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Abstract

Using the modified asymptotic expansion method provided in [ZF 18], we
price the American option in a double Heston model. By introducing an ex-
plicit exercise rule, an asymptotic expansion of the solution to the partial
differential equation is obtained for American put option, which is computed
by the sum of the European option price and the early exercise premium. The
early exercise premium is calculated by the difference between the approxi-
mated American and European option prices based on asymptotic expansion.
The European option price is obtained by the efficient COS method. The
asymptotic expansion method works well for small maturity and the approx-
imation with 4-terms expansion is precise enough for maturity less than 1.

1 Model description and its PDE

The risk-neutral dynamic of the double Heston model is given as follows:

dS(t) = (r—q)St)dt + JVi(t)SE)dW WD (t) + /Va(t)S(t)dW P (1),

dVi(t) = k(0 — Vi(t))dt + o/ Vi()dW @ (1),
AVa(t) = ko0 — Va(t))dt + o9/ Va(t)dW D (1),

where 7 is the risk neutral interest rate, ¢ is the dividend rate, k;,0;,0,(j = 1,2) are
the mean-reverting rates, long-term volatilities and instantaneous volatilities of pro-
cess V;(t), respectively. The variance processes V;(t) remain strictly positive if the
Feller conditions, 2k;6; > o3, are satisfied. Suppose V1(0) = V3, V3(0) = V5, S(0) =
S. AW (#)dW D (t) = pydt,i,j =1,2,3, 4.



Then the American put option price, denoted by P(S, Vi, Vs, t), with strike price
K and maturity date T satisfies the partial differential equation (PDE):

0 = P+(r—qSPs+ 5 (Vl +V2)S2Pss — 1P + p101ViSPyys + p202VaS Py, s
1 1
503‘/113%% + 502‘/2PV2V2 + ki(0h — Vi) Py + ko (62 — V2) Puyy, (1.1)
with boudary conditions:

P(oo, V1, Va,t) =0,

P(S(T)Vy, V5, T) = max(K — S(T,0),
P(b(7), Vi, Vo, t) = K — b(7),
Ps(b(7), V1, Vo, t) = —1.

A modified version of problem (1.1) with boundary condition replaced by an
explicit exercise rule, the new problem is defined by the same PDE as in (1.1) with
boundary conditions:

P(oo, Vi, Va,t) =0,
P(S(T), V1, Vs, T) = max(K — S(T),0), (1.2)
P(S(T —t), V4, Vo, t) = max(K — S(T —t),0),

where S(T —t) = Ke vVVitVavT—t,

The unique solution to the above modified problem is the price of a barrier put
_ _In(K/S)
option that is exercised as soon as the normalized moneyness 0 := TitVay? reaches
the barrier level y. If the barrier level y is chosen to approximate the exercise bound-
ary of the American option, we expect the solution to the modified problem to be
close to the true American option price.

Denote 7 := T'—t and use the normalized moneyness 0 := VIXI}(TK‘//S\% instead of the

underlying price S, we rewrite PDE (1.1) in terms of (6, 7) instead of (S,¢). Denote
the price of the barrier put option with barrier level y as P(0, Vi, V,, 7;y). The
American put price P(S, Vi, Vs, T) rewritten as P(6, V7, V,, 7) can be approximated
from below by

P(6,V1,V3,7) & max P(6,V1, V2, 75y) = P(6,V1, V2, 75 4(0, 7)), (1.3)
Yy=
where §(6,7) = argmax,>y P(6, V1, Vo, 75 7).

Using the definition of 6 and setting P (0, V1, Vo, 7) = P(S, V4, V2, T), the deriva-
tives P, Ps, Pss, Pv,, Py,v;, Py,s can be transformed to Py, P,, Py, Py by chain rule,



the PDE (1.1) can be rewritten as

Vi+Vot+2(q—1))Ps

0 = P99+9P9—27PT+ﬁ[<

vVi+ Vs
2 2Py Py 0 Pyy
+3 pjoVi | ——— + +
jzzzl Pio;V; < /‘/1 ¥ ‘/2 (V’l + ‘/’2>3/2 (‘/‘1 + %)3/2)
2 0P, )
+7 ki(0; — V) |2P), — ————— 1.4

QPVAQ 92P99 39P9
2Vl Py, — J — Py,
v\t e Y i v Tamrwe) |

And the boundary condition (1.2) can be rewritten as

P(o0, Vi, Vo, 13y) =0,
P(S(T), Vi, V3,0) = max(K — S(T),0), (1.5)
P(y, Vi, Vo, 7;y) = K max(1 — e ¥VVHVT () = K (1 — e 9VVit12vT),

The solution to (1.4) with boundary condition (1.2) has the following regular
short-maturity asymptotic expansion:

