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ABSTRACT

In this paper, we tackle the execution cost problem.

In fact, the price of underlying assets subject to transactions are not known in advance.
They vary according to multiple parameters such as volatility and interest rates.

The aim of this article is to focus on the implicit price impacts of large trades on
execution costs.

As a result, we build three optimal execution strategies under compound jump processes
for price impacts.
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1 INTRODUCTION

The execution cost problem consists on minimizing the cost or difference between the
value of an ideal deal and its real implementation. This extra cost could come from
two possible sources, explicit cost such as commissions and broker fees, and implicit
costs which are mainly due to the price impact of large trades made by investors. To
decrease this price impact, trades are usually split into small fragments traded over a
period of time. Such procedure is called an execution strategy. To achieve this, one
should meticulously model the price impacts of large trades along with the market price
dynamics that the classical brownian motion market price model fails to capture.

The paper is organised as follows:

First, we start by modeling the price impact of large trades which we split into per-
manent price impact and temporary price impact. The permanent price impact comes
from imbalance between supply and demand and the information transmitted on the
market. The temporary price impact on the other hand reflects the liquidity cost on
additional price an investor pays for immediate execution of the trades.

Secondly, we model the market price dynamics under an additive or multiplicative jump
diffusion models based on compound Poisson Processes.
Finally, we develop closed-form expressions for naive, additive and multiplicative op-
timal execution strategies and their costs under the previous market price dynamics
accounting for permanent and temporary price impacts.

2 EXECUTION STRATEGIES

In order to build optimal execution strategies, we should present the general framework
and the mathematical formalism of the problem.

We assume that an investor plans to liquidate his holding of an asset during N periods
in the time interval.

Let 0 =t) < t1 <to <...<ty =T whete T =ty —t_1 = & for k =
1,2,..,N. The investors position at time t;, = k7 is denoted by x; . The investors
initial position is xg = Sy shares in number of units and the final position is xxy = 0 .
The difference between positions at two consecutive times ¢;_q and t; is denoted by
ng =xkp_1— Tk, k=12,..,N.

A negative n implies that the asset is bought between ¢;_q and t.

We refer to a sequence {nk}gzl satisfying Zivﬂ np = Sp as an execution strategy.

3 PRICE DYNAMICS UNDER ADDITIVE AND MUL-
TIPLICATIVE JUMP PROCESSES

3.1 Jump Processes

We assume that the arrival time of large trades from other institutions as well as their
impact are unkown to the investor. These uncertain arrivals are modeled using a Poisson
process with constant arrival rates. The uncertain impact of these arrivals is assumed
to follow a known distribution. Combining both, we model the uncertain price impact
of uncertain trades from other institution by a compound Poisson process.

To further refine the model, we distinguish buys from sells, we assume that they are
independant and follow a Poisson Process with deterministic arrival rates.
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Let {X; : t € [0,T]} be a Poisson process in the execution horizon [0, 7| with a constant
arrival rate A\, > 0 that models uncertain arrivals of sell trades.

Let {Y; : t € [0,T]} be a Poisson process with a constant arrival rate A, > 0 represent-
ing the arrivals of buy trades.

Combining both processes we model the uncertain permanent price impact of trades
by other institution in [tx_1,%] as:

Yip —Yey_y X =Xeg_y
Jky="> xk) - > ILk) (3.1)
=1 =1

where x; (k) is a random variable with a known distribution.
{xi(k)} are independently distributed with mean . (k) and standard deviation o (k).
It captures the permanent price impact of the 1-th buy trade in the period [t_1, tg]-

Similarly ITj(k) represents the permanent price impact of the 1-th sell trade in the
period [ti_1,tx], with mean j, (k) and standard deviation oy (k).

3.1.1 Additive Jump Process

Using the equation (3.1) the additive jump process becomes:

Y =Yop,_y Xop =Xty
JUk)y = Y Xk - Y Tk (3.1.1)
=1 =1

We note the expected value E[J%(k)] and the variance Var[J®(k)] as E(k) and V§ (k)
respectively.

