots of P belonging to A (there may be none), and assume that s < d. Call this set
of roots A’. Let O(x) = IT{_,(x — 4;)R(x) where R(x) is an unspecified polynomiai
of degree d — s. We will show that there exists such a polynomial R(x) and a real
£>0 such that when ¢ is small enough and for all A not belonging to the set of the /;s,
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the sign of P(A) £ eQ(4) is equal to the sign of P(4). For such an ¢ we have
> PR £eQ(M)my = 3o |P(A) £ eQ(A)|m;

A\k AE(ANKNA

= > sign(P(A))(P(A) £ eQ(A)m,

AE(ANKNA

= > [PMImyxe 3 sign(P(2)Q(2)m;.
JE(AK) AE(ANONA

R(x) can be chosen such as to make the sum JEAVNAY sign(P(4))Q(A)m; equal O
(and this without being equal to O itself). With this choice of R(x) it appears that
P(x) + ¢Q(x) and P(x) — ¢Q(x) both belong to 4. Therefore such a polynomial P(x)
is not an extreme point of ¥.

Let us prove now that every polynomial P(x) = afl% (x — 4;) for distinct ;s
in A\ k and for a suitable o (i.e. such that 3° ., [P(Z)|m; = 1) is an extreme
point of ¥; and this unless the set A" = {4;,42,...,44} is equal to A\ k. In this
case it is straightforward to check that there are no extreme points in %, because
the infinite line generated by I1,;(x — 4) belongs to ¢ and adding to every point
of € a point of this line yields another point of . If P(x) is not an extreme
point there exists a polynomial Q(x) of degree at most 4 such that for every
ce[-1,1]:

> IP(A) + eQ(A)m; < 1.

ANk
When the absolute value of ¢ is small enough the sign of P(4) + eQ(4) is given by
the sign of P(4), and this for every 4 which does not belong to A’. Therefore for such
values of ¢

d
; eQ(Am, | < 1— > sign(P(A))(P(A) + eQ(2)ym;

JE(ANONA!

d

2o leQ(my | < —e >0 sign(P(A)Q(4)m.

i=1 FE(ANKN A/
This implies that Z;MQ(A\,()\A, sign(P(4))Q(2)m; =0, and therefore Zf{:] [eQ(A)m;,|=0
and thus Q(x) is proportional to Hf’:l(x — ;). This can only happen if Q(x) =0, and
this means that P(x) is an extreme point. [

4. Subsets with no short distance

The technique we used to find upper bounds on the diameter of a graph can be used
in a similar setting where we want to find upper bounds on the number of vertices of
a k-regular vertex transitive graph, which are all at distance d from each other.
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Proposition 4. If we have n vertices of such a graph with mutual distances >d, and P
a polynomial of degree d with P(k)> 0, the following inequality holds:

(n = DPky+ 3 e;P(A)m; <0,
ANk

where ¢, = n— 1 if P(2) <0, and ¢; = —1 if P(4) > 0 (the value of ¢; has no
influence on the sum if P(1) = 0).

Proof. Let 4 = {w!) w?) ... w("} be this set of vertices, and S; = S\ w'/). We have

<P(1n'”‘)l ]’61> - 07
(P(1y) | 1) =0,

(P(1yn)|14,)...0,

Therefore 3/_ (P(1™)] 14,) = 0. Decompose now each vector 1., as the sum of its
projections wy) onto the eigenspaces £;. This implies

Y PO W W) = (2)
’. i#]

For the eigenspace of dimension 1 corresponding to k& we have ), 4w (i)|W2?/ N =
n(n — 1)/N. Note that if we have » unit vectors v;, then the squared length of 3, _,_ v,
lies between 0 and »%, and therefore —n < > izjiti|t;) Sn(n—1). From this and Propo-
sition 1 we deduce that

nm; (G nn—1Dm,
R ACARCED e

By using this information in Eq. 2 we obtain our inequality. [

This proposition enables us to give upper bounds on the stability number of the nth
power of a graph. In particular, if u is the lowest eigenvalue, the polynomial X — u
gives the Lovasz bound for the usual stability number o, namely %< —uN/(k — 1) [13].
This proposition can be improved a little bit when the dimension of the eigenspace E;
is 1, and » is odd. In this case

( ]\:Z)m/ <Z (1)| (/) < _All)m/
i#]

Example 4. Let G be the circulant graph with 12 vertices labelled with the congruence
classes modulo 12, each vertex x being adjacent to x +2, x — 2, x + 3, x — 3.