POVL, Vo, 5y) i= > Pa(0, V4, Va; y)7"2, (1.6)
n=1

where P, (0,V1,Va;y),n = 1,2, ... are the coefficients of the short-maturity asymp-
totic expansion in 7, its characterization will be given in next Section below. Putting
(1.6) into (1.4) we have

(Vit+Va+2(g—1)) P10
VVi+ Vs

2 2P, _1ve P19 OP,_1,00
—|— O-V _ ) + ) _|_ 3
‘jzllpj ! ]< VVI+ Ve (Vi 4 V,)3/2 (V1+V2)3/2>

epn729
ki0, —V)|2P,_0y, — ————
""J(J ])( 2,Vj 2(‘/1+‘/2)>

0P, —2v,0 02P, 50 30P, 2
J ’ : . (17
Vi+ Ve  4(Vi+W)?2  4(Vi+V3)?

0 = —nP,+ (9Pn79 + Pn,ga + —2rP,_»

+O']2‘/; <Pn2,VJV] —

where the second subscript of P, denotes the derivative of P, with respect to the

N . 2
second subscript, i.e. for example P,y = 88% and P,_1v.9 = %.
i [V j

2 Asymptotic expansion of American option price

Now we present the modified asymptotic expansion method given by [ZF 18] to solve
(1.7) and then obtain the American option price. Proposition 1 of [MS10] gives the
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characteristic of the coefficients in (1.6) as:

Po(0, V1, Vaiy) = Cu(Vi, Vas ) [0 (0)2(0) + 0, (0)6(0)] + 0y, (0)2(0) + 4,,(0)5(6) (2.1)

where p2(0),¢°(0),pL (), ¢} (0) are polynomials in 6 with the coefficients depending
on model parameters and C1(Vi, Va;y), Co(Vi, Vasy), -+, Cr_1(V1, Va;y) are func-
tions independent of 6 but depending on model parameters V;,V; and y, ®(6) and
¢(0) is the cumulative distribution function and probability distribution function of
normal distribution respectively. P, (0, V1, Va;y) comprises a homogeneous part

Po(0,V1,Va) = pl(0)(0) + 4,(0)(0), (2:2)
which is the solution to the homogeneous part of the equation (1.7), i.e.
—n Py (0, V1, Va) + 0P, 4(0, V1, V2) + By 44(0, V1, V2) = 0, (2.3)

By substitute (2.2) into the homogeneous equation (2.3), after some rearrange-
ments, we have

=1 (6) + 60, 0(6) + 1) 49(0)| (6)
+ [=(n +1)g8(0) — 045 4(60) + g5 40(0) + 29%(6)] #(6) = 0.

To ensure that for any 6 satisfies the above equation, we have the coefficients of
() and ¢(#) equals to 0, then we have the following equations to derive p () and

qp(0) as

{ —np?(0) + 9172,0(9) + p?m,@@(e) =0, (2.4)

—(n+1)gy(0) — 0q; 4(0) + qp, 65(0) + 2P 4(6) = 0.
By [MS10] the polynomials pC(6),¢%(0), pt(0), ¢.(0) can be guessed to have the
forms as
(0) = faol + fan0" > + fa2l" "+t [ (2.5)
qg(e) = gmoenfl + gn’19n73 + gn,29n75 + -+ gn,%m_lema
(0) = hpol" 2+ hy 0" 4 By o004 Py nm=2 6™,
(0) = kpol" > 4+ kp10"° + kot b, nm=s0™,
where m = mod(n, 2), i.e. m is 1 when n is an odd number and 0 when n is an even

number. Then the coefficients f,,; and g,; can be determined by substituting (2.5)
into (2.4) as for Vn > 1,7 > 0,

(n—2i)(n—2i—1)

n,i = - n,is n :17

Jnji+1 % 12 fris fno

Ini+1 = : y  gno = 1.
2n — 21— 2
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By substitute P,_; and P,_5 of the form (2.1) and P, of the form
P,(0,V1,V2) = p,(0)®(0) + ¢,(0) 6 (0) (2.6)
into (1.7), we have the equations for p!(#) and ¢! () as in (18) and (19) of [ZF'15].

