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Abstract

We present a new algorithm based on a One-layered Nested Monte
Carlo (INMC) to simulate functionals U of a Markov process X. The
main originality of the proposed method comes from the fact that it
provides a recipe to simulate U;>s conditionally on X,. This recipe
can be used for a large number of situations including: Backward
Stochastic Differential Equations (BSDEs), Reflected BSDEs (RBS-
DEs), risk measures and beyond. In contrast to previous works, our
contribution is based on a judicious combination between regression
and 1INMC used for localization purpose. The generality, the stability
and the iterative nature of this algorithm, even in high dimension,
make its strength. It is of course heavier than a straight Monte Carlo
(MC), however it is far more accurate to simulate quantities that are
almost impossible to simulate with MC. Indeed, using the double layer
of trajectories, we explain how to estimate and control the bias prop-
agation. With this double layer structure, it is also possible to adjust
the variance for a better description of tail events. Moreover, the par-
allel suitability of INMC makes it feasible in a reasonable computing
time. This paper explains this algorithm and details error estimates.
We also provide various numerical examples with a dimension equal
to 100 that are executed in few minutes on one Graphics Processing
Unit (GPU).
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1 Introduction

Numerous contributions in numerical methods based on Monte Carlo reached
recently their limits in dealing with the curse of dimensionality [5]. In con-
trast to previous works, our method is based on a judicious combination
between INMC and the use of regression. This paper is a natural progress
of an increasing interest in NMC started in [19, 21, 22] and used with re-
gression in [1, 7]. Considering a filtered probability space (2, F, Fo<i<r, P),



an JF;-Markov process (Xt)te[ojv] taking its values on R% and the time dis-
cretization {tg, ..., tor } = {0, T/2E, ..., T}, let Uy be a functional of X defined
for s € {to, ..., } by

t2L T
(f)  Us=Eq| > flte, Xo, X)) =E<Zf<tk,xtk,xw>f,>,
tp>s

tp>s

where E; (1) = E (

deterministic function f(ty, -, ) is B(R%) @ B(R% )-measurable and assumed
to satisfy the square integrability E(f?(tx, Xy, X4,,,)) < 0o with convention
f(tQL,Xt2L,Xt2L+1) = f(tor, Xt,). The simulation of U is generic to all
BSDEs and RBSDESs examples presented in this paper. As nested simulations
involve heavy notations, it is easier to present the whole algorithm for the
simulation of U then apply it on specific examples.

When previous contributions target estimations of U;, for k = 0, ..., 2F
knowing some realization of {th}ogjgk (mg = 1, ..., My), our purpose is to
simulate approximations {U["S™ }>y, ., with (me = 1,..., M) and (m; =
1, ..., M), of {Us}ssy,,, conditionally on the realization {X;"}o<j<y. This
task requires the simulation of a first layer (X"°),,,,—1.... m, of trajectories that

.7:5>, the expectation is always considered under P, each

are kept in the machine’s memory, then a second unstored layer (X™o™1),, _;

of trajectories, on the top of the first layer, only used to learn how should we
perform approximations {U;"," }>t,,, -Although more complex, this proce-

dure provides much more information on the process U. In particular, we use

My
1
A Z (f (e, X700, X70T) + U"Y™) to have the first layer approximation
1

tei1 tr et

mi1=1
U of Up,. Knowing the second layer approximation U™*™!, we can com-
pute quantiles on U or, even more remarkable, can simulate another process
U that satisfies equation (f) (Replace f by f in equation (f)) with an f that
can be a function of U like for instance f(ty,z,y) = f(ts, Uy (%), U, (1))
Consequently, when sufficient assumptions are satisfied, we can learn how to
compute functionals of functionals of X with the same 1INMC. This latter
fact makes possible a straightforward simulation of Valuation Adjustments
[1] as long as one can write them as a composition of functionals then start
simulating by the innermost functional till the most outer composition.

Although we are not the first to propose a learning procedure for BSDEs
[12], we are the first to do it using nested Monte Carlo instead of a neural
network. To the best of our knowledge, we are also first to provide a com-
prehensive presentation of an iterative algorithm where the accuracy of the
estimator {U;" }—o,. oo improves by adding more regression steps and thus



by increasing the learning depth. Thanks to our method, one can easily bal-
ance between complexity and accuracy. Moreover, it is possible to improve
the accuracy in a parareal fashion [24] which increases further the parallel
scalability of the algorithm. In addition to that, we use equality

/

E(U)=EUs+ > flti, X, Xu,,)

tj41>s8

true for s’ > s, and its localized version for each interval [a, b]

/

E (Usl{v.eapy) = E | Liv.eapy | Us +Zf(tl7thath+1) ;

tj41>8

to present a nonparametric method to effectively estimate and control the
bias. In the same fashion, we detail a variance adjustment procedure based
on the equality

E (Vary(Uy)) = E (Es ([US’ - ES(US’)]Q)) =K ([US’ - ES(US’)]Q) .
true for s’ > s, and its localized version for each interval [a, b]

2
E (Vars(Us’)1{VarS(US//)€[a,b]}) =E (1{VarS(USu)€[a,b]}[Us’ - ES(US/)] ) )

true for s > s and §” > s. The proposed variance adjustment strategy
makes possible the nested simulation of distribution tails without requiring an
importance sampling technique [20]. The good representation of tail events,
via variance adjustment, becomes necessary for some nonlinear problems
especially RBSDEs. Both bias control and variance adjustment shows that:
INMC makes possible a very fine tracking of the bias of the first layer fine
estimator U™ and the variance of the second layer coarse estimator U™0™1.

Focusing on the simulation of U given in (f), Section 2 introduces the
method as well as notations. Section 2 also presents the iterative procedure,
the bias control and the variance adjustment strategy on the approximation
of U. Section 3 illustrates the presented method on some standard problems
involving BSDEs, RBSDEs and risk measures. These examples show how
the algorithm should be adapted to different situations, in particular how to
set: iterations, bias control and variance adjustment for BSDEs and optimal
stopping problems. Section 4 details the required assumptions in a general
diffusion setting. It also provides different error estimates associated to our
method and gives a sense to the overall approximation procedure. Section 5
shows the robustness of our method on highly dimensional problems beyond
what is known to be possible in previous papers.

4



2 Conditional learning procedure: Notations
and method

In Section 2.1, we present the algorithm steps and what should be done to
stabilize it. As needed for any learning method, the initialization is also
explained in Section 2.1. This will set the stage to express, in Section 2.2,
the regression based approximations as an output of an iterative procedure.
Details on the computation of the regression are provided in Section 2.3
that also includes a bias control and a variance adjustment necessary when
targeting the tail events.

2.1 Iterative procedure, regression initialization and
stabilization

Using a sufficiently fine discretization {t,...,tor } = {0, Ay, 2A, ..., T} with

A; = T/2%, one simulates M, realizations (XZZO)Z;OIZ}?‘;LMO of the Markov

process X starting at a deterministic point Xy = x¢ € R? with the following
induction

XZZO = gtkfl(ngf /), when k& > 1 and X0 = o, (2.1)

17 Stk
=1,..M : o
where ()77 5" are independent realizations of an R* random vector
¢ and (& )p—o,. 001 : R — R% are Borel-measurable functions. We

use Xt’zo’l, s X,ZZO’dl to denote the d; components of the vector X/". The

=1,....M, : :
sample (X{:O);”:OL“;Q’L  stays on the machine memory and is supposed to

approximate accurately (X;):co,7] in a sense explained in Section 4.

For a decreasing sequence (s;);—o.. oz that takes its values in the time
discretization set {to, ..., tor }, an extra simulation conditional to the starting
X;?;O is needed for the learning procedure. Introducing independent realiza-

tions

(gmonm)(m07m1)€{17---,M0}><{1 ----- Mi+M]}
tj7tk kG{j,72L}"]G{1’,2L}

mo)m():l,...,Mo

ty Jk=1,..2L

of the random vector ¢ that are also in-

dependent from (& , we set for tp_1 > s;

Xm07m1 — XmO,ml mo,m1 n Xmo,ml _ Xmo. 22
St 8tk71( Siotk=17 35t ) and 53+53 mi=1,...,M1+M] 5 ( )
1 d
We use X757 .., X9 to denote the di components of the vector
X;;“’t:“ For s; < s < sp, we also introduce the notation X771 and {107
: mo,m1 mo,mi mo,mi mo,m1
for respectively (X%, X0A o X oa, XoiG) and
mo,mi mo,mi mo,mi1 mo,mi
( Sj,81 7§Sj7sl+At7""€sj‘,8k—A7 85,5k )



For a positive integer L' €]L/2, L], the value of each term of the sequence
(85)j=0,...or is given by its corresponding term in (7" — sé)jzomzL which is de-
fined iteratively for i = 0, ..., L— L’ starting with a homogeneously distributed
sequence where each term is repeated 25=L" times as follows

T T o' T o' T
(So)j:]_"”’QL = { ( ) ( ) ,T, ...,T}, 38 = O (23)

] 2L/ ) ) 2L/ ) ) 2L/ ) ) 2L/

(T, (2 —1)T /2", ..., T/2" 0}

The goal of iterations is to reduce an error term (eT_Si});i(i""’gL_L
J Ty
it smaller than some threshold error . The expression of the R-valued ran-

dom processes e and € will be given in definitions 2.1, 3.1 and 3.2.

to make

We set j¢ = s, = max(()) = 0, for each stepi =1,...,L — L' we
i=1,...L—L

define Q; = 2"~ and (§§_1)j:0,...,2L

S qi—1 i—1
When j < jr, define 877 = s}

, i-1 i-1
: _ S T 8qu- (24)

S
J=Qi(—1)+1 2 ’

Otherwise, for j' > j ,/Q; set §;

and we denote Si=1 the set of values taken by (T — §;‘~71)j:0’_“72L. Then, we
consider the following actualization strategy:

i—1
1. Compute <e$ H)
T—s ek
J J>Ji 1

2. Use j; = j;_, Vmax ({j > gy ST < eST for k < j}) with z V
Sk 5k
y = max(x,y) to define

i il aielq
85 =85 Lj<gr + 585 Ljsjr (2.5)

L |Qig’ ) )
3 7 3 (2 1 3
The notation sj P is used for 50s(j—1)+17 =+ 507" In Figure 1, we
illustrate how this discretization strategy is implemented, in particular we

chose L' > L/2. A

Remark 2.1. Expression (2.5) ensures that si, is always equal to T'. Thus
sor. = 0 which will be involved in definitions 2.1, 3.1 and 3.2 to introduce
both a simulated value and an average on learned values at time 0.



®

=0

(T-s%32 (T-s%28 (T-s0)% (T-s9)20 (T-s9)'® (T-s9)'2 (T-s9)2 (T T-s0

j /=29 j /j=25 i =21 ) =17 i =13 i /j=9 j /j=5 i /=1 0
;=8
1,32 1,28 1,24 1,20 1,16 1,12 1,8 14 1
- - T-5.); T-s.): T-5. ). T-s.). T-s). T-5. ). -
(Ts)ia T8y (T8)iag  (T8)e  (T8)s (M55, 05, (T8,  T5
1,30 1,26 1,22 1,18 1,14 1,10
T-s.); T-s ) T-s. ) T-s.). T-s.). T-s.).
( ] ),:29 ( i )1:25 ( i ),=21 ( i )1217 ( i )|=13 ( j )|=9

Figure 1: An example for (2.5) when i =0,1, L =5 and L' = 3.

In (2.2), we simulate M; + M] conditional realizations of X in order to
keep those indexed from m; = M; 4+ 1 to my; = M; + M/ for the approxima-
tion of regression matrices. Consequently, we made explicit the independence
between trajectories used for the estimation of regression matrices and those
used in the backward induction. To reduce the complexity of the algorithm
and memory occupation, trajectories used for regression matrices can be sim-
ulated offline then erased from the memory. Given my, if an inner trajectory
from {X™om™y  _y  ap is needed « times in the backward induction, we
simulate « independent copies of it and use each copy once. This reduces
further memory occupation as well as any superfluous dependence structure.

For each ordered couple (j < k) of indices that take their values in
{1,...,2%}, we introduce a stabilization operator

0 . d1 tTmo
7tjftk7M{ RS 1 — th7tk7M{

(z— X°) € Rh (d) < dy), (2.6)
that performs a linear combination of the components of (:1: — X[ZO) using
FZOtk My that contains some eigenvectors from F?ﬁk My obtained with the
eigenvalue decomposition

oo AT LT (2.7)

tj7tk)M{ t]’tle{ t]’tle{

of the regression matrix

1 M1+M{
g Y (X xie)(xpme ) (23)
mi=M1+1

where ¢ is the transposition operation.
Once factorization (2.7)=(2.8) is performed, we obtain the diagonal ma-

3 mo _ : m(),l . . .
trix Atj,tk’M{ = diag {)‘tj,tk,M{ }l_l,...,d1 of decreasing positive eigenvalues.



Then, we define Ao = diag <{)\m0’l } ) as the truncation of
I=1,...,d]

t]7tk27M]{ t‘77tk:71\4]/~
T e
mo : l
Atj’t]m My with d} defined by

k dy

! : " mo,l mo,l

diy =min < k € {1,..,d]}, E Ao = 95% E YR (2.9)
=1 =1

where d] keeps only eigenvalues that make the regression problem well-
mo,l
tj’otkvM{
mo,1
tj,tk,M{
single precision or bigger than 107 in double precision floating represen-
tation [30]. In addition to ensuring a well-conditioned regression problem,
equality (2.9) also performs a principal component analysis [30]. At the same

time that we set the components of A

o has to be bigger than 107% in
—1dl

conditioned i.e. The ratio

mo : mo
tote s WE define the matrix Ptj7tk,M{

that contains only the eigenvectors in I'}", , , that are associated to A", .
Jrbky iV 3otk My

(Xpsm- X ) R (&) < dy), in-

tfmo

Regressing with respect to b, M

stead of (XZZ o= X 0) € R4 involves the inversion of the diagonal matrix

/~\Z°tk My which replaces the whole regression matrix (2.8). Since A is bounded
below away from zero, its inverse is bounded and the same for the regression
procedure. This stabilizes the computation of the regression estimator whose
expression is detailed in Section 2.3. Besides, since we have a large number
of regression matrices, we can batch compute these inversions like explained
in [2].