Edges {x,x 4+ 2} are given weight 1, and edges {x,x 4+ 3} are given weight 1. The
spectrum is 3!, 15, 02, (—2)4, the polynomial X +2 gives 4-5+(—1)-3-5+(—1)-2-2 >0,
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Fig. 2. A circulant graph and a maximum stable set.

hence the maximum stable set in G has at most 4 vertices. This is the actual value, as
can be checked from Fig. 2.

Example 5. Let G be the bipartite double cover of the Petersen graph. It can be
regarded as the set of the 20 subsets on 2 or 3 clements of a set on 5 clements, say
{a,b,c,d, e}, with adjacency representing strict inclusion.

This graph G has spectrum 31, 24, 15 (~1)%, (=2)%, (=3)!. The sets of vertices with
mutual distance 3 can be shown to have at most 5 vertices, owing to the polynomial
P =(X+2)(X +1), that yields (n — 1)P(3) —4P(2) —5P(1)— P(—-3) =0 for n = 5.

This complies with the Lovéasz bound for the stability number of the square of G,
where the weights 3 and 1 are attributed to the edges in G and the edges in G? out
of G, respectively, in order to optimize the ratio between the smallest eigenvalue, and
the difference of extreme eigenvalues. The smallest eigenvalue is —5 and the largest 15,
whence the bound 20(5/20) = 5 for the stability number of GZ.

But then we have n(n — 1)P(3) — 4nP(2) — 5nP(1l) — (n — 1)P(—3) > 0, thus there
are at most 4 vertices at distance >3. Such a subset of vertices exists, e.g. abc, ade,
cd, be.

5. Some examples with line-graphs of bipartite graphs

It 1s well known that the spectrum A(LG) of the line-graph LG of a k-regular
graph G on N vertices is easily obtained from the spectrum A(G) of the graph itself.
The cases k<2 are not interesting. For £ >3 we have for each 1 # —d in A(G), the
eigenvalue 2 + d — 2 with the same multiplicity in A(LG), and —2 is an eigenvalue
of LG with multiplicity £ — N + mg(—d) where mg(4) is the multiplicity of the
eigenvalue A in the spectrum of G, or 0 if 4 is not an eigenvalue of G and E is the
number of edges in G (see [5]).
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To prove this we consider the edge-vertex incidence matrix B = (b;;) of G with N
columns and E rows, where b, = 1 if edge i is incident to vertex ;. Then BB' =
21z + A(LG) and B'B = kly + A(G) have the same spectrum but for the multiplicity
of 0. A(G) and A(LG) denote, respectively, the adjacency matrices of G and LG.

Now we adapt this proof to simple connected biregular bipartite (k,4;) graphs. This
notation means that there is a partition of the vertices of the graph into blocks. such
that all the vertices in the first block of size N, have k; neighbours which are all in
the second block, whereas the vertices of the second block of size N> have all their 4>
neighbours in the first block. This implies that £ = Nk = N-k,. This partition splits
the edge—vertex incidence matrix B nto two blocks B = [B) B>]. We will actually
consider a weighted version B, = [ \/s|B| /s:28:] of B.

The case of non-connected graphs is a straightforward extension of this one.

The equality BBT = 21, + M(LG) becomes B,BL = (s; + s2)l. + M, (LG), where
M,.(LG) is the adjacency matrix of the line-graph, with weights s, or 52 on the edge pg
of the line-graph according to the stable component that contains the common vertex
of edges p and g of G.

Proposition 5. Let G be a simple connected biregular bipartite graph with degreces
dy and dy, and let M. be the adjacency matrix of its weighted line-graph.

I/ 0 < i < Vdd, is an eigenvalue of G with multiplicity m. then the roots of
(Z 4514 5) — (s1d) +52d20Z + 5, + 52) + s152(dyd> — 22) are eigentvalues of M,
with multiplicity m.