Then the coefficients h,,; and k,; can be solved by the putting (2.5) into equa-
tions (18) and (19) of [Z1'18] as

2
hn,i = {(n — 2@) (TL — 2Z — 1)hn7¢_1 + Z {Angl(n — 22 — l)hn—l,z’—l,Vj -+ A4jhn—2,i—1,VjVj]

J=1

J=1

2
+ AlCn_l + Z(AnglCn_LVj —+ AQjBQCn_I(n — 20— 1))] (TL — 21— 1>fn—1,z‘

2
+ [A1+ ) AyBs(n — 2i — 1)] (n—2i—1hy_1,1

L J=1
[ 2
—|— Z(n — 22 — 2) (Ang40n_2 + A4jBGC'n_2(n — 2@) —f- 2A4jB4Cn—2,Vj)
=1
2
+3° (2A3j0n—2,vj + A4an—2,vjv]-) —2rCh_a| fn-2
j=1
2
—|— Z (Ang4 + A4jB6(TL — 22)) (n — 22 — 2) — 2T hn—2,i—1
j=1
2
+ > 2455 + Ag;2Ba(n — 20 — 2)] hyoicay, ¢ /(24 28), Vn>2,i>1,
j=1



and

1 . . .
353 {2n =2 —=20)h,; +(n—2i —1)(n — 20 — 2)ky, ;-1

+D1 fro1i+1 + Dofo-1iv2 + Di(n —2i — 2)g,—1,; + 2Do(n — 20 — 4)gpn—1,+1
+(=D1 + Do)gn-1,i+1 — Dogn-1,i+2 + Dahy_1,; + Dshy_1,41 + Da(n — 2i — 2) k1,1
+2D5(n —2i —4)kp—1; + (—D2+ Ds)kn—1; — Dskp—1,41

2
+ Z Ag; By [hnfl,z',vj +(n —2i — 2>knfl,i71,Vj - knfl,z',vj}

j=1
—D3Ch1 2(n —2i = 3) fr1i41 + (0 — 2 — 2)(n — 20 — 3)gp—1.]
Dy [2(n — 2 — 3)hrs + (1 — 20 — 2)(n — 20 — 3)kn1 1]
+DyGn—2i + Dsgn—2i+1 + DeGn-2i+2 + D7 fn—2ir1 — Defrn—2it2 + D7(n — 20 — 3)gn—2;
—2Dg(n — 2i — 5)gn—2,i41 + Dshn—o; — Dohp—241 + Ds(n — 2i — 3)kp—2,-1
—2Dg(n — 2i — 5)ky—2; + (—Ds — Dg)kp—2; + Dokp—2+1 — 2rkp_2,1

2
+ 3 [244 By (hnaiv, + (0 = 2i = 3)kn2i1v, ) + 245ikn 25 1v, — Ag2Bikn 24,
j=1

—|—D9 [QCH,Q(TL — 22 — 4)fn72,i+1 + Cn,2<n — 22 — 3) (n — 2@ — 4)gn72,i]
—|—D9 [2(n — 21— 4)hn—2,i + (n — 21— 3) (TL — 21— 4)]1’,1_271‘_1]

2
+ ZA4jkn—2,i—1,VjVj} , for Vn>3,i>1,

J=1

2
{Alcnl + Z {A2j310n71,vj + A9 BoCq(n — 1)] } (n—1)frn-1,0/2

j=1
2
9> [(” —2) (ASjBALCan + Ay BgCh_on + A4j2340n72,vj)
j=1
+ 2A3j0n—2,vj + A4jcn—27VjVj} — QTCn_Q} fn_270/2, for Vn 2 2,

1
o — 9 {2(n = 2)hno + D1 fac11 + Dofro12+ Di(n — 2)gn-1,0+ 2Do(n — 4)gpn—1,1

+(—D1 + Do)gn-1.1 — Dogn—12 + Dahn_10+ Dshp_11 + 2Ds(n — 4)k,_10

2
+(=Da2 + D3)kn-10 — Dskn-11 4+ Y Asyi By (hn—1,0,vj + kn—1,0,vj)

j=1

—D3[Cr1 (2(n—3) fa11+ (n—2)(n — 3)gn_10) + 2(n — 3)hy_10]
+Dygn—20+ Dsgn—21 + Degn—22+ Drfrn_21 — Defrn22+2D7(n — 3)gn—20
—2Dg(n — 5)gn—2.1 + Dshn—20 — Dohp—21 — 2Dg(n — 5)ky—29

2
+(=Dg — Dg)kn—20 + Dokn_21 + Z 2A4;By {hn—z,o,vj - kn—z,o,vj}
j=1

+D9 [ZCn_g(n — 4)fn—2,1 + Cn_g(n — 3) (TL — 4)971—2,0 + 2(n — 4)]7%_270]} s for \V/TL Z 3,



where for Vn, fo0 = goo = h1,0 = k1,0 = k2o = 0, and the coefficients are

D,

D

Vi4+Vo+2(g—r)

VVi+ TV, ’
2 1 1

Agj = pjo;Vi,  Asj = ki(0; = V),

- By=-——— By=—————,
VitV T (Vi) Tt T 2(V+ Vh)

Ay

2
Al + Z AQJ'BQ,

s

2
Ch_1 + Z <A2j310n—1,vj + A2jB2On—1) )

j=1
2

Jj=1 J=1 J=1

1

(A3]B4Cn 2+ A4]234Cn 2,Vj + A4]3360n 2)

4336.

