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1 The problem to solve

Pricing of an option in a local volatility model.

The underlying
It follows (under the pricing measure) the SDE
dS; = Sy dt + Silv(t,Sy) dWy = Sy dt + o(t, Sy) dWy,
where the diffusion coefficient o(t, s) = slv(¢, s). In the model,
e 1, =71 — q, where r is the risk-free interest rate and ¢ is the dividends rate,
e S starts at the spot price S,

e the local volatility function is given by either

1
Nts) = = or  Iv(t,s) = 0.01+0.01¢+0.1e /1%,
S

The payoff
A vanilla call or put, of payoff p(S7) = (S — K)* or (K — St)™ respectively, where
e T is the maturity and

e K is the strike.

The price
The price sought is given by

Vo = e "TE[p(Sr)]



2 The algorithm

The above problem is a particular case of having to compute V) = E[g(X7)] where X
follows an SDE

X() = X0
dXt = b(t, Xt)dt + U(t, Xt)th

The standard technique is to discretize the SDE to obtain a computable (and simu-
latable) approximation X for X7 and then do a Monte Carlo integration of the random
variable g(X;). The algorithms presented in [1] instead provide a computable/simulatable
random variable v such that Vj = E[¢)]. Therefore, given a number M € N* of samples,
and random variables (¢"™),,—1. as i.i.d. ~ 1, the estimator

o 1 M
Vit = — m
0 i KL
m=1
is an unbiased estimator for Vj.

General idea

Generally speaking, v is constructed in the following way. Let § > 0 and let (7%)gen+ be
iid. ~ &£(B). We associate to these inter-arrival times the arrival times 7T} defined by
To = 0 and then Ty = (T +7x+1) AT, as well as the Poisson counting process (Nt)te[o,T]-
The idea is then to simulate the switching-diffusion X starting at xg, with drift and
diffusion coefficients b, : ([0,T] x R)2 — R, such that on cach interval [Ty, Tyi],

d)?t = /E(Tk, XT,C , b, Xt)dt + 3(Tk, XTk , T, Xt)th.

One then computes weights ;. depending on Tj,_1, )A(T,%l T, )A(Tk, AWr, s ATy 1, where
AWrgy o, = Wr ., — Wr, and ATy q = Tyyq — Ty Finally, ¢ is defined by

Nt

=T [g(f(T) - g()?NT)l{NpO}} 11 W
k=1

Clearly, in order to have an exactly simulatable v, one must ensure that the SDE
chosen for X is solvable explicitly, and that )A(Tk .+, is a function of Ty, )A(Tk and AW, .
A major issue is that, if constructed without care, the random variable v is likely to be
integrable but of infinite variance. So 170M is then not a good estimator for V4.

The case of scalar driftless SDEs

For this type of SDE, where b = 0 and o is arbitrary, an appropriate set of switching-
diffusion, weights and thus ¢ is given in [1].



The idea for X is to take a higher-order Euler-Maruyama scheme, with b =0 and
a(s,y,t,x) =o(s,y) + 0z(s,y)(x — y), so the SDE for X is, over [T}, Tj+1],

dX; = (0(Tx, X1,) + 00(Te, X1 ) (Xs = X)) )dWs = (f + X, )W,
where
c]f = o(Ty, X’Tk) — am(Tk,XTk)XTk and clg = 0, (Ty, )?Tk)
The solution is given by
- if cg =0 then )A(Tk+1 = )A(Tk + o(Ty, )z'Tk)AVVTk+1
M = if ¢§ # 0 then )A(T,C+1 = —Zg + (Zg + )A(Tk>echWTkH_%(CS)QAT’““.
The weights W, are given as follows. Define the Malliavin weight

- AWnp AWZ = ATy
= —0, T X k+1 k+1
W 7T, X7,) AV § (ATy11)?

as well as
o = o(Tk, X1,), ok = 0(Te1, X1, _,) + 00(Th1, X1y, ) (X1, — X7_,)
ap = U]%, Zik = 5]%
and finally the weight

— _1 ak—'dk
"TB 2

Define also

PF = /T (g(f(T) - g()A(TNT)l{NT>0})-

The use of an antithetic variable is made over the last time-step, [T, T]. So, define

if CéVT = 0 then XT— = XTNT + U(TNT, XTNT) (-1) AWTNTH

~

— NT NT N, 1, N
T . Np S Cl Cl S Cy T (71) AWTN 7*(6 T)QATN +1
[ _— +1 2\72 T
if cg " # 0 then X = T + <cNT —i—XTNT)e T ,
2 2

as well as the Malliavin weight

2
We = —on(Try, Ty, ) AW Tvpar | (FDAWTY, )" — Ay
T T T Np

ATn, 41 (ATNp11)? 7
the weight
— 1 ANy — 6NT _
WNT - B — 2aNT NT’
and also

~

PF~ =T (g( T)— Q(XTNT)l{NT>O}>-

3



With the above quantities defined (and computed), the random variable 1) used is given

by

_  PF Wy, +PF~ Wy, Mot
o= T YT W
k=1

The case of a LV model with linear drift

The SDE of interest,

dSt = St 1% dt + St IV(t, St) th = St 1% dt -+ O'(t, St) th,

does not fit into the driftless SDE case. However, we can do a simple transform (a
discounting) to obtain one. Define X; = e~ S,. It satisfies the SDE

dX; =0dt + e "o(t,S;) dW;
= e_“ta(t, €MtXt) th
= a(taXt) th>

which is indeed driftless. So the algorithm described above can be applied to compute

Vo = e Elp(S7)] = ¢ Elp(e" X1)] = e 7T Eg(X7)].

3 The parameters in the PREMIA code

Model parameters

’ Variable name

‘ Meaning ‘

spot

spot price Sy

annual dividend rate

dividend rate @, annual, in %, such that ¢ = In(1 4+ Q/100)

annual interest rate

interest rate R, annual, in %, such that » = In(1 + R/100)

lv_type

integer giving the function lv (hence o, &) to use

Payoff parameters

Variable name Meaning ‘

strike

strike of the call/put

T

maturity

payoff_type | integer giving the payoff function p to use

Numerical parameters

’ Variable name ‘ Meaning

M

number of MC samples

B

parameter [ of the exponentially distributed times
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