For ¢ty < s; < s, < T and conditionally to X:;O, we want to keep only
first /low order regression terms around X['°. We also want to reduce the
bias induced by successive regressions as explained in Section 2.3. A natural
way to do this is to make sure that the time distance s, — s; is sufficiently
small to neglect the higher order terms as well as to reduce bias propagation
between s;, and s;. For this purpose, we appropriately initialize the value L'
(> L/2) as well as the couple (s;,5;) then at each iteration ¢ we actualize
the value taken by this couple according to (2.25) and (2.26).

When i = 0, for each j = 0, ..., 2", we define 3?(39) as
50, 0 u € S°N|T— s9,0(T— 59)]; (Bias Control) satisfied at
N 2.1
() =ma {T — &0 and (2.11) fulfilled for all s € S°N|T — s, u] (2.10)
with § defined in (2.14), to simplify the understanding we can start assuming

6(T—s)) = T. The inteval |T— s9,0(T— s9)] will be better specified at each
definition 2.1, 3.1 and 3.2.



j
with the control (Bias Control), specified in definitions 2.1, 3.1 and 3.2, that

also satisfy

Then J; =8N ]sj , ?(SQ)} is a set of strictly decreasing time increments

My M1+M1 2
E: 3 (ngml.xm“) <e. (211)
mO 1 m1 Mi+1

for some tuning positive parameter €; ;,. We consequently initialize

330(3]) max(J3), s io(so) = min(J7) and J) = S° ﬂ}sj,sso(sj)] (2.12)

J J J J

In what follows, if iteration index 7 is set and there is no confusion on the
chosen set S, we simplify notations and use 5; and s; instead of s (s) and
()

By definition, JJQ contains different elements and we use |JJQ| to denote
its cardinal. For any j such that 5; < 7', we choose the right values for L’
to ensure that 20 < ]J]Q] < 2. Consequently, at the initialization step,
one increases progressively L’ till the latter condition is fulfilled. When ¢ > 0
and j =0, ..., 2", we define

Ji=8"N]sj, s ](sl)] (2.13)

j
Given that (s;);eqo,. 2z} is a decreasing, and not strictly decreasing, se-

quence of coarse increments, we need to define on S a new operator 45
that associates to each s € S the next increment in S°. For a fixed index
j € {1,...,2L}, we define 5;’;() on (sg)k<j, taken its values in &' N [s;,]]
(={s;}uJj), b

55](%) = min (5;, min{s € 8% s, < s <5;}) (2.14)
with min(()) = co.

When there is no confusion on the chosen set &', we use d,; notation
instead of (5;9; When s;, < 55, we use 55" notation instead of 5;9; When there
is no confusion on the chosen set §* and s; < 5;, we simplify both indices
and use ¢ instead of 5‘39;

This time operator will be largely used and for a given set S’ it has the
following properties

Prl. (2.26) makes s; = d,,(s;) = d(s;).
Pr2. Aslong as max(s;,, sj,) < sp < min(3j;,55,), ds; (8k) = 05, (k) = 0(s).

Pr3. For fixed iteration step i, the nth composition of d,, denoted 5;1]() is
equal to 5; when n > [Ji].



2.2 Fine and coarse approximations

Based on what was presented in Section 2.1, we detail here the simulation of
approximations of U defined by (f). Considering the discretization sequence
(85)j=0,... oz that takes its values in the set S C {t, ..., toz }, we use a learning
procedure to associate to each scenario mgy and each discretization set S a
couple of function families (A", 7S ).

Now, for given indices k < j € {1,...,2"} that satisfy s; < s, <, for
r € RY and s € {sp, s, + Ay, ..., 0(s) — A}, we define two approximation
levels: A coarse approximation around X{° conditionally on X defined by

R @) = (R0 | T, ) S (2.15)
and a fine approximation at X" defined by
o 1 M, N 6(sk)
host =g 2o | Pewiton (Xisen) )+, XD XTI | (2.16)
mi1=1 ti41>s

To complete this inductive interconnected backward definition of A and E,
we set the final coarse approximation to

S f(T, x) ifs;="T,
th,?j (':E) = —mo,S mo, P (217)
hs, 5 (@ () = hg(sy 5 (7) 55 <T,

where 5; > s; > s; are specified during the initialization phase (cf. (2.12))
then actualized at each step (cf. (2.25) and (2.26)). 5; and s; are really
needed when T is sufficiently big or the variance produced by X is large
enough. Otherwise, (2.17) can be replaced by EZOTS(:L') = f(tor,z) = f(T,x).

T involved in (2.15) was already defined in (2.6). The value of the re-

)

s Sk} depends on the variance adjustment procedure

gression constant ¢ [h
presented in section 2.3. However, the straight implementation can simply
set / [h?osk} h;r:];‘: for any couple (s;, s;) satisfying s; < s, <5;. Regard-
ing the regression vector H;"OS’k , its value is obtained from an estimation of

the vector a € R% that minimizes the quadratic error given by

m0,S,0s.(5k) , < m, 2
J 0,M1 _t Tmo mo,m1
E |:H8j75k (ij:sk:‘ss]-(sk)) a 5]-75k7M{ (XSj,Sk )] (218)
mo,m1 _ mo,mi mo,m1 mo,m1 mo,m1
Wlth XS )8kt (53 (Sk) <X5]:5k 7XS] Sp+HAp XSj,CSSj(Sk)_At’ ijvés]‘(sk)) and
5sj(sk)—3k
S,0s(s1) At
mo,S,0s (5K Tmo,S Tmo,S E
Hsjysk ’ ($) = th,ésj(sk)(x‘sSj(Sk)Sk) hsk Sk + f tks +15 Lls xl+1) (2 19)
At

=1

10



where ks, = si /A — 1, v = (x4, ..., x((ssj-(sk)_sk)/At) with each coordinate of x
belonging to R%.
When s, = d,,(s;) and ¢ [Emo ] A7 one can check the coherence

55,8k Sk,Sk’
of the previous definitions aimed to approximate U defined in (f). Indeed,
(2.16) would provide for any s € {s;,s; + Ay, ...,0(s;) — A} = {sj,s; +
Agy ooy st — Ag)

My
Emo,s _ 1 hm07 Xmo,ml f t Xmo,ml Xmo,ml) (2 20)
$55 ]\41 sj,sk 5,5k Iy sty S,ti+1 :
mi=1 tj41>8

Where the term f, .., defined in (2.15), is obtained through the projection

ssk7

E mo,m1 mo,mi mo,S
Of f(tl’ S] tl XSJ tl+1 ) + hsj,é(sk)(
ti11>8k

X)), In addition, if we had 6%(sj) = 0(sx) = 5; = tor = T then

s],sk,M( 55,5k

(2.17) would make h;nOé(Sk (1) = f(tor,-) and as s € {s;, 5,4+, ..., s, —A } the
Sk

X S, involved in (2.30), on

definition of h:% would involve Z ft, X2 X0 plus the projection

s, S,t141
tj41>s8

2
of Z S, X9 X0 + AT, X%™) as shown on Figure 2. pmosS

St Sk»Sk
ti 1>k

equal to

A Z Z F Xo5™ X)) + F(T, X057™) | because d(sy,) =T

m1=1 |tj41>5p

. - mﬂ mi mo,mi mo,m
Outer trajectory e Z fetr, X §.1 aXb]t[+1 Hf( 370 Xs] 013, 1)
mo_ Y k Z /.( // H\»m/“./nnl 4\»m/“‘.w a1 > S

centred around hsk =

. o P—
\%Q \L‘“‘\\\ [ — _pr()Jcctcd on Tsj sk, M| (XZ?%:”)
o Y --1----l-”-sfk”'f""l""l"';slo:T

| | 1 | ) | >
DI t24 t2s t26 t27 t28 t29 t30 t31 32

Figure 2: An example for (2.20) when 6%(s;) = 0(sy) =5; =ty =T, L =5
and L' = 3.

According to equations (2.15), (2.16), (2.18) and (2.19), the functions h
and h are defined backwardly. When hisa straight Monte Carlo involving A,

11



the latter is defined using a regression around a point at which we expressed
h. Consequently, h can be seen as a conditional first order Taylor expansion
around the first layer of trajectories (XZ:O)ZZIZIQ’LMO The term of order zero
in this expansion is played by ¢[-], where the term t7;;”§k M,( z)H™:S  deduced

Sj,8k 7
from the minimization of (2.18), plays the order one.

Remark 2.2. 1. Since we do not want to increase further the algorithm
complexity by considering higher order terms, the definition of h in-
volves only linear regression around XJ'°.

2. When the dimension dy is not too high, it is possible to regress the
residual of the first regression on higher order terms. These successive
regressions do not increase drastically the complexity when compared
to the standard procedure. Nevertheless, as it separates regression with
respect to first order terms and regression with respect to higher order
terms, it loses orthogonality between first and higher order terms.

3. In case X 1s a martingale, the linearity simplifies further computations
since, for instance, (2.16) can be replaced by
My O(sk)
mo, —mg,S m mo,m mo,m
hs.gk :hskd(sk) X O Z Z f tl7Xst(l) ' Xst(l)+1l)‘
mi1=1%41>s

Definition 2.1. For i* = min(min{i =1,....L — L, j: =2} L — L)

o For k < j € {1,..,2"} that satisfy s; < s < 55 < tor = T, the

stmulation U;”‘)Slznl of U around X conditionally on X7 is set to be

equal to hs Sf (X)) where h is given in (2.15) and (2.17).

o For k € {1,..,2} and s € {si,sx + A, ...,0(sx) — At} — {0}, the

szmulatwn U of U at X' is set to be equal to hmo’ wzth h expressed
n (2.16).

e The average Ul of learned values on Uy is equal to

lear o m ,51
Ut M Zh 0 (2.21)

mo=1

and the simulated value U™ of Uy is equal to

1 My 5(0)
U = 3 2 [Bresm + 2 e Xiexin)| - (222)
mo=1 tl+1>0

12



e [ntroduced in (2.10

with h expressed in (2.16).

, (Bias Control) associated to (f) is defined at s €
8° for uw € §°Nls,d(s)] by

1 Mo 3(s)
7 mg,S° mo, mo mo SO
— E hg h E f tl,th , X4, 1) < €54
M, +
mo=1 tj41>s8

where for each set S, {e‘g,s}seg s a family of positive bias tuning pa-
rameters.

e Forke {ji+1,. 2L} setting s, = T — s&. and noticing that 65(sy) =

63(5S(sk)) st and e$" are given by

Sk

My My )
E E mo, ( mo,m1 )__mOvSZ_ ( mo,m1
= MoM1 551(% 55s) N 68(1),05(s) ) 305 51) VT 551(s),65 i)
mo=1m1=1
St } : Si
6sk — 62,8'
SESH,s>s)
Remark 2.3. 1. U™™ can be seen as the inner or second layer approx-

4.

5.

imation of U and U™ can be seen as the outer or first layer approxi-
mation of U.

When U™™ s only defined on S* , it is remarkable to see that U™
is defined on the whole fine discretization set {to, ..., tor}.

For any S, it 1s natural to have 6‘2575 proportional to the value of the

estimation Zmo 1 h:?"g. Used to control the bias, the choice of eis
has also to take into account the confidence interval of the estimator of
the left side of inequality (Bias Control).

Although (Bias Control) is quite sufficient to have almost unbiased es-
timates, Section 2.5 introduces a more stringent local bias control.

i . . . St
eS" is defined as the average difference between the estimation b

that involves the discretization set_ St and the estimation B""° that
involves a finer discretization set 8' defined below (2.4). With actual-
ization (2.5), we are basically saying that the discretization set should
be finer only when the difference between approrimations is superior to

the sum of possible accumulation of bias 5.

13



2.3 Regression computations: Bias control and vari-
ance adjustment

As a continuation to Section 2.1, we explain the (Bias Control) expression
and how the value of (s;,5;) should be actualized. Then, as a continuation

to Section 2.2, for each couple (scenario/discretization set) = (mp,S) we

m07

provide possible values of the couple <€ [h , H™S) including a variance

adjustment procedure. We remind that both procedures, explained in this
section, are only feasible because of the nested nature of our simulation and
they would not be possible otherwise.