If 0 is eigenvalue of G with multiplicity m, then s\(dy — 1) and s2(d> — 1) are
eigenvalues of M, with multiplicities (m+-vy —v2)/2 and (m+1v2—11)/2 (one of these
eigenvalues is missing if U has rank min{vy,v2}).

The eigenvalue \/d\d, (which is simple since it is the maximal eigenvalue of the
connected graph G) yields the simple eigenvalue s\(dy — 1) + s2(d> — 1) and the
cigenvalue —sy — sy with multiplicity 1 +e — v — va.

This a mere generalization of Theorem 2.16 in [5] where the case of the unweighted
line-graph is described.

Proof. The adjacency matrix of G is in a natural way split into blocks of sizes | and
vy as follows:

(5]

ut oo
We have
BTB - { Sld|11~| \/S|S2UJ
e \/SlSzUT Szdglvl ’

and hence (BLB,)? — (s1d) + 52d2)BIB,, = s15:(M? — d\dal, .\,).
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We then see that if
rSldllyl U
UT 5‘2(11211/2

has eigenvalue o with eigenvector
o

L X2

then it has also eigenvalue s1d| + s,d; — o with eigenvector

[0 — s1d1)x
| (s2d> — Ol)xz} - B

Example 6. The complete bipartite graph K, 4, has spectrum +/dod| ' hrdi-2
—Vady'.

Its line-graph has spectrum (dy+d; —2)!, (dy—2)8 1, (d; =2)%~ !, (—2)hbi—d—di+1,
this spectrum could also be computed from the remark that this line-graph is also the
cartesian sum of K, and Kj,.

In the same way, we could compute the spectrum of the weighted line-graph, namely
(s1(d1=1)+s2(d2— 1)), (s1(di—D—s2)% 7Y, (=s1+s2(d2~ 1)L, (—s)—sp)fdi—d—di+1,

Example 7. The subdivision of K4 has 6 vertices of degree 2 and 4 vertices of de-

gree 3. The spectrum is \/51, \/53, 02, (—V2), (—V6).
The spectrum of the line-graph is 3!, 23, 0%, (—1)3, (—2)?, the weighted spectrum is

3
9s} — dsiss + 4sg>
2 bl

2
+
2s; +52), (=51 +22)2, (=51 — ), <S'

3
(Sf — /95t — 4sis3 + 453‘) .

2

This line-graph has diameter <3, as one sees with the polynomial P = (X -2} X +1)
(X +2) that gives P(3)+2P(0) > 0 and at most 3 vertices can have mutual distance 3,
as one can see with the polynomial P = (X + 2)(X + 1) that gives 3P(3) — 3P(2) —
2P(0) > 0.

These are the actual values, see Fig. 3.

Example 8. The rhombic dodecahedron has 8 vertices of degree 3 and 6 vertices of
degree 4. It is also the 4-cube with 2 opposite vertices removed, or the incidence graph

of faces and vertices of the 3-cube. The spectrum is \/121, 23,09, (—2)3, V12
The spectrum of its line-graph is

3 3
L [(3+vTT s 4 [(3-V17 o
5 s _7— > 2 > 1 ) 2 s ( 2) .
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Fig. 3. The line-graph of the subdivision of Kj.

A
VAL,
\X

/X7

Fig. 4. The line-graph of the rhombic dodecahedron.

The diameter is at most 4 (use the polynomial P = (X 4 2)(X — 1)}(X* — 3X —2)
and the inequality P(5)+ 2P(2) > 0), and there are at most 3 vertices with mutual
distance =3 (use P = (X + 2)(X — 1) and 3(P(5) + 3P((3 — V17)/2)) > 2P(2) +
3P((3 4+ v/17)/2)). These are the true values, see Fig. 4.

6. Distance to a set of vertices

Stronger results on distances between the set of vertices of a graph can be obtained.
when the graph is distance-regular. In this case good bounds can be given on the
distance between a vertex v and a set of vertices C (defined as the length of a shortest
path connecting v to a vertex of C).

