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Abstract

We derive closed form analytical approximations in terms of series expansions for option prices and
implied volatilities in a 2-hypergeometric stochastic volatility model with correlated Brownian motions. Our
computation of implied volatilities exhibits the well known skew and smile phenomena on implied volatility
surfaces, depending on the values of the correlation parameter.
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1 Introduction

Stochastic volatility models have been introduced as realistic models for the motion of asset prices in financial
markets. The most well-known of such models is the Heston [5] model, which however has one major drawback
as its stochastic volatility may reach zero in finite time unless one imposes the Feller condition, and this poses
potential problems in model calibration, cf. e.g. § 6.5.2 of Henry-Labordére [4]. In view of this, the a-
hypergeometric stochastic volatility model has been introduced by Da Fonseca and Martini [1] to ensure strict
positivity of volatility. In the a-hypergeometric model the dynamics of the asset price S; at time ¢ and the
volatility V; are governed by

Sy = SyeVrdWw},  dv;, = <a - ;eth) dt + ndW¢, (1)

c>0,7>0,a€R, a>0, and W}! and W2 are correlated Brownian motions satisfying (W' W?), = pt.
In this model the risk free rate r is taken to be equal to 0 and the value of ¢ can be used to set the price of
volatility risk.

Stochastic volatility models generally do not admit explicit solutions, and this has motivated the development
of approximate expansions. In Fouque et al. [2] a method to obtain series expansions for European option
prices has been proposed in the Heston model. This expression does not depend on the value of stochastic
volatility which is a key quantity in the Heston model. A more accurate approximation has been proposed in
Han et al. [3] for European option prices in the Heston model, see also Kim [6] under stochastic interest rates.
In this paper we extend the method of [3], see also [7], in order to derive series expansions in the 2-
hypergeometric model of [1]. In particular, our analytical approximate solution depend on the underlying
stochastic volatility. We derive implied volatility estimates which display the well known phenomena of skew
and smile. We also derive the delta estimates.
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2 Stochastic volatility

We start with a general class of stochastic volatility models in which the dynamics of the asset price and
volatility processes are given by

dS§ = Sip(t, VEYAWY, Vi = ult, Vi)dt + eh(t, Vi) W2,

where ¢ > 0. Recall that under absence of arbitrage, the vanilla option price of an option with payoff g (5%)
takes the form

f(50,Ve) = Elg (57) | Fi]
where (F¢)iejo.7) is the filtration generated by (W}, WE)te[O’T}, and the function f(¢,z,v) solves the PDE

of of a? of 0% f 20, \OPF _
B + u(t, fu)a— + ? pA(t, U)W + epxp(t, v)h(t’v)é)xé)v 4 £ h (t,v )8 5 =0, (2)
cf. e.g. (2.17) in [2], with the terminal condition f(T,z,v) = g(z).
We start by expanding f(t,z,v) as
f(t,z,v) = folt,z,v) +efi(t,z,v) + o(e). (3)
By plugging in the expansion (3) into the pricing PDE (2) we get the system of equations
Afn
675 +L0fn+£1fn 1+£2fn 2 = nEN,

with f, =0, n < =1, fo(T,z,v) = g(z) and f,(T,z,v) =0, n > 1. In particular the operators Lo, £1 and Lo
are given by

o a? 0* ok ok

_ e <2 -~ — - B
£0 = U(t, ’U)av + 9 p (t, U) 8.%‘27 £1 Pxp(t7 'U)h(t, U) 81387)7 E h (t U) 81)2 (4)

3 Deterministic volatility

9,
When n = 0 we have % + Lofo=0, (S?)te[o 7 and (Vto)te[o 7) are given by

ds? = S% (t, vto) awl, dvl=u (t, Vto) dt

and the vanilla option price
fo (.51 V7") = Eg (s7) | 7]

can be computed by the Black-Scholes formula as

o (150) = [(sh 1) | 7] < ng o (20 (1V0) 2 (1)) - &)

where Z ~ N(0, 1) is independent of F; and

2 (t, Vto) = /tTp2 (u, Vf) du, te0,T].

We note that in the a-hypergeometric model (1) with n = 0 the integral ftT eVl du can be computed in closed

form as
T 2 T—t 2 aa(T—t) _ 1
/ Vi du = =2 log [ 1+ FEal?? / e*ds | = —log |1 —|— Ve R ,
t ac 2 0 ac 2 aa

cf. § 2.1.1 of [1], and this yields the following proposition.
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Proposition 1. In the 2-hypergeometric model (1) with n = 0 the European call price

fo (£.50.V0) =E|(s)— )| 7

under the terminal condition fo(T,z,v) = (x — K)* is given by
fO(tv €Ly U) =zd (d+(t, x, U)) - Ko (d*(ta €Ly U)) )

where ® is the standard Gaussian cumulative distribution function,

1 x Y2(t,v) 9 1 0y €240 — 1
1 — | & d t = -1 1 R ——
) (og (K) 5 , and  y*(t,v) - og | 1+ce 5 (5)

In the case of a put option the function fy(¢,z,v) can be obtained as

dy(t,z,v) =

folt,z,v) = —ax® (—dy(t,z,v)) + K® (—d_(t,x,v)), tel0,T],

by a standard call-put parity argument. In the remainder of this paper we work in the 2-hypergeometric model
with a = 2.