In Section 2.1 equation (2.12), we defined (s,3) on the discretization
set S°. In order to reduce the backward bias propagation, this definition
used the double layer Monte Carlo to Control the average bias. Indeed, as

m , SO M mo, m m
MLO Zmo 1 h O and MLO ng—l (h(g(z )5 Ztl+1>s ( th 07 thf1)> are
both approximations of E(Us;,) = E (U(s(SJ + Ztl+1>sj flt, X, X[ )) it

tig1
is natural to have them almost equal. For large values of My, the difference
between these approximations is due to bias. As explained at the end of
Section 4.1 and the beginning of Section 4.2, a judicious method to reduce this
bias propagation is to adjust the number of successive regressions through
the appropriate choice of u.
The choice of u in (Bias Control) ought to decrease the global average
value of the bias. More local approach can be developed using equality

3(s5)
E(Usjl{Usje[a,b}}) = E{ L, ety | Uses,) + Z ft, X0, X00) (2.23)

ti41>8;

which is true for any localizing interval [a, b]. When M is sufficiently large,

one can sort {hmO’J }m0< M, and define a subdivision of localizing intervals
{laq, ag41]}4>1 then choose 5; that does not induce a large difference between

1 M, T mo, m m
" st:l (1{E:;?S’50€[aq,aq+1]} [h6(23 th+1>8 (t th %, thfl)} > and

1 MO Emo,SO
E — - ~ 0
Mo mo=1 55,85 {h:fosf e[aq7aq+1}}
J°73

can be even tracked for any s € Sy N [d(s;), ;[ using the difference

for any ¢. This local increase of bias

My s

1 Tmo, 7mo,S° m m

ﬁo 1{hm0;9 G[aq,aq-s-l}} hSJOSJ hsago B Z ft, Xy’ thfl) - (2:24)
mo=1

8j:55

tiy1>8;

14



Although the local tracking of bias was not necessary in our simulations, it is
quite remarkable to point out the strength of bias control induced by 1INMC.
For j =0,...,2" and s; = T—s;'- € &', the actualization of (s;,5;) is given

J J J

55 () = 55 (s )1 o+ max (S')sj 55 (7)) 1, (2.25)

sS'(st) = ssifl(s}_l)lﬁ+min (S’ Jsj, 85" S5 st )[) L (2:26)

where the sets of indices [;; = {j < ji} U{s} # "'} and I;; = I;; U

{s SH(s;’l) = T}. In Figure 3, we illustrate what happens when j > j}

with either s; # s (j = 25, 26) or s; = s3 (j = 27,28). Except when

{s5" 1(33 ') = T}, the actualization strategy given by equations (2.25) and

(2.26) aims at ensuring g(szl) # 55 (s1,) and sif(s;l) # Sin(s;Q) as long
as sj # sj,. As mentioned before, if iteration index ¢ is set and there is

no confusion on the chosen set S’, we simplify notations and use s and s;

instead of g(b‘;) and i(5;>

28
[s(s),25
———————————————— R e = — ===
(1-s9)2
- b J1=8
(s fa ()28
T it S U R ‘1135-]137' k 118' == INRNG
(T- sJ )] 9(T sI )J i

Figure 3: An example for (2.12), (2.25) and (2.26) based on the example of
Figure 1.

Given two indices k < j € {1,...,2"} that satisfy s; < sp < 5, the
3 Mo,

expression of (ﬁ[h ] H mO’k ) involves the use of an intermediary variable

85,8k

M5 and an intermediary vector H™05. Given the value of the couple
55,8k 55,8k

(ymosS  HmoS) specified in (2.29) and (2.32), we define

55,8k 7 55,8k

mo, mo,S frmo,S
Hsj,sk 78378)@ HSJ,Sk (227)

and
(1_ mo,S) My

g[ﬁ’moy] mos T s ZtﬂTSkM,(X;”’LOgT)H?ng (2.28)

S5,8 Sk,
35Sk k»Sk

M, —

mi1=1

15



Then, 77,5 is used to adjust the variance of hS S * defined in (2.15) without

S5,Sk

changing its average value. Indeed, the expression of ﬁ[hs sf] makes
Zf\fi L EZJLOSk (X;J”OS’Z”l) /M invariable with respect to 'ygnos’k .
The value of H mo’ is given by
1 & 8,55 (s1)
mo,S __ (Amo -1 - 0,005 ; mo,m1
Aros = (AL ) i > Heoord, (Koo, (s0)) (2:29)
mi1=1
where X005 o) = (X:fos’;:m, X ortnn '-'7ij,0675j(lsk)—At7 ij?ésj(lsk)> and the
: :S10s s s

function ”Hsj?%M{( W0 x RAC 0=/ 5 (W, 15 oy T(su (1) —s0)/A0)

0 x R% is fésj(Sk) ® B(Rdl(‘s%‘(sk)_sk)mt)—measurable and defined by

—mo,S N’m(),S
Py 6y(s) (CEW) ~ g beon)

t
0si(s)—sg _

m078758j(5k) Ay

P )y =T™ (% 2.30
et =Tooan 1S gy ) |
i =1 i
m,S,(?:.s
oo, "™ (2)

where kg, = si/Ay — 1 and @ = (21, ..., T(s, (sp)—sx) /A )-

Regardmg 'y;”()sf, various values can be] considered. The straight choice
is to take 72”‘{;}6 = 1 which reduces the procedure to a standard regression.
However, this is not the suitable choice for problems that heavily depend
on tail distribution. Indeed, given two arbitrary square integrable random
variables y; and y», consider x3 to be the regression of y; with respect to
X2. Because generally regression preserves the mean value, it is reasonable to
assume E(x3) = E(x;). However, regressions decreases the second moment
ie. E(x3) < E(x?) and thus Var(xs) < Var(xi). The latter fact becomes
a real problem for tail distribution when Var(xs) << Var(E(x1|xz2)). Some
contributions tackle rare event simulation using a change of probability trick
[8, 14] and more recent contribution [3] implements reversible shaking trans-
formations. B

In (Bias Control), we established strong constraints to make h™S an
almost unbiased estimator of U. It is then possible to use their values to
propose an appropriate adjustment of the variance. For s; < s with s =

Sk, 0(sk), the whole idea is based on the following equality
E (Var,, (U,) = E (E,, ([Us - E, (U,)]°)) = E ([U, — B, (U,)]).

16



~ —m 2
Deﬁning (038j78)2 _ 1 ZMO [hmB,S 1 ZM1 A _O’S(X:;?gml)] and

My mo=1 S,8 My m1=1""s;,s

(Omo,8)2:LZM1 [h 0,8 (Xmosma) 1 ZMl h _O’S(X"_‘O’ml)} as the es-

85,8 My mi=1 85,8 85,8 My m1=1""s4,s 8458
timators of s ([Us — Esj(Us)]2> and E <[Us - Esj(Us)f) respectively, it is
then natural to have for s = sy, d(sx) as M; and My — oo

Mo

(oT0:5)2, (2.31)

85,8

1
S 2
( O,Sj,s) - MO

mo=1

Because of (Bias Control), the estimators —— M Zml ) pres s (XJm) and ETQS

have negligible bias. Starting from (s;) = S, we can reasonably assume in-
ductively that (2.31) is true for s = §(sg). Afterwards, we choose the appro-

priate value of qg"bos;k, subsequently the value of h:LO;k (X375 ), that makes

a;”%k satisfy (2.31) for s = s;. For this task, we introduce an intermediary

non-adjusted conditional variance (o7 m(” )? defined by

2

1 M M, —mo,S( MO,m1>
~mo,S\2 _ E moy Tm mo,m1 mo,S__ S8k 8,5k
(O-Sjvsk ) - ]\4’1 sk Sk + 55,5k, M/ (XS ,Sk )Hsj,sk ]\4’1
m1=1 mi=1
Emovs x0:m1 77055 | 7m0 (Xmovm1)ﬁmo;5
My sj,sk( S5k ) SkSk SjvskJW{ 55,5k 5525k .
) D [~y can be replaced by Zml ; - with-

out changing the value of (& m?S;S)Q. For positive tuning value €5 < 1/3, we
set then

O_mO,S O'S
i,0(sk) Sk — S5 0,85,8
mo,S __ S5 k 7Sk
Wsj,sk —  ~mo,S (5(8 ) 5. 15(Sk) 5;<e€3 + S 15($k)*8j2€3 . (232)
Usj,sk k J 0 8175(8k)

According to (2.32), when d(s;) — s; is small and a fortiori s, — s; is small
then the conditional variance (o TZ‘O’S )2 is linear with respect to time increment

s — s;. This fact can be justified for diffusions using first order Taylor ex-
pansion of E(¢(t, W;)) around ¢(t,0), where W is a Brownian motion. Also
according to (2.32), when d(sj) — s; becomes sufficiently big, the conditional

2
S
. " . . 90,s,,
variance (02}0;: )? has the same unconditional decreasing ratio (JSJ)
’ 0,55,8(s)
J

mo,S ))2. Although this adjustment works well in our sim-

with respect to (asj,é(%
ulations, it can be turn into a more local approach. In fact, similar to what
was proposed for the bias control in (2.23), for s; < s with s = s, 0(sg), the
equality

2
E(Val"sj(Us)l{Varsj<U5<sk>>e[a,b}}> = E(l{Varsj Uspetay[Us = Es (Us)] )

17



is true for any localizing interval [a,b]. When M, is sufficiently large, one

can sort {(o ?Oé(Sk )2} mo<nt, and define a subdivision of localizing intervals

{[aqa a/q-l—l]}qu and define
M
( Z 1 ’}‘imo,S B L 1 E{mO’S(XmO’ml)
09 Sg,s o0, Ssk) €lag,aq+1]} s,8 Ml 55,5 55,5

mi1=1
Condition (2.31) can be then replaced by its localized version
mo,S )2
(05.5,)° Z Lomo SO Pefagaqsil) (T5rs ) (2.33)
mof

If a;';o(;‘(ik) € [aqy, ago+1] then it makes sense to replace (2.32) by

O-moézg ) s S U(‘)qu()

mo,S __ 55,0(Sk k »85,Sk

'7sj,sk — T~mo,S 5( )_ 16(sk) sj<es + S.40 16(3k)_sj2€3 : (234)
85,8k Sk Sj T 55,0(sk)

Although the local variance adjustment (2.34) was not necessary in our simu-
lations, it is quite remarkable to point out the high flexibility of the multilayer
setting induced by INMC. Thus when M, and M; are sufficiently large, one
sees that this double layer Monte Carlo makes possible a very fine tracking of
the bias of the first layer fine estimator U™° and the variance of the second
layer coarse estimator U™t

3 Some applications: Risk measures, BSDEs
and RBSDEs

The simulation procedure presented in the previous section is supposed to be
used for any functional approximated by or solution of (f). In this section,
we show the use of this procedure on standard problems that inspired this
work. We first clarify the method on the approximation of a conditional
expectation of some Fr-measurable random variable and how to compute a
risk measure. We also illustrate the adaptation to BSDEs then to RBSDESs.

3.1 Conditional expectation and risk measures

We consider here the following process
U =B (f(Xn)|X0)
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with a deterministic function f. Thus, we assume that there is no path
dependence through the sum on the realizations of X as done in (f). In
this path-independent situation for the fixed time set (2.3), it is clear that
and thus without using our method. However, we choose to illustrate our
method on this simple case and we will see at the end of this section what
are the benefits. To simplify further the presentation, we set the variance
adjustment parameter ~, introduced in Section 2.3, to 1.

For known values s; < s; € {A4,...,T} and for a fixed outer trajectory
way to do it is to draw inner trajectories of X, as in Figure 4, then average
on the realizations of f(Xr). If s; and s; are close to each other in some
sense’, we are able to simulate Uy, for any t € [sj, s;) using

. 1 My o
Ure = oSt 7705 (X mosmy
- :

ty,T - ]\4’1 : 841,85 tr,S;
mi1=

. 7 7Si*
We point out that h:;isj

involved in standard Nested simulation. Below, we establish how Esj“sj
should be computed.

First of all, since s; and s; are assumed to be “close enough”, the initial-
ization phase presented in the end of Section 2 and the actualization of 5,
sj, 5; and s; are not necessary. Thus, in the light of (2.11), one has to take
5; = 55 =ty = T and consequently

(z) and X", replace respectively f(x) and X, "™

Lk -k

- - —mg,S* —mg,S*
(hs,m) & (hyr)  hg, 7 (2) =hgr () = f(2)

that sets
. 1 M, Si*
7 mo _ pmo,St _ Fmo.S" mo,m1
(hsj) USj - hsgvT o M Z hsj»T (ijvT )
mi1=1
As in (2.15), we define
7 _m[)»si* _Nmo,Si* t 0 m ,Si*
<h8j18j> hsj/7sj (I’) _th,T + ZT,Sj,M{ ('I)ASjE)ij ’

where the adaptation of (2.27) and (2.30) makes

~ —1 .
Ao My 77mo,S* mo,ma
i* s51,85,M] s, T s, T
(AT )Amo,S . 5’2095 7'7710 (Xmo,ml) i fi
E 5.
j

S:18; S:1,8i ;.8 M! 8.:1,85 ~ s
3727 g7°d ]\41 IENREACET 327 mO’sz

mi1=1 —
55,1

!'Not necessary an Euclidean distance.
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Figure 4: Given the realization of one outer trajectory (bold), we simulate
inner trajectories to approximate Uy, Usj,, Usj,,, Usj,,, and Usj,,,,.

If we add a third increment s;» (cf. Figure 4) such that s;», s]/ and s;

are close enough, for any ¢, € [s;»,s;) one can set U/ = hzzo’ . The

%

. : o S : .
latter equality requires the definition of Ezn? which can be obtained from

1581

N . . ~m073i* m ,S
(hsj,,sj,) involving T and AS 0 o that can be computed using (Ay’ ,/SJ,)

. . s ’L .
The calculations in (Asj.,/sj,) use h?f”T and K. "° whose expression de-
J I

sjn 5]
~ Si* . i 3
pends on h:;O’T and A™S"  Finally, A™%" is the regressmn vector of

8//3 S//SJ

—m, ,Si*
h, "7 around hsj% . Subsequently, the computations of hmo’ : hTf’T
J b ’

and ﬁ:}O’TSi involve the dependence structure given in (3.1).