For that purpose we need some facts from [1]. A distance regular graph is a graph
such that for every couple of vertices (u,v) at distance j the following holds (see 1.
Ch. 20):

(1) the number of vertices at distance j — 1 from v adjacent to u is always ¢; a
number which depends only on j;
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(2) the number of vertices at distance j + 1 from v adjacent to u is always b;;

(3) the number of vertices at distance j from v adjacent to u is always a; some
number depending only on ;.

It is straightforward to check that for every eigenvalue 4 of a distance-regular graph,
the inner product (s, |#,;) depends only on A and the distance » of s and ¢. It can be
computed by

m; Ru(4)

where R, is the polynomial given by R_| =0, Ry = 1, Rp,; = 0 and XR, = a,R, +
Cni1Rus1 + by 1Ry—1 for 0<n <D where D is the diameter of the graph.

Thus, if the graph is distance-regular, one can compute the lengths of the projections
C; on the eigenspaces from the distance distribution inside %.

IC:I* =32 f(Am)T,

where 7, is the number of couples inside C with distance n.

Now let 1o be the characteristic function of C, in other words Zu&C . Then the
distance between C and s is also the smallest integer m >0 such that (1, |A”’(1s)> # 0;
and if Q is a polynomial of degree d such that (1¢|Q(4)1;) > 0 then the distance
between C and s is at most d. If this inner product is equal to zero, then this means
that (the sum being on all eigenvalues /4 of the regular graph we consider)

3 (C | QGws) = 0. (3)
Let us notice that a distance-regular is always regular — say that in our case the degree
is k. Here {Cy |sx) = |C|/N, so the sum of inner products in expression (3) cannot be
equal to O if

QWIS s (e, 00ys2).

(Cr | QU )sy) = N oy
~rE

Using the Cauchy—Schwartz inequality (C; | ;1) <|C;,||s;| and Proposition 1 (a distance-
regular graph is necessarily vertex transitive) we see that if

k)lC ,
2ol 5 towlies
ANk
we necessarily have (1¢ | Q(4)1;) > 0. From this we deduce

Proposition 6. Let G be a connected distance-regular graph of degree k, and C a
subset of vertices of G. If there is a polynomial Q of degree d such that

CORICL, 5 louiciy /™
/EA\k

then the distance between C and any vertex of G is at most d.
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We will see in the next section how this proposition can be improved when G is a
Cayley graph, and C a subgroup of G.

Example 9. Petersen graph has spectrum 3!, 15, (—2)* We can compute (s; |#;) as a
function of / and the distance # of s and ¢.

A 012
Lo

3 10 10 10
1 1 =1

1 2 6 6
2 —4 1

-2 5 T OB

Let us consider a subset C consisting of 4 vertices with mutual distances 2 and let
us compute the lengths of the components of 1¢
1 16

1
2
-4 12— =
G 0 20T w0

1 -1
2
P =42+ 12— =0,
IC| 2+ 3
2 1 12
CLP =42 + 12— = =,
€ 5T T

Using Proposition 6 and the polynomial Q = X + 1 we obtain

5 4
00) > 100Gy + o DCaly [

Hence each vertex of the graph is at most distance 1 from C.

7. Application to codes

There are several applications of these results to coding theory. For example
Sections 2 and 6 can be used in order to obtain an upper bound on the covering
radius of a code, when the weight distribution of the codewords is known. Section 4
is relevant to the problem of obtaining upper bounds on the cardinality of a code with
a given maximum distance. We bring in our graph-theoretic results by observing that
a code of length n on F, (the finite field of ¢ elements) — in other words a subset
of FJ can be viewed as a subset of vertices of the Hamming graph H(n,q) which
is the cartesian sum of »n complete graphs with ¢ vertices each. An equivalent defini-
tion of H(n,q) is to say that the set of vertices of this graph is £, and two vertices
(x1, ¥1,...,x;) and (¥, ¥2,..., yn) are adjacent iff they differ by exactly one coordinate.
In this case the usual Hamming distance between two codewords (i.e. the number of
places where they differ) is exactly the distance between the two corresponding vertices
in H(n,q).