By the boundary conditions

Py, Vi, Vo, m5y) = K(1 — e”V1TVaum),

j=1

A4J—O'V

77
o
4(Vi + Vo)

6:

2
=Y AyByCy,
2
—Y AyBy, Dy=> (AszCnfz,vj + A4an72,VjVj) — 2rC_o,

2 2
= (ASjB4Cn—2 + AyjBsCh oy, + AgjBeChn + 3A4jBGCn—2> , D¢ =Y AyBsCp_,

j=

7j=1
2
- Z (Ang4 + A4]?)B6) 5
7=1
(2.7)

using the regular short maturity asymptotic expansion (1.6) to the left hand side of
(2.7) and Taylor series expansion to the right hand side of (2.7), we have

the two expansions equal only when the coefficients of 7

that is

- /2 - (_1)n+1 n/2, n_n/2
Z (y, Vi, Vo)72 =3 K (Vi 4 Vo) 22,

n!

n=1 n=1

n/2

. )n+1

P(y, Vi, V) = K (Vi 4 V)2,

n!

in both expansion equal,

from the characteristic expression of P,(y, V1, V) given in (2.1), we have

C(V1, Va)lon (1)@ (y) + a0 (1) ()] + pn (1)@ (y) + a5 () (y) =

then C,,(V1,V4) can be solved from the above equation as

(_

n!

(= 1)"+1 n/Q 1 !
Co(Vi, Vp) = — K (Vi 4 V3) — 2a®)2(Y) — a4 (y)o(y)

1)n+1

pn(yyi(y)4-QE<y)¢(y)

(2.8)



3 Modified Approximation Expansion Method

To improve the accuracy, we modify the asymptotic expansions method by approx-
imating an American option price by European option price plus the early exercise
premium, that is

P(97‘/17‘/277—) = PE(ga‘/la‘/QaT) _I_Ea

where Pg(60, V), Vs, T) represents the European put price with initial normalized mon-
eyness 6 and maturity 7, and € represents the early exercise premium. The Euro-
pean put price Pg(6, Vi, Vs, 7) is computed by the efficient COS method proposed
by [FOO08], for the pricing formula for the Pg(6, V1, Va, 7) please refer to ['O08]. The
early exercise premium € can be approximated by

EIP(H,%,‘/Q,T;Q)—P(97‘/1,‘/2,T;OO)’

where P(0, V1, Vs, 7;9) and P(0, V3, Vs, 7;00) are the price of barrier put option with
barrier level of § and oo respectively. P(0, Vi, Vs, 7;9) is the approximation of the
American option and can be computed by (3.1), P(0,V;, Vs, 7;00) is approximation
of European option by the expansion method, it can be computed as

P(0, V1, Vs, 71 00) = lim P(6, V1, Vo, 73 y).

As y — oo, we have from (2.8)

C1(V1, Vi) = K(V; + Va)'/2, Co(Vi, Vo) = =K (V1 + V3) /2,
K(Vy + Vy)3/2 K(Vi + V&
csve) = FVLERIE g0 = ALY
3'f30 4'f40

then by (2.1)

P(0,V1,Va,7;00)
{C1(, Va) [p2(0
+{Ca(V1, V2) [}
+{Cs(V1, V2) [pf
+{Ca(V1, V2) [}
= (KW V2 [10006) + $0)00)] +pO)20) + 60160} v

+{ =KV +V2)/2 [13(0)2(0) + 3(0)6(0) ] + pi(6)2(0) + 3 (0)(0) | 7
{KM+%WTO

Q

)
(0)®(0
(¢)

(

3L a0 %@@@+ﬁww@kﬂawwm+@www}ﬁn
{_W [PA(0)2(0) + ¢f(0)8(6)] + pi(0)®(6) + qi(9)¢(0)} 24 o)



substitute the polynomials of p®, ¢%, pl ¢! n=1,2,3,4 of (2.5) into the above equa-
tion, yields

P(6,V1,Va, 75 00)
K\JVi + V2 [00(0) + 6(0)] VT

+{=K (Vi + Vo) /2 [(0* + f21)®(0) + 06(0)] + hao®(0) } 7,

3/2
{]W[(fzzogg + f310)®(0) + (g306” + g31)D(0)] + hso0P(0) + k30¢(9>} 72

2
{_w[(ﬁxo@‘* + f110° + f12)®(0) + (9100° + 9110)H(0))]

Q

+(haot? + har)®(0) + kaofo(0) } 7 + o(7?)

where fo1,h20, f30, 315 9305 9315 N30, k30, fa0s fars fa2, Gao, gai, hao, hai, ks are as given
in the Section 2.
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