%

—'mg,S S —mo, s -—mp,S*
h;n/D/’T — h’SJ// 550 — hmO,T - }i i1,8j hm07 — th,T = f
N T N\ T
mO,Si* mmS 77m0,5" — f
Asj//,s]—/ As j1Sj — hsj/,T - f
(3.1)
—mg,S¢ mo, i —mo,S¢
511,85 — h — hsj,T - f
% Si*
mo,Sl MO, .
Asj//,sj - sj//,T - f

By adding other increments s;» and s;» (cf. Figure 4), it can happen
that s; can no longer be considered close enough. In this situation, a linear re-
gression around X0 would not be considered sufficient for inner trajectories
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that start at X" or X" . To deal with this situation, one should intro-

S 11 3 e
duce (5577, sjm) and (557, s]m/) defined in the end of Section 2. For instance
if 5,7 = s; and 8jm = sju, one starts the backward induction associated to

- sk
”L07S’L

the increment s;~ by the final condition hS o S: (x) = h (x) instead of

Sj//,Sj
-k
—mg,S*

hst,T (x) = f(z) and (3.1) becomes

mo, s 7.mo, s T mo, S —mo,S mo, Si” *m(),S m07
hs 11,85 - }S/// SJ//*> hs m, T —>h8 115841 — h 1T — h’SJ/,S_j - h f
m,o.Si* A™mo St A™mo St
SJH},S]»// Sj”"sj’ thsj f
7mo, 8" Tmo,St Z7mo,ST Tmo,S
P sy = o m = by s = R f (3.2)
i »
mo,S* mo,S?
8411158 41 Asj//,sj f
fmo,Sl* *m(),Sl*
811,85 - 'S 11,5
In Figure 4, we also set S;m = s; as well as sj» = s;» and the tree (3.2)

can be further changed to include the dependency structure induced by s;m.
Indeed, we urge the reader to check that (3.2) can be as easily completed as
done for (3.1) to include the dependency structure induced by ;.

Even with the simple example presented in this subsection, one can show
the benefit of this method. Indeed, in addition to a fine simulation of U using
h, this method defines a set of functions h that can be considered as coarse
conditional approximation of U. These conditional approximations can be
used as forward components of another functional. For instance, given the
example presented above and illustrated in Figure 4, the simulation of an my

realization of V; , = E ((Usj — US],,)JF)XSJ,,,) can be done with

1 My Si* Si*
1 mo _ E 7m0, mo,m1y) __ 20, mo,mi
‘/:9]-// - ]\41 <|:hsj//,8j (ij//,s]' ) h’sj//,.s‘]-/ (XS]-//,S]-/ ):| +) .

mi1=1

These functions h can be also used for risk measures. For example, the con-
ditional value at risk VaR*% [Usj — Usj,

XSJ_,,] of level % can be computed

. —'mo,Si* —mo,Si*
after sorting ( h, =, (XIom) —h (Xmom1y :
SJ//,SJ Sj//,SJ Sj//,Sj/ Sj//,SJ/
1<mi1<M;

Remark 3.1. Referring to Figure 4, for any g, when E <g(Usj,,,)

XSj//// > 7
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ij,,,,> and E (g(USj,)‘XSj,,,,> are well defined their simulation

Lk -k

E (g(Usj,,)
—mo,Si* -—mo,S"* -—mo,S*
rh

can be directly performed using hsj////,sj//n B Sy

J
the case for E (g(Usj) ij,,,,) since h
S < S;. [f
E (g(Usj) ij,,,,> 1s needed, one should be either less conservative for the

choice of €15, and €35, (cf. (2.11) and (Bias Control)) that makes, or use
higher order terms for the regression as presented in Remark 2.2.

This is not

Lk
mg,S"

were not computed because sjm =

81111585

The other benefit of our method is the possibility to have a parareal alike
implementation [24] and thus make the algorithm parallel in time in addition

to have it parallel in paths. Indeed, refering to Figure 4, if we associate the

mg,S" -—mo,S*
and h
J

S-//,Sj/ sj/,s]'

final conditions h respectively to each subinterval [s;», s;/)

and [s;, s;), we can perform concurrent calculations on these intervals.

3.2 BSDEs with a Markov forward process

In the previous subsection 3.1, we saw the implementation of our method
on a simple problem and we showed its benefits when one has to simulate
functionals of functionals of a Markov process. BSDEs and RBSDEs are
specific functionals of functionals of a forward process assumed Markov in
various situations. After [29], BSDEs became very widely studied, especially
in the quantitative finance community starting with [13]. Here we consider
the One step forward Dynamic Programming (ODP) scheme for discrete
BSDEs

Ytk = Etk D/tk-o—l + Atf(tka Y;IH.N Ztk)]’

(ODP) Yy = and for k < 2* {
Ztk = ]E'tk thk-u (Wtk+1 - VVtk)/At]

(ODP) was studied for instance in [15, 23]. Here we consider ¢ = f(tor, X7)
to be some square integrable random variable that depends on Xr. Given a
discretization sequence (s;);—o oz € S and referring to (2.1) and (2.2), the
simulation of X involves the increments of an R2-Brownian motion W with
End =W — Wi and 5™ = WP — W™ where W, ..., W are
independent realizations of W with

W™ = W™ 4 AWTS™ and - W =W,

Sjtk—1 Stk 85,85 mi=1,... M1+M{ - Sj
mo,mi (mo,ml)e{l,...,Mo}X{l,...,Ml—‘rM{} . . . .
(AW )ke{j,...,zL},je{l,...,zL} are independent Brownian motion in-

crements independent from W', .., W with E([AW/S™ ) = A, As
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pointed out below Remark 2.1, if an inner trajectory {X™>"} is needed
several times in the backward induction, we simulate independent copies of
it and thus independent copies of £ and use each copy once.

For given indices k < j € {1,...,2"} that satisfy s; < s, <'5; and using
0s,(sk) defined in (2.14), we also set AWmO’ml =Wwrem S —Wrem - For

8,5k,0s (sk) Sj,ésj(sk 85,8k
each k, the Borel B(R) ® B(RdQ)—measurable driver f(tg,-,-) is assumed to
satisfy Lipschitz condition of Section 4.
Given the discretization set S, one can define two coarse approximations
around X' conditionally on X0 given by

g () = TS| + T g ()OS, (3.3)
_ S ,
S (@) = S T (@)D, (3.4)

as well as two fine approximations at X", for s € {sg, sp+A4, ..., ,(5x) — A}
with A, = d,,(sk) — s and Ay, = &,,(sx) — sk, given by

L [ AT oy (KT E5)

~mn Sk,0s (sk) 8,0s.(sk)77 78,5k
gt = — R . (35)
My o= 00 (510 (Ko (50)

~mo,S —m07 m07m1 mo,m m
%55k Sk MlA Z sk, sk sésj(sk)) (Ws,ésj(sl) - Ws O) (36)

m1=1

and we set the final coarse approximation to

f(tQL X?Oy""jl) lf E - tzL,
ymoj _ < ity (3 7)
55,8 a7 ) ) a7 ) ) 1f o :
' g(v)g ( ;?%ml) - ygno(sj) S]( :Z%ml) if S < tQL

5; > s; > s; are specified during the initialization phase (cf. (2.12)) then
actualized at each step (cf. (2.25) and (2.26)) where (Bias Control), € and e
are expressed in Definition 3.1.

Since T was already expressed in (2.6), to complete this inductive inter-

mo,S (ymo,S

connected definition of (7, y, Z, z), we set the vector C’;”Os’k = % O

and the matrix D™ to be equal to
5k

— (AZ?Sk’M{)*l My mO,S,lss( k) mo,mi mo,m1
cmos :—ZysjﬁskﬁM, (Xmom X ), (3.8

85,8k Ml 85,8k Sj:(ssj'(sk)
mi1=1

23



(A;T;?Sk7Ml )_1 <

mo,S __ 1 mo’&‘ssj(sk) mo,m1 mo,mi m0,m1
=S I AT ) NI 3
-
mO,S 6 ) m078765 (Sk) 12 . 2d
with ysj,s,c M/ (o', x)= 7sjfgk’ (7)Y, (2 T) s Fouy(on) ® B(R*)—
mo,S,0s ( k) mo,S,0s:(sk) .
measurable and ZS%%M{ (2w, x) = ‘IS’j]‘vgk’M{(x’)tZSj,sk M w,x) is a

vector function measurable with respect to F, (5,) ® B (R241+d2) " where

—m ,S —m
m0,8,55j(sk) Askf(sk’ ’ (Sk)(l‘>, Zsjogf(x/))

Ysjﬂsk (ZL‘/, ‘T) —mo,S ~myg,S ) (310)
ij,(Ssj(Sk)('r) - yskysk
and
mo,S,0s(sk) —mo,S w ~mo,S
Zsj,sk ’ (w7 ‘T) - ij?ésj(Sk)(x)A - Zsk?ﬁ' (3'11)

Sk
Finally, applying similar variance adjustment procedure as the one pre-
sented in Section 2.3, we set the value of 7’”0’ and we define

85,8k
S .S (]' - ,y;nos,]f) il t
g =mes + e 2 Ty (X CE312)

mi1=1

From equations above, one can associate quadratic minimization prob-
lems to C’gnos’k and to D;"({;k, as done for Hg}osi in (2.18). In the same fashion
as in Definition 2. 1, we define the double layer approximations (Y0, Z™0)

and (Y™mom Zmo’ml) of functionals Y and Z.
Definition 3.1. For i* = min(min{i =1, ..., L — L', ji = 2L} L — L)

o Fork < je{l,.. 2} that satisfy s; < sy <5; <ty =T, the simula-
tion Y0 and Z;ms:“ of Y and Z respectively around X° condition-

ally on X7' are set to be equal to 775" (Xoom) and = —Q;O;fz (Xom)

where Y and z are given in (3.3), (3.4) and (3.7).

o Fork € {1,....2%} and s € {s, sr + A, ..., 05.(sx) — A} — {0}, the
sitmulation Ym0 and Z" of Y and Z respectively at X" are set to

i*

be equal to ys,SIc and to zsg)’s( o) with y and Z expressed in (3.5) and

(3.6).

o The average Y{*" and Z[“ of learned values on Yy and Zy are respec-
tively equal to

My
i* 1 i *
lear __ E ~mg,S lear __ ~mg,S
}/E) = M yOO > ZO = ﬁo E 20,6 (313)
mo=1 mo=1
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and the simulated values Y@&™ and Z§™ of Yy and Zy are respectively

equal to
1 & -
simo__ ~my, sim ~m0,S’7
W= Zl [5(0)f (5(0),%(0) 50y 20 >+y5<0>,6<o>}’
mo=
Mo i Wmo (3.14)
Zsim o ~mg,S"* 5(0)
6(0),6(0) (0) My
mo=1

e Introduced in (2.10), (Bias Control) associated to (ODP) is defined at
s € 8° foru € 8°N]s,d(s)] by

My
1 0 ~mg,SY ~mo,S0  ~mg,SY 0
ﬁo Z (@':71375 - y6(0)7 5(5) - (5(8) - S)f(s y6(0)7 5(5)7 2‘/57507 )> < Egs
mo=1

where for each set S, {65,8}565 1s a family of positive bias tuning pa-
rameters.
o Forke {jr+1,. 2L} setting s, = T — s&. and noticing that 65(sy) =

5§i(5§i(sk)), es; and eS are given by

My My

—m07$’ mo,mi _—mo,SZ: mo,mi
Z Z[ 557(% 05 (s) X5§1(Sk)7537(8k)) ySk»(ssq(Sk)(X551(8k)75sz(8k)) ’

mo=1mi1=1

o= M0M1

St E St
6sk - 62 s*

SESt 5> sy,

Remark 3.2. 0. The different points of Remark 2.5 can be highlighted
here.

1. Gwen a discretization set S and s, € S, the choice of s and on s
is completely known in Definition 5.1 through the value of e, € and
inequality (Bias Control).

2. The value of e, € and inequality (Bias Control) involve mainly the ap-
proximation of Y since using criteria on the approximation of Z would
involve very large number of trajectories, making it impracticable.

3. Although possible, we did not judge necessary to implement a variance
adjustment method on the Z component.
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4. As a future work, we would like to apply variance reduction methods
with INMC' and provide very accurate double layer estimations of the
Z term.

5. With BSDEs, it is possible to use other (Bias Control) inequalities.
Indeed, using rather an M DP scheme (cf. [17]), (Bias Control) of
Definition 3.1 can be replaced by

Mo r
1 ~mo.SO ~m0730 ~7TL0,30 ~n’Lo,SO SO
ﬁo Z ys,'g - yé(r)’@_ Z (5(9) - Q)f(87 yd(e)’ﬁ7 2075 ) < 62,8’
mo=1 0eS0,0=s

for any r € 8N s, ul.

3.3 RBSDEs with a Markov forward process

The generally studied RBSDEs are functionals of a Markov process. Here, we
consider an application to RBSDEs as the one presented in [6] with X simu-
lated like in Section 3.3 and functions g(-) and driver { f (¢, ~)}ZL:61 assumed
to satisfy Lipschitz condition of Section 4. We want to propose a double
layer approximation V™ and V™01 of the Snell envelope V', solution to

(Snl) Vi = g(Xr) and for k < oL . Vi, = 9( Xy, )VE:, [V}Hl—i—Atf(tk,WkH)],

that can be done using straightforwardly the recipe of Section 2 combined
with a maximization by g. In fact, given a discretization set S and indices
k < j e {1,..,2L} that satisfy s; < s < 5; and using ds,(sx) defined in
(2.14), we set the coarse approximation vs, 5, around Xg0 conditionally on
X to
J
705 () = w5 (2) V g(x), (3.15)

55,8k 85,8k

and the fine approximation vy5; at X", s € {si, sp + Ay, ..., 65,(56) — A}, to

TS = @S v g(XI). (3.16)

8,8k 5,5k

Denoting A, = 6,,(sx) — s and Ay, = d,,(sx) — sk, we define

My
1
~mo,S __ —mgo,S mo,mi —mo,S mo,mi
= (Asf (58 U5, (51 (Ko (o)) F USk,ssj(5k>(Xs,5sj(sk>)>v (3.17)
1mlzl
w5 ) = (@S| + TS, g () BLSS, (318)
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where

_ ~Amo,SYy M
V4 moS | — ~mo.S + w t’]’mO (Xmo,ml)émo,s (3 19)
Wi | = Wsysi M, 85,8k, M]\“" 85,8k 55,5k ) )
mi=1

mo,S mo,S RMo,S 53
st,sk _’75],5 Bs ,Sk Wlth

~

s (Ao )Tt n m0.S,05,(sk)
Bmo, _ Jo i ZB (Xmo,ml Xmo,ml )

S,k Ml Sj,sk,M/ S35k 77 sy, Js (Sk)
mi1=1
mo,S,0s (k) mo,S,0s(sk) .
and st,sk,M’ ( ) 7;7?2,“]\/[/( )st,sk / (x) with
—mg,S
mo,S,0s (Sk) Askf(sk’ sJOES (sk)(‘r))
Bs, s, = (z)= .S oS | (3.20)
_'_ ij,(ssj(sk)(x) - wsk,ﬁ
with a final coarse approximation given by
s g(.’]ﬁ) if E =1z,
7 vﬁ?s’fj(:c)—vé O(’ )E(w) if 55 < tor,

where 5; > s; > s; are specified during the initialization phase (cf. (2.12))
then actualized at each step (cf. (2.25) and (2.26)).
Definition 3.2. For i* = min(min{i =1,....L — L, j: =2} L — L)
o For k < j € {1,..,2F} that satisfy s; < s, < 55 < tor = T, the
sitmulation V;”O’m1 of V. around X conditionally on X:;O 18 set to be

equal to U;noék (Xm‘)’ml) where T is given in (3.15), (3.18) and (3.21).