186 C. Delorme, J.P. Tillich! Discrete Mathematics 165/166 (1997) 171-194

An interesting feature of these graphs H(n,q) is that they are distance-regular, and
that their spectrum is well known (see [2])

Proposition 7. H(n,q) is a distance-regular graph and the associated polynomial
Ro(x), Ri(x),...,Ry(x) (see Section 6) are given by

-1

where PP" is the Krawtchouk polynomial of degree k, associated to q and n (see [15,
Ch. 5]). These polynomials are defined by

(14 (g - D2y~ (1 =2 = 3 PP"(x)z%,
k=0

The eigenvalues of this graph are 4; = (q — )n — qi, 0<i<n, with multiplicities
m; = ('i')(q — 1).. The eigenspace associated to the eigenvalue J; = (g — 1)n — qi is
obtained from a primitive qth root of unity & as the vector space spanned by the
P q 4
vectors
é(“lm
(u]v2)
eu = é k)

glulog)

u running over the set of vectors of weight i, where vi,va,...,vp are the vectors
representing the vertices of the Hamming graph H(n,q), and (|) the usual inner
product of two vectors of length n over F.

7.1. An upper bound on the cardinality of a code of minimum distance 3

By viewing a code as a subset of vertices of H(n, q), it becomes obvious that a binary
code of length n of minimum distance d, is a set of vertices of the n-cube which are
at distance at least d apart. A subset of vertices of this graph whose mutual distances
are at least 3 can be seen to have a cardinality smaller than or equal to 2"/(n+1) for n
odd, by using Proposition 4 with the polynomial (x + 1)?, and smaller than or equal
to 2"/(n + 2) for n even. This is essentially equivalent to the sphere-packing bound
(see [15, Theorem 12, Ch. 17, Section 3]).

7.2. MacWilliams identities

Before we see how to use the results of Section 6 in order to get upper bounds
on the covering radius of a graph, it might be insightful to observe that the lengths
of the projections C; have a simple combinatorial interpretation when C is a subset
of vertices of the Hamming graph H(#n,q), and represents therefore a g-ary code of
length n.
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Indeed we can use Proposition 7 and calculate from that

2
1 .
1C(1IA]),,_‘II-‘2:——"- Z Z é(”‘l)
q uwt(u)=i | v€C
_loy v v glow
qn uiw{u)=i teC ’ welC
1
=— Z Z ;:(u [ e—w) (4)

q uiwt(u)y=i e.weC

(wt(u) denotes here the weight of vector u). It is readily seen that the last sum is
equal to (|C|?/¢")B!, B} denoting here the transform of the distance distribution of C
corresponding to the weight / (see {15, Ch. 5, Section 5}). When the code C is linear
this number has an interesting combinatorial interpretation, for it is straightforward to
check that 3= . &¥/" =0 when (u|v) # 0 for some v in C, and 3_, . E#19 = |C
if (ulv) =0 for all o € C. Therefore |Ciy—1)—qi|* is equal to |C|?/g" tlmes the number
of codewords of weight i in the dual of C. So that when C is linear, B} is just the
number of codewords of weight i in dual the C* of C.

By using the results of Section 6 we can calculate in another way the lengths of
these projections C;, by doing this we obtain the MacWilliams identities in coding
theory (see [15, Ch. 5]). From Proposition 7 (7; denotes the number of couples of
codewords which are at distance j)

y n n (q l)l P(Z)
|Clg—1ym—gil _‘,Z::o (l> gt Pi0) T;.

We recall two well-known facts about Krawtchouk polynomials

P(i)  P)) PR Y
p0) ~ Pe0) ™ P’“”‘(z')(q b

Hence
2 1 -
[Clg—1yn—gil” = q—Z (T (5)
Comparing expressions (4) and (5) we get

- P ;.

This is the generalized MacWilliams identity (see [15, Theorem 5]). Let us denote by
B; the number of codewords of weight i/ in C, when C is a linear code, 7; = ICIB,-,
and therefore we obtain the usual MacWilliams identity for linear codes

/ P )B;.
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7.3. The covering radius of a code

7.3.1. The covering radius of a linear code

Two different approaches may be used to obtain an upper bound on the covering
radius of a code. The obvious approach is to use Proposition 6. However when the
code C is linear it is better to use Corollary 1. This is done by associating to a linear
code a Cayley graph — the so-called coset graph of the code. Let us recall here —
for more details see Chapter 11 in [2] for example — that given a linear code C over
Fy (the field of order g) of length n, ie. a vector subspace of F, one can construct
the coset graph I'(C) of this code as follows:

o the set of vertices is F7/C,

e two vertices x and y are joined by an edge if and only if the coset x — y contains
a vector of Fy with exactly one non-zero coordinate.