For normally distributed jump sizes IT} (k) and x{ (k) with means pg(k) and ug (k)
and standard deviations and o (k) and o (k) respectively.
Ej(k) = TAEX] (k)] = TAB[TT} (k)]
— (gt R) — AatiS ()

V() = 7 (Var(TIf (k) + (E[IT}(k)])?) + 7y (Va
= 72 ((02(k))? + (u4(k))?) + Ay (05 (k)
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3.1.2  Multiplicative Jump Process

As stated in the general equation (1.1) the multiplicative jump process has the form
below:

Yflcfytkfl Ytkfyfkfl
TRy = > (-1 = D (k) - 1) (3.1.2.1)
=1 =1

A log-Normally distributed jump amplitudes X;™(k),IT*(k), are assumed for this im-
plementation for which an explicit expected value and variance could be written:

o 2 om 2
27(k) = oy (expl () + D) ) o (espur (k) + ()
V() = s (VarlIT7 (k)] + (B[P (4)) - 1))

+ 72y (Var [T (k)] + (B[ (k)] — 1)%)
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3.2 Price dynamics under jump models

The general case for price dynamics assumed in this paper is:

ng
Dk :Fk—l(pk—l)_79(7)§ k=1,2,.N—1 (3.2.1)
where Fj,_1(pj_1) denotes the market price at time ¢, when the investor does not trade
[tk—1,tk] and g() is a deterministic function of the trading rate that represents the per-

manent price impact of the investor’s trade.
In addition to the permanent impact investor’s trade induces a temporary price im-
pact on the execution price pj given by:

n

Pk = Dk—1— h(%); k=1,2,.N-1 (3.2.2)

where h() is also a deterministic function representing the temporary impact function.

For the permanent impact function g() and the tempporary impact function k() the
use of linear functions is frequent.

g(v) = Gu; h(v) = Hov

where v = 2 is the trading role.

3.2.1 Additive Price Dynamics

For the additive price model an additive jump is used as stated in section (1.2). The
change in market price comes from a Brownian increment and a jump J%(k).

Fr—1(pk—1) = Pk—1 +T%Z“Zk+mg+J“(k) (3.2.1.1)

where
Tag @ is the expected price due to small trades
Z. . is a standard normal random variable

o® : is the volatility of the asset price change.

The total market price change is split into two components:

1
- a small trades component captured by : Tag + 72X%Z},
- a permanent price impact of large trades captured by J%(k)

Using the general price form (2.1) we obtain the price dynamics for an additive jump
model as follows:

Pk = Prot + 72X Zg 4 ol + I (k) = 7g(F)
Y Yoy, X =Xty
where J9(k) = > xf(k)— D TIf(k);  k=1,2,.N-1
=1 =1

3.2.2  Multiplicative Price Dynamics

For a multiplicative price model, we consider a multiplicative jump as stated in (3.1.2.1).
The change in the market price corresponds to:

Fro1(pro1) = prr (1 + 7ol + 72525, + J™ (k) (3.2.2.1)
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In this case, the term 7o can be interpreted as the expected return due to small trades.
Using (3.2.1), we obtain the price dynamics for a multiplicative jump model as:

Pk =Pt (1470 + 725" Z + T (k) = mg()

Yi, =Yt Xop=Xep_y
where J" (k) = Z (X" (k) —1) — Z (11" (k) — 1)
=1 =1
k=12, .N—1

4 OPTIMAL EXECUTION STRATEGIES

The general formulation of the cost execution problem was discussed in section (2).
An optimal execution strategy is one that minimises the overall cost of execution which
implies solving a constrained optimization problem.

Given an execution strategy {nk}{f:l The total amount recieved at the end of the time
horizon T is Z,]cvzl p{cv . The difference between this quantity and the value of an ideal
benchmark trade is the execution cost. The benchmark is commonly taken as the value
of the portfolio at the arival price pg.