85,5k

o Fork € {1,...2%} and s € {s, sr + A, ..., 05.(sx) — A} — {0}, the
szmulatzon Voo of Voat X' is set to be equal to v ~m0,3 with v expressed
n (3.16) and (3.17).
o The average V{®" of the learned values on Vy is equal to
1 Mo i*
Year — js @407?60,5 ’ (3.22)

mo=1
and the simulated values V@™ of Vi is equal to

1 X

a2 (3007 (800, 7S ) + | 329

mo=1

‘/Osim _ g(l,o) v
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e Introduced in (2.10), (Bias Control) associated to (Snl) is defined at
s € 8% foru € 8°Nls,d(s)] by

Moy
1 0 0 0 0
_ E ~mo,SY __ ~mo,S o . ~mg,S S
Mo = (wsv“ Usisram — O(s) = 9)/(s, “a(s),?s(‘s))) < s
mo=

where for each set S, {6‘25‘78}563 1s a family of positive bias tuning pa-
rameters.

o Forke {jr+1,. 2L} setting s, = T — s&. and noticing that 65(sy) =

(5§i(5§i(sk)), 65,: cmd eS are given by

Moy M,y
—mo,S’ mo,m1 _—mo,SZ: mo,m1
esk MOMI Zl Z [ 657(8k (551(511C (X(Sgi(sk,),ésisk)) wsk,5s7(sk)(del(sk),éy(sk))] ’
mo=1m1=1

St _ § St
Esk — 6278'

s€8%,8>5p

Remark 3.3. 0. The different points of Remark 2.5 can be highlighted
here.

1. Given a discretization set S and s, € S, the choice of s, and on 3
1s completely known in Definition 3.2 through the value of e, € and
inequality (Bias Control).

2. Unlike BSDEs, it is not possible to use an M DP scheme for (Bias
Control) as explained in Remark 3.2.5.

3. Although using an optimal stopping formulation [11] of the dynamic
programming is known to provide better numerical results [25], we pre-
fared here to use NMC' on the top of the original algorithm [32] since
its error estimates remains similar to the one presented in Section 4
for BSDEs.

4. As a future work, we would like to apply variance reduction methods
with INMC' and provide very accurate double layer estimations of the
optimal stopping strategy.
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4 Error estimates and cutting bias propaga-
tion

After expressing error estimates for both coarse and fine approximations in
Section 4.1, we show how to cut bias propagation using our new judicious
trick presented in Section 4.2.

4.1 Regression-based NMC and increasing the learn-
ing depth

Before presenting the main elements, we point out that we have intentionally
considered only discrete functionals of a Markov process. The approximation
due to discretization of the continuous version of BSDEs is not studied and we
refer to [15, 23] among others that quantify well the resulting error. Moreover,

we also consider the discretized version of the Markov process introduced in
(2.1) and (2.2) where

& (x,8) = x4+ ANb(tg, x) + o(ty, )€ (4.1)

with the usual (cf. [27]) Lipschitz continuity condition on the coefficients
b(t,z) and o(t,x) uniformly with respect to ¢t € [0,7]. Similar to what was
considered in Section 3.2, the noise £ is given by increments of a vector
of independent Brownian motions i.e. &° = W — Wi and 79" =
ot = WP (4.1) can be read as an Euler scheme of a stochastic
differential equation that admits a strong solution. In this paper, when the
discretization is needed, we assume that L is sufficiently large to neglect the
discretization error of the forward process X.
Given two arbitrary square integrable random variables x; and ys, con-
sider {%ml}ﬁﬁ:l to be the empirical regression of y; with respect to xs, the
authors of [7] established an upper bound error of the regression-based NMC

My
estimator ML Z o(xz™) of E(¢(E(x1]x2))) once we know the representa-
1 mi1=1
tion error k = E(x1|x2) — “RB(x2) induced by the projection of E(x1|x2) on
the basis B(x2). The fine approximations }L/, y and w presented earlier were
computed by averaging on the empirical regressions h, § and ©. It is then
interesting to see how to control the error of the fine approximations through
the representation error like in [7].

First, for s; < s, < 5; and Borel measurable © function of (XZ?S’:E(%))
=mo,T

with @(ng’s’::‘g(sk)) integrable, we denote EJ;¥, K, ° and I@Z;%i’ the operators
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defined by

B (O(X]% ) = B (O(XT0m JIXmr = o),

55,5k 55,8510 55,85:0(sg) 55,5k

Eq e (O(X07 )

5515k 55,5k:0(sk)
—1
(A70,) o
_ tTmo mo 7 E Tmo mo,m1 __ yYmo mo,mi
— Tsj,8k (:L’ - XSk ) Ml [ Sj,Sk (ij,sk XSk ) @(XSj,Sk:(S(Sk))]

mi1=1

and

]”EmO,a:(@(Xmovml ))) = tymo (x — X;ZO)RmO [@<Xm07m1(8k))}

Sj,Sk Sj,sk:(;(sk 55,5k 5535k Sjv5k56

with

s]-,skzé(sk) Sj5,5k

im0 (Xmom _ Xmo);

Sj5,Sk

R [@(Xmo’m1 )] € argmin EJ?

S5,S8 1 :
35k 85:5k:0(sk) reRdL

2
EZ;O (@(Xmomu )’Xmo,ml)]

S5,Sk

When E,; is the conditional expectation knowing XST?O, EZ;O is the condi-
tional expectation knowing the trajectory of X starting from Xy Eeis
used as the regression basis depends on X™°. For a given s; € S, in contrast
to expressions presented in sections 2.2, 3.2 and 3.3, we simplify the presen-
tation here and we omit to center the regressions around pmosS , gros

6(s4),0(s5)” 70(s5),0(s5)

mo,

mo,S ~mo,S ~mg,S .
sy s a and w, = are obtained

or ™°___ Consequently, the value of h
6(s5),0(s5)

through respectively averaging on EZO&Z])(;E) — E:j%g(ﬂsj)(@h( X:;oé(ns?):62(Sj)))7
—mo,S _ @mo,® mg,m

ysg-?é(sg-)(‘”) - Esj-,é(sj-)(@y(ij,Oa(s;);52(sj))) and on

=m0,

pmoes () = g(x) VE 5 (O (X500 )), where

Sj75(8j) S5 Sj):62(sj)
< 5%(s5)
h mo,m __ 73 mo, mo,m mo,m mo,m
@ (XSJ',O(S(SJ'I)252(SJ')> — hsj,52(3j)(ij?52(;j)> + Z f(tl7 ijgfl 1 9 XS]‘,(;H,ll)?
t12>6(s5)

y mo,m1 __ —mo,S mo,mi1
o( sj,a(sj):52(sj)) - y5j752(8j)( 51752(%‘))

—myg,S mo,m —mo,S mo,m
B0 (0089 U0, (X 52000 2o 00 (K (e

v mo,mi __ —mo,S mo,mi
o( Sj75(8j):52(8j)>_ Sj,52(sg')( sj,52(sj))

—mg,S mo,m
8605 S (0(55), 05 526,y (X 2e,0))-
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We assume Lipschitz condition uniformly in time of the driver f involved
in (ODP) and (Snl) with respect to its Y and Z coordinates or with respect
to its V coordinate. Although this conditions are not necessary to obtain
good numerical results in Section 5, they are required to apply Theorem 2 of
[7] (cf. Assumption F2 in [7]) that yelld the following asymptotical result.

Proposition 4.1. Given that assumptions A1, A2 and A3 of [7]) are fulfilled
and that both drivers involved in (ODP) and in (Snl) are |f]Lip-Lipschitz we
have the following asymptotical inequality

(P = p)* < [Pl (55 (X5000)) + Op(1/My) (4.2)

as My — oo where (p, p, [p|Lip, k) is either equal to (p", p", [p]}

sz’ ) fOT'
() (0%, 0%, [pl1ip KY) for (ODP) or equal to (0", p*, [p] i K

k") for (Snl) with

~p __ 7mo,S ~mo,S mo,S
p T 754,850 p ys],sj Y 10 - sj,s] ’
mg,mq 6(53
h __ mmmo 5(3 h m07m1 mo,mi mo,m1
pr=Eg sj,é(sj) O (X s 62(s;)) +§ flt XS X
tl>sj
y mo mO’X:L%E:;) y mo,mi
- Esj Esjvd(sj) [@ <ij,5(s]»);52(s»))}

+A5jf (Sj7 E

s
mO7X3 16(s5)
55,0(s; )

e

~mg,S
7Zsj,57j b

mO:ml
5j :5(81)¢52(81))]

mo X5
v m mo,mi 950018 v mo,mi
P _]ES]'O <9(Xs]~,6(s]~))\/ESj,5(SjJ) ’ |:® (XSj,6(5j):§2(5j))]
1A (s g(cmem )y B X )]
oy 3r 9\ 5(s5) 55,0(s5) 55,0(5;):02(s;) ’

[ty = 1 (0115 = L+ [flrips [P]70p =

1+ [f]Liyp and

h _mmox [k ymomi 1 Bmoe  [oh/ ymosm |
K (I) Sj,(s(sj') _@ (XSJ',(S(SJ'):(SQ(SJ'))_ Sj,6($j) _@ (XSJ',(S(SJ'):52(8]'))_ )
Yy _mmox | oy vmom | _ mmo,x [ Ay vmoma
kY () 5,0(s5) _@ (ij,a(sj);52(sj))_ 55,0(55) _@ (ij,a(sj);52(sj))_ )
v _mmoz | v ymosm 1 mmoz  [ou/ymom |
K’ () 5;,0(s5) _@ (ij,a(sj):52(sj))_ 5,0(s5) _@ (ij,é(sj):az’(sj))_ :
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Proposition 4.1 results from Theorem 2 and Remark 2 of [7]; we expressed
[plLip associated to each problem and we replaced E by Emo as the regres-
sion basis depends on X™°. Assumptions Al, A2 and A3 of [7] are standard
assumptions for regressions (cf. [33]). Con51der1ng the regression basis pre-
sented in Section 2.1 with E(|X¢|?) < oo for any ¢ € [0, T], these assumptions
are fulfilled if: ¢) the conditional variance of each regressed quantity is inte-
grable and bounded from below by vy > 0, i7) the regression value is unbiased
and ii) each component of the regression basis as well as xk (denoted M in
[7]) admit a finite fourth moment. When the latter moment assumption i
is needed to establish error control and can be modified using truncation (cf.
[16]), the further i&sii are sufficient to ensure the existence and uniqueness
of the regressed representation. B

In Proposition 4.1, we provided a control on fine approximations h, y and
v. In Proposition 4.2, we rather focus on coarse approximations and decom-
pose the conditional mean square error EQ;O([h (XmO m) — U, (X1 ml)P)

57,5k 8,8k

into a bias term WV, a variance term ) and a regression error term R.

Proposition 4.2. Assuming i and it introduced above, for s; < s < sy
taking their values in the discretization set S, we define

W) = B (R0 (@) = U (@)

S5,Sk Sj5,Sk 85,8k

o)~ Ep (o - .a).

S5,Sk S5,Sk

Vs (@) = Varo (R0 (@)

Sj,Sk 55,5k
with
o(sk)
mo, _ ot m07m1 § mo,mi mo,mi
usj,sk ( ) - ESj,Sk U5(5k)<X5 6(5k f tl”ij t; XSJ,tlJrl)
li41>5k
then
By (e (X2 = Ul (X[ )]2) = o (VoS (X o)
sj 55,5k 85,5k 57,5k 57,5k 57,5k

Si,Sk Sj,Sk Sj,Sk Sj,Sk

B[RS (X)) + WS (X))

and there exists a positive constant K7
such that

B (Vs (X)) < K7, o B (5 (XT500) = Uston (XI5

Sj,Sk Sj,Sk 1,585,865 85,0(sk

Ls;,s, depending on the regression basis
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Proof. As we simulate several independent copies of X" (cf. the para-
graph under Remark 2.1), we make sure that the approximations h are in-
dependent from X™>™ conditionally on X™°. Then, the expansion of the
conditional mean square error EQ}O([E:?;‘:(X;’;OST) —Us (X;"‘g;”l)P) can be get

when we notice that

mo, X0, ;"1 m m 5(sk) e S
mo,m 7%k o 1 E 0,M1 0,11
U (Xs Osk 1) Esg Sk Uls(sk) X f tl7Xs 7] XsJ tH—l) .

ti41>8k

An expression for the constant K7"° . can be obtained after expanding

]E;’;()([Wmo’ (Xmo’ml)]2> using

85,5k 85,8k

1,55,s1

(sk)
—mo,S _ =mo,T —mo,S mo,m1 E mo,m1 mo,m1
th,sk (x) - ESj,Sk th,(s(Sk)(ijﬁ(sk)) + f(tl7 XSJ tl ijth»l )
ti41>8k

]

Finally, we should point out that one could establish a similar result for
(ODP) and (Snl). Indeed, for instance, using the following coarse discretiza-
tion to approximate (ODP)

Y, = E <J§k (Ys(ss)» Zsk)> ,

Zsk - Ai Esk (Y/;S(sk)(WJ(sk) - Wsk)> )

k

(4.3)

with ﬁk(y, z) =y + A, fs,. (Y, z), the bias is then controlled as follows

Sj,Sk 1,55, sk 8j

Bz (VoS (X)) <K, B

fsk (77710 S (Xmo ,my ) Zmo, S(X’Vn() 7rL1))

s 6(sk) $5,0(sK)/? 78;5:5k Sj,Sk

[fSk( sk)(X;notsZZ;)) ZSJ- Sk (X;:L(Jé;:nl))

for some positive constant K T 5,5, depending on the regression basis. There-
fore, the bias upper bound depends heavily on the driver choice. In the case
of (Snl), g also plays an important role on the nonlinearity and subsequently
on bias.