4 Second order expansion

In this section we consider small values of the volatility of volatility by replacing 7 in (1) with ene's (¢, V),
€ >0, i.e. we have

ds; = SV dw),  dve = (a - geQVf) dt + ene¥ (8, V) AW,

and from (4) the operators Lo, £ and Ly are given by

Ly = (a — ;e%) 881) + 3;262”88;2, L1 = npze®'yi(t, v)aj;}, Loy = 772262U78(t, v)aa;
In particular, we look for an expansion of the form
ft,z,v) = folt,z,v) + fi(t, z,0) + €2 fo(t, z,v) + o(e?), (6)
where _ -
% + Lofo =0, % + Lof1+ L1fo =0, % + Lofo+ Lif1 + Lafo =0,

fo(T,z,v) = (x — K)*,  fi(T,z,0) =0, foT,z,v)=0.
Note that our approximation (Sf, V® )te[o,T] does not lie within the class of 2-hypergeometric models.

Proposition 2. The first and second order coefficients appearing in the expansion (6) are given by

- d_(t,z,v)
t = —npK——F-+—"=
fl( ,x,’U) np 0372(2577))

r _ 772 A (t7v)
folt,z,v) = “- K¢ (d-(t,,v)) ( ;’;m)

2D(t,v) [ (d_(t,z,v))* (d_(t,z,v))? (d_(t,z,v))*
+307'y4(t,v) < 3v(t,v) d-(tz,0) + 3 ) + Vo (t, v)

where ¢(x) is the standard Gaussian probability density function, y(t,v) is defined in (5) and the functions
A;, B;, C;, D, E; are given below fori=1,2,3.

¢ (d_(t,,v)) (e“%” ('t 0) + At v) +2) -2+ C;v%, v>> ,

(d_(t,z,v))°
v(t,v)

+d_(t,z,v)Bs(t,v) + Bs(t, U)) + 020 K (d_(t,z,v)) (Cs(t,v)

Eg(t,v)> , tel0,T],

Proof. The expression of f; and fo can be computed by similar arguments from the Feynman-Kac formula
and the expected value. For simplicity of exposition we skip the corresponding computations, which are quite
extensive. O



We have

ad(t,v) 50t v) 29t (tv) 93 (t,v) 3 3 PB(t,v) 595t v) 1694t
A t — ) ) ) ) o A t — ) _ ) _ )
1(tv) 2c 42 T3 tTaa Tt 8chy2(t,v)’ 2(tv) c c? 3
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Note that in the case of put options, only the function fo(é x,v) is modified by the standard call-put parity
argument, while higher order terms such as fi(¢,2z,v) and f2(¢,z,v) remain unchanged.

5 Implied volatility

In this section we provide an estimation of the implied volatility. ¢™P which is determined by the equation
fBS (t7 .’L’, T7 K7 Uimp) = f(t7 $, U)7

where fBS (t,z,T, K, aimp) is the classical Black-Scholes function, cf. e.g. Da Fonseca and Grasselli [?] in
multi-factor models.

Theorem 3. The implied volatility c™P admits the series expansion

oMP(t,x,v) = og(t, z,v) + o1 (t, z,v) + 209(t, z,v) + o(e?),

where
O'O(t,x,’l)) = j/%, (t X ’U) K\/ﬁf;(fﬂ U() )) G,?'Ld
fo(t.ox v o2 t,x,v
o2(ts,0) = i e Ay (1,2, 0)d (1,2, 0) LG

Proof. The implied volatility o™ is determined by equating
fBs (t,x,T, K, Uimp) = f(t,z,v) = folt,x,v) + e fi(t, z,v) + 2 fo(t, z,v) + o(e?),

where fBS is the classical Black-Scholes function with implied volatility ¢'™P. Expressing the implied volatility
as a power series
oM (t x,v) = og(t, z,v) + o1 (t, z,v) + 209(t, z,v) + o(e?)



in ¢, we expand fBS (t,z, T, K,o™P) and using a Taylor expansion in terms of € to obtain

' BS
fBS (t,x,T, K, almp) = fB8(t,x, T, K, 00(t,z,v)) + (601(t,x,v) +€202(t,x,v)) g (t,x,T,K,o00(t,x,v))
1 5 9 2fBS
+5¢ oy (t,z,v)——— 507 (t,x,T,K,o0(t,z,v)) + -

The first three terms of the implied volatility expansion are obtained by identification of coefficients in the
above expressions. O

6 Delta

In this section, we provide an estimation of the Delta, A which is approximated by Equation (6).

Theorem 4. The Delta, A admits the series expansion

dfo (t,z,v) +€afl (t,z,v) +€28f2 (t,z,v)

Altzv) = =5 oz or
where
Ofo (t,z,v) {<I> (dy (t,@,0)) + dfanl)  Kold-la)) for call
dr | =@ (—dy (t,2,0)) + Lolplbo))  KOCAUe)) - for py
8]?1(875;,1)) — it Z(g;y(’z;;))f(ﬁ (d_ (t,z,v)) (ecﬂm’) ((3274 (t,v) + 42 (t,v) + 2) 924 W) , for call
W _ TKW¢ (d_(t,2,0)) (A?’((t ”)) +d_(t,,0) Bs (t,0) + WB;», (t, v))
ke o (2 B 2 )
R o (s 335ii’t?i> (i - ¢ =)
(d,ygt(,z;j;))QEg 0 U)>
PR G (d- (12, v)) (@, (t0) + f(’tf’l) (4 (?‘fm(f’(i’:)))g -t - gt&;’j’;;w)
WEg (t, u)) for call and put.
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