This graph is sometimes called the syndrome graph associated to the linear code
C for it can be described from a parity-check matrix of the code as follows.. Let us
recall that, given a # x n parity-check matrix A of rank » which defines the code C as
the set of vectors x € Fy satisfying Hx = 0, the syndrome of a vector x € Fy is Hx.
It can be checked that the coset graph is isomorphic to the graph with vertex set the
set of syndromes, and there is an edge between two different syndromes y and ' iff
there is a vector e of weight 1 such that y — 3’ = He. Viewing these vectors y and )/
as column vectors, they differ in this case by a vector proportional to a column of H.

It can be easily checked that this graph displays the following interesting features
(for a proof see [2, Ch. 11]):

Proposition 8. 1. The coset graph is a (q — 1)n-regular Cayley graph.

2. The distance between the all-0 vector in Fy and a syndrome y is the least number
of columns of H which generate y.

3. Its diameter is equal to the covering radius of C.

4. Its spectrum A can be described by using the dual code C* of C, more precisely

A= {n(g—1)—gw(x)/x € C*}

where w(x) denotes the Hamming weight of the codeword x, i.e., the number of
its non-zero coordinates, and the dual code of C is the set of vectors x such that
(x| y) =0 for every y in C, the inner product being performed in F,.

Thus all what we need to obtain an upper bound on the covering radius is to know
the weight-distribution of its dual code. Putting Proposition 8 and Corollary 1 together
we get

Proposition 9. Let C be a linear code of length n. If there is a polynomial Q of
degree d such that

0(0) > ; 10()\B!
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where B! is the number of words of weight i in the dual of C, then the covering radius
of C is at most d.

(We apply Corollary 8 to the coset graph of the code — and we have a polynomial
P of degree d which meets the condition given in the corollary, iff the polynomial
O(x) = P((qg — 1)n — gx)) of degree d satisfies the aforementioned inequality).

Remark. This proposition is actually an improved version of Proposition 6 when used
for codes, and can be derived from the arguments given in Section 6 by modifying
one of the characteristic vectors a little bit. Assume that vertex s is at some distance d
from C in the graph H(n,q). When C is a linear code, C + s is at the same distance
d from C. Therefore (1¢c |P(4)1,) = 0 iff (I |P(4)l¢ys) = 0. Call C; the projection
on the eigenspace corresponding to 4 of the vector l¢.. If we replace the quantities
s; by C: in the discussion given in Section 6, then whenever there is a polynomial P
of degree d such that

P((g — Dn)|CP?

N > Z |P(((I 1)” - qi)HCU/fl)nfqi :

or if we let Q(x) = P({q — 1)n — gx),

Q(O)‘C‘ >Z\Q(1)HC(L] 1yn— ql\

the covering radius of the code is less than or equal to the the degree of P. We can use
the interpretation of |C;|* given in the previous subsection, and notice that this gives
us another proof of Proposition 9. Actually this trick can be used in a more general
setting, and works for example when the graph is a Cayley graph, and the subset % a
subgroup of the set of vertices.

7.3.2. Covering radius and dual distance

Now what if less is known about the weight distribution of the dual C1? Inter-
esting results about the covering radius may be obtained, if we can at least esti-
mate the minimum distance of the dual code. The best of these upper bounds on
the covering radius depending on the minimum distance can be found in [12] and
can be easily derived by a graph-theoretic approach when the code is linear by using
Proposition 8 and the main theorem given in [4], although it was obtained by other
means in [12]. Let us mention that these results can be obtained by our approach
too.