4.2 Regression with different starting points

As shown in Proposition 4.2, the bias W at time step s, is controlled by
the mean square error at time step 6(s;) decomposed into a variance term
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V), a regression error term R and a bias term at time step d(sg). Thus,
increasing the number of time steps weaken the bias control as it involves
more and more terms. In some situations, this accumulation of errors is a
source of a significant bias back propagation. In this paper, we proposed a
new approximation trick to cut this bias back propagation.

In this section, we present a control on this new approximation that is
used twice in the generic presentation of our method in Section 2.2. This same
approximation was also adapted in Section 3.2 to BSDEs and in Section 3.3
to RBSDEs. In the generic situation, equations (2.16) defines h;’%‘s for any

—mg,S

s € {sk, sk + Ay, ..., 05,(s1) — Ar} using Ay, 5 (5, (-) which is deduced from a

regression on X "%"™! instead of a regression on X" . Said differently.
Sk755j('5k) 5755j(5k) )

provided that s is sufficiently close to s; we replaced a regressed function
obtained from inner trajectories starting at s by a regressed function obtained
from inner trajectories starting at s; on the same outer trajectory mgy. We

did more or less the same thing in (2.17) when 5; < T as we defined E:ng to

mo,m

—mo,S . . 1 .
be equal to hésj(sj)ﬁfj i.e. we replaced a regression on X5 by a regression

on X;Z“)(’;L){Sfj. The adaptations of (2.16) yield similar approximations in (3.5),
(3.6) and (3.17). In the same fashion, the adaptations of (2.17) yield similar
approximations in (3.7) and (3.21).

For s; < s < 53, we summarize both situations saying that the regressed

T
. _m078 . . . mo,m1 mo,m1
function A, ,; (-) resulting form the projection of g S Xo9™ Xawt)
li41>sk

. . : S .
on X 0™ is approximated by the regressed function HZOS (+) resulting form

T

. . mo,mi1 mo,mi mo,m 3 1

the projection of g ft, Xog ™, Xy ) on XT9™ and vice versa. This
tir1>8k

approximation is not absurd since one can straightforwardly see, from the

Markov property, that

Us, (2)

T
E (Z b, X5 X0

t1>sk

Xmomi — x)

55,5k
; (4.4)
- (Z Flt, X7, Xmam)

t1>sg

mo,m1 _
Xeg™ = m) :

. m oS mo,m mo,m 2
To establish a control on EJ ([th?sk (Xmom) — Uy, (X lﬂ ) and
on i
Ef <[ET£,€5(X§;°S£”1) — Us, (X;ZLOSZH)} ), we define for ¢, > s two auxilary
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T
2 : . ~mo,m1 FMQ,Mm1

f(fl"xs/./, "Xs/.l,,|>
ti+1>8k N\,

M\ ATmo.m
mo,mi / ' %

Regression on XS]_’ o " N Sj..,'s.,.t‘;
mo,miy.c... ) N NS0 m
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Outer trajectory AR A ORI TP
mo PR e R SN
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Figure 5: Comparing regression of Z f Xow™ XS0 on Xt and

li41>5k

T
of Z S, X&0™ X0 ) on Xom with s € {s; + Ay, .y 86— A

S7tl+l
tj11>8k

processes X and X as

~o,m1 v
X = X[, Xom — Xg;‘osvml and for t; = s+ Ay, ..., T

85,5, 55,5,8

~-mo,mi1

XSj,é,),tl = (c:t171 <5tlf2("'53 (X;Tm? 5:;?;Tit)’ "‘5:;7015’;?11)7 é‘;?‘?t}ml) <45)
Xeon =&y 1 (&, (E(XTG™ E0TN) &y ), o™ )-

where & is given in (4.1). We remind that E7'° and E{™ are the conditional
expectations knowing the trajectory of X™° starting respectively from X;’;O
and from X[". B

As shown on Figure 5 for t; > s, X . 7" is defined using Xgm = X

mo,m

Sj,s,tl
and increments from the process X, ™", in contrast to X ;' defined using
X and increments from the process X""'. Proposition 4.3 provides a
strong formulation of a possible compromise between two error terms on the

right of each inequality (4.6) and (4.7).

mo,m1

Proposition 4.3. For anyt € {0, 2%, .. T}, we assume Uy is [Uy] Lip-Lipschitz.
For sj < s < s, taking their values in the discretization set S, we define

35



K33 o = WUaliy + EO(HDWN,) and K57

2,85,8k S;,Sk

2,8,8 [Usk]sz +Em0<|H;ZO;; |¢21’1)

where | - |¢ is the Buclidean norm on R% | then

mof [770:S) yvrmg,ma mg,m 2 mo[ [0S yrmo,ma mo,m1 ?
Es {hs,sk (ij,sk ) - Usk(ij,ék )} SEs |:h373k (Xs,s;; ) = Us (X5 Sk ):|

(4.6)
g B | R - xg )
1
and
mo 7m0’s mo,m1 mo,mi 2 mo mo, mo,m1 mo,mi1 2
ES]‘ |:hs]',sk(Xs sk’ ) - U (Xs s;; )] < ES]‘ |:hs sk(Xs ék ) - U (Xs] ék )]
(4.7)
m 0,1 mo,m 2
+]C2 55 sk]Es 0< XSj(,JS,s: - ijgk ! d’) :
1

Proof. As we simulate several independent copies of X™o-1 (cf._the para-
graph under Remark 2.1), we make sure that the approximations h are inde-

pendent from X™™ from X " and from Xmom conditionally on X™°.
Moreover, from definition (4.5), (X, 1y ),>s has the same law as (X&) >s

Sj,S,tl
and (X:IOS’T)QZS has the same law as (X['%™);>s. Then one can write the
following
Emo Emo’s X ™Mo,m1 U. (X™o,m1 2 — Emo Emo’ X mo,m1 mo,m1 ?
s 8,8k ( Sj,Sk )_ Sk( Sj,Sk ) - s 8,8k ( $5,8, Sk) sj,s Sk
m mo,m mo, mo,m 2
<E © |:hssk (XSJ?s’skl) - ss;C Xsso;; ! ]
(4.8)
mof [0S/ yrmo,m1 mo ml 2
+]Es |:hs,sk (Xs,sk’ ) - Xs sk’ :|
2
+Es 0([U (Xq sf);; 1)7 ej?e’,skl i| )
as well as
mof [0S/ yvrmo,ma mo,m1 2 mof [77m0:S,57m0,m1 —mo,mi,]2
ESJ‘ |:h5j,sk(Xs,sk’ ) - USk(Xs,skT >:| = ESJ' {th,sk,(XsJ-,s,sk) - USk(XsJ-,s,sk )_
m —mo,S ,<mo,m1 TM0,8, o 2
SESjO({th,sk(XSj,s,sk) - th,sk(Xs Os;k 1)_ )
(4.9)
mo 7m0,S mo,m1 mo,m1 12
+Esj {hsj,sk(ij,ék )_Usk(ij,ék )_
mo mo,ma —mo,miy]2
+E5j I:Uvslc()(sJ Sk ) - USk(XsJ-,s7sk )_

which yield (4.6) and (4.7). O
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Proposition 4.3 requires Lipschitz property of U which is fulfilled if f
is Lipschitz. Using similar steps to the one presented in [28], we show in
Lemma 4.1 this Lipschitz property for (ODP). Using similar arguments, one
can also show this property for (Snl) if g is also Lipschitz. We point out that
another option is the one based on differentiability assumptions as in [26].

Consider the following extension of (4.3) with a driver f that depends
also on X

}/Sk = Esk (YAE(S;@) + Askfsk (X8k7 }A/(S(Sk)7 Zsk)>

Zop = mEs (Ks(Sk)(Wa(sk) - WSk)) = 7aEa (Y(nsw@a(sw)

k

where 655,) ~ N (0 I3,). Replacing s; by k and using Markov property,
Vs, = yr(Xs,) and Z,, = z(X,,) (cf [17]) with

{Z/k@?) = E (Y1 (Ex(z, Ors1)) + Aifro(2, Yry1 (Ex(z, Or11)), 21()))
() = T E (Y1 (En(2, O1)) O

Lemma 4.1. Assume that f(t,x,y,z) is [f|Lip-Lipschitz continuous with re-
spect to x, y and z uniformly in t € [0,T], for the particular case f(T,x) we
denote by [fr]Lip the Lipschitz coefficient. The coefficients b(t,z) and o(t, x)
of the Markov process 4.1 are also assumed Lipschitz continuous in x uni-
formly with respect to t € [0,T] with Lipschitz coefficients denoted [, and
[0]Lip- Assume that n > ng (in order to provide sharper constants depending
onng=>1).

Then for every k € {0, .....,n — 1}, yi is [yk|Lip-Lipschitz continuous with
yk Lip < ( yk-i—l sz Al + Ak [f]sz)

+ L) + e (14 V1 /50).
Moreover the functions zy, are [2x]Lip-Lipschitz continuous with

1
[ ]sz\ \/A—[yk—i-l Lip € kC’bo—T,/

where C' = [b]sz +3 ([ ]sz

If Ay, = h is homogeneous with respect to k, we have

i < (Ul + sy ') 000
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and
T

n /
[Zk]Lip < Vdy TO ([fT]Lip —C [f]sz) eC' (T=tk) o g Cb,a,T.

Proof. Assume by backward induction that yyy1 1S [Yk41]Lip-Lipschitz con-
tinuous. For every z, 2’ € R%, we have

Yi(@) — yr(2') = E [yp+1(E(2, Ok 41)) — Y1 (Ex(2', Op41))]
FARE [fi(@, Yet1 (En(, Orr1)), 26(2)) — fi(@', Y1 (E (2, 1)), 21 (2))]
FAE [fi(@, yr1 (Er (2, Ok11)), 26(@)) — i@, yrra (Ep(2, Opi1)), 21 ()]
FAE [fi(2, Yk (€2, Ok 1)), 26(2)) — fiol@s Yk (En(@, Ok 1)), 2(2"))] -

and

E ((Yrg1(Ep(, Oy1)) — yk+1(5k(l'/a Or11)))0k41) -

N 1
zk(z) — z(2") = A

We denote
A [fi(@, Y1 (Er (@, Ok 11)), 26(2)) — fro (@', Yt (Ek (@, Opt1), 2(2))] L, 020}
o |z —a' |a,
B [fi (@' yret1 (En (@, Ot1), 2 (%)) — (@', Yror1 (Ex (@, Onv1), 26 ()] L, o0y
or Yr+1(Ek (@, Ok 1)) — Y1 (E (2, Ory1))
C = [fe (2, yra1 (Er (2, 0k11), 2k (2)) — i@, yrr1 (Ex(x, Opt1), 21 (2))] Lic. . 20}

| 2(x) — 2k(2') [a,
where | z |q,= (/2% + ... + 25, Ao = 2= 2" |a, Bow = Y1 (@, Oi1)) —

Yer1(E(2', 0 i1)) and Cyp o =| 21(2) — 21(27) [a, -

We have

Ye(@) = yr(2") = E[(Wre1(Er(, 0ri1)) = Y1 (Er(2', 0r11))) (1 + BowrAg)]

1 /
+ALE [\/—A_kC”E (| rs1 (@, Or41)) — Yrg1 (Ex(2', Or11))) Orsr |ay)

+ALE [Ax,:c’ | x—a ‘dJ .
Using the Lipschitz property of fr and yx,1 we have

L ye(2) —ue(2) | < [West]op(1 + [flopQr)E ]| Ex(@, Opp1) — Er(a’, Opir) |]

dy
+Ak[f]up\/%—k[yk+1]upJ ZE [(Ex(2, 0511) — Exl@, 011))00 1]

A [flpp 2 =2 g -
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By applying Cauchy-Schwarz’s inequality and knowing that E((6},,)%) = 1,
for i € {1,...,d;}, we have

@) — (@) | < Tl (14 Alfluip + Al fluip A V)

x E |(&x(2,0kn1) — Sl 011))]
e
+ Ak[f]Lip\x—:c’ lay -

As by(.) and oy(.) are Lipschitz, by elementary computations already carried
out in [4, 28], we have

DJC,z/ = E ([gk<l', 0k+1) — 5k(fL‘l, 9k+1)]2)
= E([o -2+ A bele) = bu(@)] + Vi [on() — ()]’
< (14 M@y, + o+ Ak BIE)) 1o =2
< 1+ AyChor)’ | @ — o' %
< eQAka#”T | T — .7;/ |31

where C o1 can be taken equal to [b],,, + 3 <[0]iip + n—To [b]iip> :

This brings us to,

| yk(z) —yr(2) | < <Ak (flrip + Wr+1]Lip <1 + A flLip (1 + i)) eA‘"'C”‘”’T> |z —a' g,

< (Ak [f]Lip + [yk+1]LipeAk(Cb,a,T-i-Cf,dl.T)) |z — z i,

where C'r 4, 7 is taken equal to [f]1s (14 Vdiy/22).