Hence, the execution cost associated with the strategy {nk}ff:l is defined as

N N
poSo — Zk:1 ngpy -
Our aim is to minimize the expected execution cost.

A generic form of the problem could be written as below:

N N
min lE[pOSO — Z nkﬁk] + Cp(poSo - Z nkﬁk) (4.1)
k=1

N
z1,...xNER _ =1

N
s.t. an =50
k=1

where p() is a risk measure of the execution cost and ¢ > 0 is a risk aversion parameter.
The inequality constraints n; > 0 can be included in (4.1) to rule at buying in the
strategy.

Finally, in our implementation, only optimal risk neutral execution strategy with pur-
shasing allowed is considered:

N
min IE[p()SO - Z nkﬁk] (4.2)
k=1

1:1,...;17NEIRN

N
s.t. an =S50
k=1

For the previous problem, stochastic dynamic programming should be used to solve it.

The main ingredients of the solution rely upon the following method:
Let the optimal value formation at t;_1 corresponding to the problem (4.2) be:

N

Vi (Pr—1, Tk—1) = i filine]RN ElpoSo — Y 1B (Pr—1, 2x—1)]
1,--TN -
Jj=k
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Where x4 is the current asset holding, and pi_1 is the current market price.

For k = N, n}y = xy_; since there is no choice but to execute the entire remain-
ing order z_1. Hence, the optimal value function for the last period becomes :

VN(pN—1,ZN-1) = rg]ivnlE[pOSO —nnpN(PN—1,2N-1)]

= poSo —ex -1 (pn-1 — () (43)

st. xy_1—xny =0

For the linear temporary price impact function h(v) = Hv , we have,

1 2H
VA (Pr—1,2k-1) = poSo —aN-1PN-1 + gan-1—an-1 (44)

Once nj,, and V! +1(pk, X},) have been determined, the optimal execution nj and the
optimal value function V;* (pr_1, Xp_1) can be determined from the Bellman’s principle
of optimality which relates recusively backwards in time the optimal value function in
period k to the optimal value function in period k+1.

Based on the general method presented previously, we can define three different strate-
gies associated with different model assumptions which are the naive strategy (Zero
Expected Market Price Charge), the additive strategy and the multiplicative strategy.

The following combined impact parameter 6 = @ — G will be used in the following
section.

4.1 Naive Strategy (Zero Expected Market Price Change)

The naive strategy consists on liquidating at each period [tg,tx11]; = 1,2,..., N the
same quantity of the asset:

ny, =0 k=1,2,...,N

The naive strategy can be applied under the following assumptions:

- The expected market price change is zero (o + E[J] = 0)

equivalent to E[Fy_1(px_1)|px] = pr_1; k=1,2,...,N—1

- The impact functions g() and h() are deterministic and depend only on the trading
rate 7.

Under such assumptions the general solution of the problem (4.2) using the Bellman
method (4.3) and (4.4) could be written for each iteration k as:

Vi (Pr—1,Tk—1) = P0So — Pr—12k—1 + 32k-1 (=97 + G)Th—1
which yields the total execution cost  Vi*(po,zo) = %(% + @) S3.

It’s though important to mention that the price dynamics don’t really affect this strat-
egy as it doesn’t really depend on the market price model.

6
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4.2 Additive strategy

An additive strategy is associated with an additive jump model (3.1.1) and the corre-
sponding price dynamic (3.2.1.1) the optimal strategy for the problem (4.2) using the gen-
eral Bellman method defined by (4.3) and (4.4), for the additive strategy n* = {n}}&_,
is uniquely defined as:

—(b —FE%k+1)+E%k)+ (06— A Ty
n};: (k+1 J( ) < J( ) ( k+1) kq)’ k:1,2,...,N—1
k+1

N-1
ny =S — Z ny,
k=1

where 25 = Sp and x}, = z}_; —nj, k=1,2,...,N—2

App1—0)?
Ak:AkH—(kzli)
k+1

Ay =20>0

(0 = Agy1) (brr1 — EG(k+1) + E;(k))
Akt
- Ef}(k’ + 1) + 2E§(k) +7’O¢8
k=1,2,... N—2
by = ES(N) 4+ 1§

b = bg+1 —

1 (bg1 — BG(k+1) + E5(k))?
Ck = Ck+1— 5

Akt
k=1,2,...,N—2
CN = 0
The execution cost at each iteration k is
Vi (Pr—1, Xk —1)poSo — %xi_l(Q — A —G) = (pg—1 + b, — EG(1) — 7af)zK—1 — 4,
From which we could deduce that the total execution cost
Vit (po, z0) = poSo — 353(0 — A1 — G) + (po + b1 — E4(1) — 70d) — 1

where E9(k) = E constant for each k.



OPTIMAL EXECUTION STRATEGIES |
Much simpler equations could be derived.
The strategy can be written as below :
S N+1-2k . —
nf =59 — MR (EY 4 7ad); k=1,2,...,N

The cost at each iteration:
Vi (Pk—1,7k—1) = poSo — 327 _1(0 — A — G) — (pr—1 + b, — B4 — 7o) xp_1 — ¢,

The total execution cost
Vi (pr—1, Th—1) = poSo — 552(0 — A1 — G) + (po + b1 — E% — 7a8) — c1

4.3 Multiplicative Strategy

The multiplicative strategy derives its name from the multiplicative dynamics (3.2.2.1)
associated to the multiplicative jump model (3.1.2.1).

Under this assumption the optimal strategy is given by:

iy = ppy (1= (Brs1 + 2451 G) Li)pe—1 — ppy (2041 + B zp1
ny =S — Zszql ng

And the associated optimal cost at each iteration k:

2 2
Vi (Pk—1,Tk—1) = poSo — AkpPji_1 — BrTk—1Pk—1 — CkTH_q

where :
Ay =0
1
Apy = LDy + ALE | + ﬁ(1 — Lip_1(24,G + By))?
k
By =1
1
By—1 = BpLi—1 + - (1 = L1 (BrG + 245G)) (20, + GBy)
k
—-H
Oy =—
-
1
Cr_1=Cr+ —(2C, + GBy)
Dy,
and

L1 =14+7a0+ ET(k-1); k=2, N—-1
Qr—1=7(0™)+ V" (k—1)

2H
Dy, = —24;,G? + == — 2B,,G — 2C}; k=1,.,N
T
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The total cost of execution obtained with the Bellman principle is given by:

Vi (o, Xo0) = poSo — poAipo — poBizo — 23Ch

5 TRUE EXPECTED PRICE UNDER MULTIPLICATIVE
JUMP MODEL

A closed formula for the expected price under the multiplicative jump model could be
derived.

We recall that the price under the multiplicative jump model is:
1
Pk =pp1(l+7alt + 722" 72 + J™(k)) —79(% ;k=1,2,..,N

7
The expected price under such model can be written as
E[pi] = poL* — G i = 1kn,LF~?

where

L= (1+7af'+E7)

and {n;}i = 1V the corresponding strategy.

9



6 THE EXPECTED EXECUTION COST UNDER MUL-
TIPLICATIVE JUMP MODEL FOR THE NAIVE AND
ADDITIVE STRATEGY

6.1 True expected execution cost for the naive strategy

The true expected execution cost of the naive strategy equal :

E[poSo — 5oy Pritk] = Sopo + S3 45 + 53¢ Sily LFH(AFEGSo — po)

6.2 True expected cost for the additive strategy

The true expected execution cost for the additive execution strategy equals:

N

HS? Sy~ ;. N—k
ElpoSo — > pni] :p050+N770+N0 L* 1(TGS(J—po)
k=1 k=1
N—-1
ES+71ag N—2k—1_,
+ Z 9 ( 2 L po)
k=1
ES 4+ Tag [N(N2 —1)
0?2 127
1 N-1
- . 2 1 k—1
+ o ;(N E)(N?—1—2k(k + N))GL )}

where L = 1+ Tag" + ET
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