Indeed if we had a polynomial Q such that

0(0) > [C*| max |0(x)|
x€ld’,n]

d’ denoting here the smallest i > 0 such that B/ # 0 (i.e. what is called the minimum
distance of the dual code of C), and |C*| the number of codewords in the dual of C.
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e.g Y7 oB}) then
& '
10(0)] > > [0G)|B;.
i=1

This implies that the covering radius of C would be less than or equal to the degree of
this polynomial @, by using Proposition 9. It is well known (see [4] for example) that
a polynomial Q(x) of a given degree d such that 0(0)/max,cpar o) |Q(x)| is maximum
is proportional to Ty((n + d" — 2x)/(n — d"))/Tu((n + d')/(n — d")), where Ty(x) is the
Tchebychev polynomial of the first kind of degree d, i.e. cosh(d cosh™!(x)). The
corresponding ratio is 1/7;(n +d'/n — d’). In other words if

1
d/
Ty (:fd/)

then the covering radius is less than or equal to d. When the dual code C* has
minimum distance d’, then it has asymptotically at most 2!+oUNHx(1/2=+/d/n(1=d/n))
codewords, H,(x) being —x log, x — (1 —x)log,(1 —x) (this is the McEliece-Rodemich—
Rumsey-Welch upper bound see [15, Ch. 17, Section 7]). Denote by &' the ratio d'/n
and by p the fraction R/n, where R is the covering radius of the code. Then inequality
6 certainly holds for a Tchebychev polynomial of degree greater (asymptotically) than

H, (% /o= 5/))

s
—1 148/
10g2 e cosh (m)

> |CY| (6)

n

this implies that

, (% (= 5'))

log, e cosh™ (h—"')

1—o'

p<(1+o(1))

which is the bound given in [12].

7.3.3. The Delsarte bound

Not so many upper bounds on the covering radius are known, and Propositions 6
and 9 give here a new bound which is always at least as good as the Delsarte bound
(which says that the covering radius is at most the number / of non-zero distinct
weights wi,wy,...,w; of the dual code). We just have to choose Q(X) in Proposition
6 to be II,(X —w;). Proposition 6 sometimes gives results which are substantially better
than the Delsarte bound, as shown by the following examples.

7.4. Examples

Example 10. It is well known that the Delsarte bound is not always tight (see [16]
for example). In [16] an alternative approach is used to find the covering radius of
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Table 2

A\ 4 7 S 3 1 —1 -3 -5 -7
0 1 1 1 1 1 1 1 {
| 7 5 3 1 —1 -3 -5 -7
2 21 9 i -3 -3 1 9 21
3 35 5 5 -3 3 5 -5 —35
4 35 -5 5 3 3 -5 -5 33
5 21 -9 1 3 -3 -1 9 ~21
6 7 -5 3 -1 -1 3 -5 7
7 1 —1 ! -1 1 —1 1 —1
ni; 1 7 21 35 35 21 7 !

codes for which the bound of Delsarte fails to meet the actual value. In that article
H.F Mattson considers for instance a code of parity-check matrix

1 00006 01T 1 00
01 00 0O0CT1TO0T1O0
H:0010001001
0001 0O0O0T1T 1O
00001 001 01
0000 O0T1TO0O0OT11

The corresponding code C has length 10, dimension 4 and minimum distance 4. It
can be checked that its dual D has the following weight distribution:

Weight 0 3 4 5 6 7 10
Number of words | 10 15 12 15 10 1

The Delsarte bound shows that the covering radius of C is less than or equal to
6, the number of distinct nonzero weights of codewords of D. Nevertheless, it can be
proved that the covering radius is 4 [16]. Let us show that this result can be obtained
from our approach too. From Proposition 9, and by choosing O(X) = (X —3)(X —4)
(X — 6)(X — 10) it can be shown that the covering radius of C is at most 4 (since
0(0) > 120(5)+100(7)). The covering radius is 4 because the syndrome (1,1,1,1,1.1)
(considered as a column vector) is neither the sum of two columns of H, nor the sum
of an odd number of columns of H (by an obvious parity argument). Therefore, it is
the sum of at least 4 columns of H, and we conclude by using Proposition 8.

Example 11. The ambiant graph is the 7-cube K.

The eigenvalues, their multiplicities and the value of R,(4) appear in Table 2.