We conclude that yj is Lipschitz continuous with coefficient [y],,;, satisfying

[yk']Lip < (Ak [f]Lip + [yk—l—l]Lip eAkc'>

where C" = Ob’J,T + Of,dl,T‘
Moreover, using that 6y ~ N(0, 1), combined with Cauchy-Schwarz’s
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inequality and Lipschitz property we get

di
| Zk<l') - Zk(fl) |d1< \/LA—k[ka]Lip ZE [(gk(ﬂf, (9k+1) — gk(l‘, 0k+1))92+1]2

i=1

d1
1 2 i 2
< A [l ;E [(Ex(, Opy1) — Ex(2, 0k41))]"E [6},4]
1 —
< \/A_k I:yk+1]sz dl V DI,]?/
1 ARC /
< JA ksl Ve 0o [ —at g,
Thus, z;, is Lipschitz continuous with coefficient [2];,, satisfying

1

[Zk]Lip < \/—A_k [yk+1]Lip e2kCoo1 dy.

Assuming homogeneous time increment Ay = h, we have

oC'kh [ eC' (kDR C'kh (], h

Yelip < [Wn+1l 1y Lip 'V

which yields

n—1
Myl < el e+ [l h Y e
k

=
! !
eC'T _ (C'kh

< [fT]Lip GCIT + [f]Lip h eC’T —1
, oC'T
< [frl e + [f]LipheC’T 1
< [frlny e A+ (£, hCeCT
Finally we have
[Wklrip < [frlLi e Tmm) 4 i hC' e ), (4.10)

and

1 ) o
(2] iy < ﬁ([fT]Lip - C [f]up)ec (T—tk) ghCo,0.1 \/Z
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5 Some numerical results

In this section we test the above conditional MC learning procedure on vari-
ous examples including BSDE, American option and risk measure. The fact
that the driver f depends also on X is not a burden to the use of our method.
All simulations are run on a laptop that has an Intel i7-7700HQ CPU and a
single GeForce GTX 1060 GPU programmed with the CUDA /C application
programming interface. We refer the reader to [34] for an introduction to
CUDA programming.

5.1 Allen-Cahn equation

We consider (ODP) simulation as presented in Section 3.2, we use the fol-
lowing functions

f(t,l’,y,Z) :y_y37
) = |24 2ol

and
&, (x,w) =z 4+V2w, X, =0.

We would like to approximate the solution u(t,x) of the Allen-Cahn PDE
defined as follows, u(7T,x) = f(T, z),
ou

57 (ho) +ut, ) = [u(t, ))* + (Agu)(t, x) = 0. (5.1)

A benchmark approximation u;(0, z) for the solution u(0, z) of the PDE (5.1)
is given in [Section 4.2; [12]].

Table 1 shows the solution (0, 0) of equation (5.1), calculated by learned
and simulated expression, with respect to the number of inner trajectories
M;. The benchmark solution u(0,0) is equal to 0.0528 for 7" = 0.3 and
d; = 100. The standard deviation of each expression and the runtime in
seconds are also given. We reduce the bias by increasing the number of
inner trajectories. Table 1 shows that a relative small number of outer and
inner trajectories is sufficient to observe a small variance and bias for both
options. In fact, we show that the standard deviation is already acceptable
for My = 2* outer trajectories and the bias is acceptable for M; = 2% inner
trajectories with an execution time of 56 millisecond.

Table 1: Numerical simulations for PDE (5.1): T = 0.3, My = 2%, d; = 100,
L = 4; [Benchmarck solution] u,(0,0) = 0.0528.
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M, Learned Simulated Runtime in sec. (1073)
Ylearn | std ygim std
97 0.0454 | (£ 0.0093) | 0.0455 | (£ 0.0073) 13
2° 1 0.0513 | (& 0.0011) | 0.0517 | (& 0.0008) 23
201 0.0523 | (£ 0.0004) | 0.0518 | (£ 0.0006) 56
27 1 0.0526 | (£ 0.0003) | 0.0515 | (& 0.0001) 119
25 10.0525 | (£ 0.0002) | 0.0517 | (£ 0.0002) 227
29 10.0527 | (£ 0.0002) | 0.0515 | (& 0.0002) 414

Table 2 shows the solution u(0,0) of equation (5.1),

calculated by

learned and simulated expression, with respect to the number of inner
trajectories M, for a long time horizon (7" = 1). The benchmark solution

is equal to 0.0338 for T" = 1, d; = 100.

To

achieve a similar level of

variance and bias we need more outer and inner trajectories than in
Table 1. In fact for My = 2° of outer trajectories and M; = 2° of inner tra-
jectories we obtained an acceptable bias and standard deviation in 4 seconds.

Table 2: Numerical simulations for PDE (5.1): T =1, d; = 100, M, = 2°,

L = 6; [Benchmarck solution] u;(0,0) = 0.0338.
M, Learned Simulated Runtime in sec.
ylearn std ygim std
25 1 0.0345 | (£ 0.0008) | 0.0350 | (&, 0.0021) 2
26 10.0333 | (£ 0.0003) | 0.0326 | (4 0.0004) 4
27 1 0.0334 | (£ 0.0002) | 0.0330 | (& 0.0003) 7
2% 10.0336 | (& 0.0002) | 0.0332 | (& 0.0002) 12
29 10.0336 | (£ 0.0001) | 0.0331 | (& 0.0001) 27

5.2 Multidimensional Burgers-type PDEs with ex-

plicit solution

We assume the (ODP) setting presented in Section 3.2, we use the following
functions

f(t,l’,y,Z) = (y_

ST, x)

2+dy
20, )\ &

d1
E Zi )
=1

dy
exp <T + d_11 Z xz>
i=1

1+ exp (T—l—
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and
1
=+ —F—=w,
V2
We simulate the solution u(t, ) of the multidimensional Burgers-type PDE
(cf [9], Example 4.6) defined as follows, u(T,z) = f(T, z),

dy
2+ d] ou .
20 (03 200) -0

i—1 (%vz
(5.2)
PDE (5.2) admits an explicit solution, we refer the reader to [Lemma 4.3,
[12]] for more details. The value of the solution «(0,0) is 0.5000 for 7" = 0.2
and d; = 100.

gtk (I’,w) Xto =0.

ou d12
E(t,x) + T(Axu)(t,x) + (u(t,x) —

Table 3 shows the solution w(0,0) of the equation (5.2), calculated by
learned and simulated expression, with respect to the number of inner
trajectories M;. The approximation of the standard deviation of each
expression and the runtime in seconds are also given. We show that the
standard deviation of both results should be reduced by increasing the
number of outer trajectories.

Table 3: Numerical simulations for PDE (5.2): T = 0.2, d; = 100, M, = 26,
L = 5; [Explicit solution] u(0,0) = 0.5000.

My Learned Simulated Runtime in sec.
ylearn std \ std

2% 10.4785 | (& 0.0428) | 0.0517 | (&£ 0.0431) 7

29 1 0.5113 | (£ 0.0450) | 0.5108 | (£ 0.0450) 16

210°1°0.4966 | (£ 0.0448) | 0.4912 | (& 0.0447) 27

211105022 | (4 0.0421) | 0.5012 | (£ 0.0435) 49

In Table 4 we show the computed solution of the equation (5.2), cal-
culated by learned and simulated expression with respect to the number of
outer trajectories My. The standard deviation of each expression and the
runtime in seconds are also given. We reduce the standard deviation by
increasing the number of outer trajectories.

Table 4: Numerical simulations for PDE (5.2): T' = 0.2, d; = 100, M; = 21,
L = 5; [Explicit solution] (0, 0) = 0.5000.
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My Learned Simulated Runtime in sec.
ylearn std ygim std

25 1 0.4953 | (& 0.0618) | 0.4941 | (& 0.0615) 24

2010.5022 | (4 0.0424) | 0.501284 | (4 0.0435) 49

27105079 | (£ 0.0346) | 0.5066 | (4 0.0342) 103

2% 1 0.5158 | (£ 0.0221) | 0.5151 | (& 0.0221) 194

29 10.5023 | (£ 0.0164) | 0.5029 | (£ 0.0164) 408

5.3 Time-dependent reaction-diffusion-type example
PDEs with oscillating explicit solutions

Let Kk =0.6, A = \/Ldi’ we use the following functions

-G

di
f(T,x) =1+ Kk +sin (/\sz)

=1

flt,z,y,2) = min {1,

and
& (x,w)=a+w, Xy =0.

We simulate the solution u(t, z) of the time dependent reaction-diffusion-type
PDE (cf [18], Section 6.1) defined as follows, u(T,z) = f(T, z),

dy
%(t,m)—i—min {1, [y —Kk—1—sin (AZ%)
i=1

The explicit solution of the PDE (5.3) is given in [Lemma 4.4; [12]].

Table 5 shows the approximated solution of the equation (5.3), calculated
by learned and simulated expression, with respect to the number of inner
trajectories M;. The standard deviation of each expression, and the runtime
in seconds are also given. The benchmark solution is equal to 1.6000 for
T =1, dy =100.

Table 5: Numerical simulations for PDE (5.3): T = 0.5, d; = 100, M, = 29,
L = 3; [Benchmark solution] u;(0,0) = 1.6000.

}Jr%(Amu)(t, z) =0. (5.3)
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M, Learned Simulated Runtime in sec. (1073)
Ylearn | std ygim std

25 | 1.8107 | (< 0.0386) | 1.7587 | (% 0.0287) 244

201 1.7125 | (£ 0.0104) | 1.6799 | (£ 0.0116) 311

27 1 1.6605 | (+ 0.0037) | 1.6376 | (£ 0.0091) 466

2% 1 1.6458 | (£ 0.0023) | 1.6290 | (& 0.0089) 817

29 11.6439 | (£ 0.0019) | 1.6283 | (4 0.0061) 1526

5.4 A Hamilton-Jacobi-Bellman (HJB) equation

We assume here the driver to be equal to
f(twray?’z) - _|Z|317
F(Tsx) = tn ([1+ |2l,])

and

&, (x,w) =24+ V2w, X, =0.

We calculate the solution u(t,z) of the HJB equation (cf [10] Section 4.2)
defined by w(T',z) = f(T,x),

ou

5 (H@) + (Bsu)(t, @) — (Vou)(t, 2)]3, = 0. (5-4)

PDE (5.4) admits a benchmark solution. We refer the reader to [Lemma
4.2; [12]] for more details.

My
1 ~myg,S?

= MO ySk,E

mo=1

In Figure 6 we show the difference between Yj, and

Mo

1 i*
A Z (ﬂgzz;‘im+(5(sk) s )f(sk’ya(zkfg(sk)’%ZZOSf )> with respect to
the d;scretization time steps. On the left, we perform the conditional MC
procedure taking 5 = 7. On the right, we perform the procedure with
the bias control presented in Section 2.3 , taking s, = (sk + %) AT with
sy € ST = {0, %, %, %, %, g, g, %, 1}. We show that the control allows to re-
duce the bias propagation.

Figure 7 shows the convergence of the learned and simulated expression to
the benchmark value with respect to the number of inner trajectories. In
particular, we observe that the both expressions converge to the benchmark

solution with a small variance when M; = 2'7.
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Coarse time steps
i* i
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Sk> y5(8k)75(8k)’ Zsk5k

)

[Left] 5, = T without bias control, [Right] 5 = (s; 4+ ) AT with bias control:
T=1,d, =100, My =27, M, =25, [, = 3.

55 T
True
D  Learned
Simulated
5t
(] x
! 0
)
45
\,f
4 | I I I
214 215 216 217

Nb of inner trajectories

Figure 7: Numerical solution of PDE (5.4) calculated by learned and simu-
lated expression: T =1, d; = 100, M, =27, L = 3.
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5.5 Pricing of European financial derivatives with dif-
ferent interest rates for borrowing and lending

Assuming ¢ = 0.06, 0 = 0.2, R' = 0.04 and R* = 0.06, we introduce the
following functions

—Rl) dq 1 dy
¢ _ _p,_ = R) i+ (R — R 0,= Y 2z —
ft,2,y,2) y - ;2 + ( ) max { ,U;z v},

f(T,2z) = max{ max z; — 120,0} — 2max{11<nelx x; — 150,0}

1<i<d; <d;

and )
o

& (x,w) = wexp ((,u - ?)At + aw), X3, = 100.
Let u defined as the solution of the following PDE, w(T,x) = f(T, z),

du oL 0%
PR DI CRD (5.5)

i=1

d1 dl
+max {R® (;xl (g;i(t,@) - u(t,x)) R (; x; (;Z(t,@) - u(t,x))} =0.
PDE (5.5) has a benchmark solution given in [Section 4.4; [12]]. This
benchmark solution is equal to 21.299 for T" = 0.5 and d; = 100.

Figure 8 shows the approximation of the solution of PDE (5.5), calcu-
lated by learned and simulated expression, with respect to the number
of inner trajectories. We show that 27 outer trajectories and 2'! inner
trajectories are sufficient to get an accurate approximation of the solution
as the obtained values are in the corridor of the standard deviation of the
benchmark solution. No bias cut is needed here. The runtime with 27 outer
trajectories and 2! inner trajectories is 53 seconds.

5.6 A PDE example with quadratically growing
derivatives and an explicit solution

Assuming the (ODP) setting presented in Section 3.2, let a = 0.4 and
Y(t, @) = sin ([T —t + |z[3 ] “), we introduce the following functions,

0 1
f(t,ac,y,z) = ‘Z’Zl - ‘wa(t,l’)@l - a_zf(tx) - é(AIw)(twr)v

H(T,z) = sin (J=[3)
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Figure 8: Numerical solution of PDE (5.5) calculated by learned and simu-
lated expression: T' = 0.5, d; = 100, My = 27, L = 2.

and
E(x,w)=a+w, Xy =0.