The cyclic linear binary code of length 7 generated by 1001011 has 8 vectors, with
distance 0 occurring 8 times and distance 4 occurring 56 times. Thus the lengths of
the components C; of this code are given by Table 3.
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Table 3
yi 7 5 -1 -3 -5 —7
8x 7 35 35 21 7 1
56x —1 3 -3 —1 1
N|C;? 64 0 448 448 0 0 64
Table 4
i 7 5 3 1 -1 -3 =5 7
Gsilcl 20 0 <BB <8 o o !
Table 5
i 5 3 1 —1 -3 5
[o§ 10 0 4 0 18 0
|z; |? 1 5 10 10 5 1
|Csz;| 1 0 <2 0 <3 0

From this we can estimate |(s; | C;)| (see Table 4).
Hence 2(1¢ | (4% + A%)(1,)) >392 — 144/5 — 294 > 0, and the maximum distance is
at most 3 (this is the actual value).

Example 12. The ambiant graph is the 5-cube. The nonlinear code formed by all words
of length 1 or 4 has weight distribution proportional to 1,0,4,4,0,1. Thus the squares
of the lengths of the vectors C; and z, and their inner products are proportional to the
values in the following Table 5.

Thus if Q(5) > 2|Q(1)] + 3|Q(—-3)| the covering radius is at most the degree of
Q. For 0 = (X — 1)(X + 3) the relation obviously holds. For Q = X + 3, we have
only Q(5) = 20Q(1). Thus the vertices z such that the vectors z; and C, have opposite
directions are at most at distance 1 from C. In fact the covering radius is easily seen
to be 1 from the definition of the code.

Example 13. For the linear code C with length 15 and weight distribution [15] given
in Table 6 we obtain the squares of the lengths of the vectors C,; those which are not
equal to 0 are proportional to values given in Table 7.

This also gives the weight distribution of its dual D (see Table 8).
From the number of eigenvalues giving a nonnull component C; or D,, we see that
the covering radius of D is at most 5 and the one of C is at most 7.
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Table 6

Weight 0 4 6 8 10 12

Number of words | 15 100 75 60 5

Table 7

A +15 +5 +3 +1

Squared length 1 18 30 15
Table 8
Weight 0 5 6 7 8 9 10 15
Number of words 1 18 30 15 15 30 18 1

To improve the first bound by our method, we have to find a polynomial Q) of
degree 4 or less such that

Op(15) > V15 x 1365|05(7)| + V100 x 5005|0p(3)| + V75 x 6435|0p(—1)]
+1/60 x 3003{0p(—5)| + V5 x 455|0p(—9)|.

This is impossible, this polynomial Q being optimal as can be checked by using the
algorithm given in Section 3.

The calculation can be made simpler in the case of a binary code C where all the
weights are even. Indeed, if z is at even distance from all points of the code C, we
have (I¢]A"(1¢)) = 0 for all odd exponents n, and if z is at odd distance from all
points of C, then {l¢|A"(1¢)) = 0 for all even exponents n. This shows that {C, |z}
and (C_, |z_,) are equal in the first case and opposite in the second case for each
eigenvalue 1.

With z at odd distance from C the odd polynomial Q¢ = X((X? — 13)° - 80) gives
the sum of the equal quantities (Ci5]|Qc(4)(z5)) and (C_5|Qc(AXz_ys)) larger
than the remaining part of {1c|Qc(4)(1.)), since Oc(15) > |Qc(5)|V18 x 3003 +
|Oc(3)[v/30 x 5005 + |Qc(1)|v/15 x 6435. This shows that the covering radius is at
most 6.

We can improve on these results by using Proposition 9. The spectrum of the coset
graph of C is +15', 458 £33 4115 The polynomial P = (X —3)(X — I }X +5)
(X + 15) takes only positive values on the other eigenvalues, and we have P(15) =
100800 > 52800 = 18P(5) + 15P(—1) + 30P(—3). Hence the diameter of the coset
graph of C is at most 4 as well as the covering radius of C.

In the same way the spectrum of the coset graph of D shows that it contains at most
2 vertices at distance > 4, owing to the polynomial P = (X —3)(X + [ )(X + 5} X +9)
for which P(15) = 15P(7) > 0.
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