Let u defined as the solution of the following PDE, (T, z) = f(T,x),
i (t,2) + [ Voult, 2)[3, + 5(Au)(t,2) = 5 (t2)
ot \br ¥ 2L, T)|g, + 3(Azu)(L, X T

+ Vetp(t,z )|d1 3(Aat)(t, ).

Straight use of Itd’s Lemma shows that PDE (5.6) has an explicit solution
u(t,z) = (t, x), we refer the reader to [Section 6.1; [18]] for more details.

(5.6)

Figure 9 is related to Propostion 4.3 that controls the error of regressions
with different starting points. Here we prefered to show the distribu-
tions rather than the quadratic error which is small. On the left of

o
Figure 9 we have the “Trained” value Y, = g’;}gT and the “Tested”
256 2567
My
1 i 2 9 e i ¥
—mg,S"* mo,m1 —m073 mo,m1 ~mo,S*
— E Y 248 250 (X249 250)+Af Y248 250 <X& @)72&@
Ml 1 256’256 2567256 256 256’ 256 256256 2567256
mi=
: 7* 1 2 :
with S € {0, 5555 356> -+ 1} i On  the right we
) Si
show the “Trained” Y,i¢ = Ysss', and the  “Tested”
256 2567
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M1 2567256 2567256 256 2567256 256256 2567256

mi=
at a different time step 254/256. Figure 9 shows very similar distributions
which strengthen the benefit of our trick.

1 : 253 -
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- (y252 254 (Xzss 254) +A f ( Yas2 254 <X253 254) y Z253 254))
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-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6

Figure 9: [Left] Distribution of Y 240 0 called “Trained” vs. its different starting
point approximation called “Tested” [Right] Y253 called “Trained” vs. its

different starting point approximation called Fested”: T = 1, d = 100,
My =27, M, =22 L =28.

Figure 10 shows the numerical solution of PDE (5.6), calculated by learned
and simulated expression, with respect to different number of coarse time
step. We show that L = 8 is sufficient to discretize the problem when the
time horizon T is equal to 1. This convergence is achieved in 620 seconds of
runtime.

5.7 American geometric put option

Given the (Snl) setting of Section 3.3 with a driver f = 0, we consider an
American geometric put option with constant interest rate r and a payoff

g(x) = [K - ﬂ(xi)l/dll (5.7)

i=1

with an asset X given by X! = X'exp ((r— Yt —s) + o (W] — W;)),
t>s,1<i<d,r=Ilog(ll), 0 =04, K=X;=100 and d; = 20.

We approximate the price Vj associated to payoff (5.7). We choose
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Figure 10: Numerical solution of PDE (5.6) calculated by learned and simu-
lated expression with a bias control: T' = 1, d; = 100, My = 27, M, = 27.

the dimension d; = 20 to make sure that the variance of the problem is
sufficiently large. We point out however that it works well for d; = 100.

In Table 6 we show the price of an American geometric put option,
calculated by simulated expression V;"", for different maturities. Indeed,
Viearn provides almost the same values. From top to bottom we have: a
variance adjustment [VA], a bias control [BC| and a combination of [BC] and
[VA]. We show that the simulated expression with a combination of [BC]
and [VA] gives a good approximation of the price even for long maturity
T = 2. However, one needs to use variance adjustment that is important for
events on the exercise frontier as well as bias control to cut the propagation
of bias.

Table 6: Numerical simulations for American option (5.7) simulated formula,
[BC] bias control [VA] variance adjustment: d; = 20, My = 211, M; = 2'2.
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(T=05)| (T=1) | (T=2)
[VA] 2.561 4.236 6.363
(£ 0.035) | (£ 0.042) | (£ 0.054)
[BC] 2.493 3.734 5.130
(£ 0.041) | (£ 0.061) | (£ 0.089)
[VA] + [BC] 2.291 2.890 3.961
(£ 0.035) | (£ 0.037) | (£ 0.055)
Real Price 2.153 2.871 3.754
1 &
Figure 11 shows the difference between i Zl e”'(‘s(sk)*sk)%’&i y =
mo=
1 & - 1 .
_ —r(6(sk)=sk) (7ym0,S" . ~mg,S* :
o 16 (Ué(Sk),é(Sk)) and L Zl(wswk ) with respect to the
mo= mo=

time discretization. On the left, we perform the conditional MC proce-
dure by taking 5y = 7. On the right, we perform the procedure with
the bias control presented in section 2.3 by taking s = (sk + %) AT with
sp € 8T = {0, %, %, %, %, g, g, %, 1}. We show that the control allows to reduce
the bias propagation.

5 T T T T T 5 T T T T r T
|
45} f 45
43 ; .
35 % I 35
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25 - . . . . 25 . . - . .
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1 1 .
i : —7(8(sk)—sk) /M0 ~mg,St . _—
Figure 11: A E e Viiar) Vs- A (w2 ); [Left] 5 = T
0o — (V—
mo=1 mo=1

without bias control [Right] 5z = (sx + 2) AT with bias control: d; = 20,
My=2" M, =22 T=1and L=3.

Figure 12 shows the approximation of the American geometric put option,
calculated by learned and simulated expression, with respect to the number
of inner trajectories for different maturities. Both expressions converge to

o1



the benchmark value for 2° outer trajectories and 2'? inner trajectories in 3
seconds.
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Figure 12: Numerical approximation of price Vp: d; = 20, My = 2°, T = 1,
L=3.

5.8 Initial Margin

Assume the setting presented in Section 3.2, we consider a portfolio of one
hundred put options, the price Vj, of the portfolio at time step s; is given by

dy

Ve =Y e TE, ([K . Xﬂ*) (5.8)

1=0

with an asset X given by X/ = X'exp <(r — 2Nt —5) + a(W] — W;)),
t>s,1<1i<dy, with r the interest rate, K the strike and 7' the maturity.

We are interested to calculate the initial margin (IM) of this portfo-
lio. IM is an amount posted by the counterparty (or the bank) to overcome
the loss of the portfolio during the liquidation period after a default.

IM is formalized here as follows

IMSk = Eggk(LSk7Sk+5) (5'9)
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where the loss of the portfolio at time t over a period ¢ is denoted Lg, s, +s
and is defined here by

L8k78k+(5 = ‘/:Sk-i-(s - ‘/;k’
and the expected shortfall ES is defined by

1
(1—-a)

The value-at-risk of some random variable VaR*(X) conditionally to Fj, is
defined by

1
ES? (X) = / VaR? (X)da

VaRg (X) =inf{lz e R: P(X <2 | Fy,) > a}.

We considered the following parameters: T = 1, d; = 100, K = X} = 100,
r = 0.01, a = 99%, NI = 32 is the number of time step, § = 3—12 A
benchmark approximation of the IM is obtained using Black & Scholes
formula for put options.

Figue 13 shows some distributions of the loss process. From top to bottom
we show different time steps s € {;—g, é—g, 3%} On the left, we perform the
procedure without variance adjustment and on the right we perform the
variance adjustment introduced in section 2.3. We show that the variance
adjustment is necessary to fit the benchmark distribution of the loss process.
Figure 14 shows the initial margin distribution. From top to bottom we
show different time steps s € {g—g, %, %} Although we are interested in
distribution tails of the loss process we have a fairly good representation of
the distribution of IM. Figure 15 shows at the top the mean of IM with
respect to the time horizon of the portfolio and we show the L2 relative error
at the bottom. The relative error is sufficiently small as it is generally less

than 8% and does not exceed 11%.

References

[1] ABBAs-TURKI, L. A., CREPEY, S. and DiALLO, B. (2018). XVA prin-
ciples, nested Monte Carlo strategies, and GPU optimizations. Interna-
tional Journal of Theoretical and Applied Finance. 21(06).

[2] ABBAS-TURKI, L. A. and GRAILLAT, S. (2017). Resolving small ran-
dom symmetric linear systems on graphics processing units. The Journal
of Supercomputing. 73(4), 1360-1386.

33



300 350 T
a -6~ Leamed -~~~ Leamed
True True
250 300 // \
/ fo R\
{ \ 250 %X
200 ; \ |\
/ i \ PR
| ;‘ 200 & e\
150 ! N\
; 150 / °\
/ © i \ ' § Ry
/ v \ / 8
100 / ! [ \ P \
y { ' 100 / \
/ \ N
/ I \\ / \:\
% / 4 & \ 50 / b
/ S 6 \
// © © AN o - e
0 0
08 06 04 02 0 02 04 06 08 06 04 02 0 02 04 06 08
350 - - r 400 : :
© --6-- Learned --6-- Learned
i True True
300 e 350
/4 300
i
250 /oo
/ " \ 250 \\
/ i \
200 / i \ 4\
o1 A\ 200 \
I \ \
150 I 1 Vi &
i \ 150 /! \
i \ / \
100 1 \ ki \
/ ol \ 100 P i\
/ i P \
/ [ )
sor [ sof &
wd o} 7
5 o] l) ~ S \
o . . 0.0 . . o . . L. — PN
0.6 04 02 0 02 04 06 06 04 02 0 02 04 06 08 1
400 T T 350 - T
—\ --6-- Leamed --©-- Leamed
/ \ True True
350 / \ 300
300 \
\ 250
250 \ /
‘ \ 200 /4
200 \ \
/ ‘b \ 150 / A\
150 / i \ / W\
i \ / N
o 100 / 2\
100 / P N\
/ @ 7 \
/ \ / \
50 7 1S \ 50 7 \
7 \ / AL
A & N —° ]
u . o . NS ol . —
08 06 04 02 0 02 04 06 08 0.6 04 02 0 02 04 06

Figure 13: Numerical approximation of the loss distribution [Left] Without
variance adjustment, [Right] With variance adjustment; [top to bottom] s; €

{g—g, %, ?%}, MO = 28, M1 = 28 * D,

[3] AGARWAL, A., DE MARCO, S., GOBET, E. and L1u, G. (2018). Study
of new rare event simulation schemes and their application to extreme

scenario generation. Mathematics and Computers in Stmulation. 143
89-98.

[4] BALLY, A. and PAGEs, G. (2003). A quantization algorithm for solving
discrete time multidimensional optimal stopping problems. Bernoulli. 6
1003-1049.

o4



Figure 14: Numerical approximation of the IM distribution: [top to bottom]

SkG{

2 19 9
327 327 32

60 T

Learned

o©

.3 0.32 0.34 0.36

0.38

0.42 0.44

70 T T

50 [

30 [

—-©-- Learned
True

0.3 0.32

}, MQ:28, M1:28>X<5.

35




0.42 T

—F— E(IM) with IM approx
pp
04t —— E(IM) with IM benchmark | |

0.38 [ 5

1
0.34 "‘III" ) B

i

<

it

03 I‘ je .
74
il
028} L A
0.26 | A
0 5/32 10032 15/32  20/32  25/32  30/32

Time steps

04| f

0.1

0.08 [

0.06 [

0.04 [

0.02 |

0 5/32 10/32 15/32 20/32 25/32 30/32
Time steps

Figure 15: Initial Margin: [Top] mean of IMj, ; [Bottom| L2 relative error.

56



[5]

[6]

[7]

[10]

[11]

[12]

BELLMAN, R. (2010). Dynamic programming, Princeton Landmarks in
Mathematics. Princeton University Press, Princeton, NJ. Reprint of the
1957 edition, With a new introduction by Stuart Dreyfus.

BoucHARD, B. and Touzi, N. (2004). Discrete time approximation
and Monte Carlo simulation of backward stochastic differential equa-
tions. Stochastic Processes and their Applications. 111 175-206.

BROADIE, M., Du, Y. and MoaLLEMI, C. C. (2015). Risk estimation
via regression. Operations Research. 63(5) 979-1244.

BuckLEW, J. (2004). Introduction to rare event simulation, Springer
Series in Statistics.

CHASSAGNEUX, J.-F. (2014). Linear multistep schemes for BSDEs.
SIAM J. Numer. Anal. 52(6) 2815-2836.

CHASSAGNEUX, J.-F., and RicHOU A. (2016). Numerical simulation
of quadratic BSDEs. Ann. Appl. Probab. 26(1) 262-304.

CLEMENT, E., LAMBERTON, D. and PROTTER, P. (2002). An analy-
sis of a least squares regression algorithm for American option pricing.
Finance and Stochastics. 17 448-471.

E, W., HAN, J. and JENTZEN, A. (2018). Deep learning-based numer-
ical methods for high-dimensional parabolic partial differential equa-
tions and backward stochastic differential equations. Communications
in Mathematics and Statistics. 5(4) 349-380.

EL KaAroul, N., PENG, S. and QUENEzZ, M. C. (1997). Backward
stochastic differential equations in Finance. Mathematical Finance. T(1)
349-380.

GLASSERMAN, P. (2003). Monte Carlo methods in financial engineer-

ing, Stochastic Modelling and Applied Probability, Springer-Verlag New
York Inc.

GOBET, E. and LABART, C. (2007). Error expansion for the discretiza-
tion of backward stochastic differential equations. Stochastic Processes
and their Applications. 117(7) 803-829.

GOBET, E., LEMOR, J. P. and WARIN, X. (2005). A regression-based
Monte Carlo method to solve backward stochastic differential equations
The Annals of Applied Probability. 15(3) 2172-2202.

o7



[17]

[18]

[21]

22]

23]

[24]

GOBET, E. and TURKEDJIEV, P. (2016). Linear regression MDP
scheme for discrete backward stochastic differential equations under gen-
eral conditions. Mathematics of Computation. 85 1359-1391.

GOBET, E. and TURKEDJIEV, P. (2017). Adaptive importance sam-
pling in least-squares Monte Carlo algorithms for backward stochastic
differential equations. Stochastic Process. Appl. 127(4) 1171-1203.

GorDY, M. B. and JUNEJA, S. (2010). Nested Simulation in Portfolio
Risk Measurement. Management Science. 56(10) 1833-1848.

JOURDAIN, B. and LELONG, J. (2009). Robust adaptive importance

sampling for normal random vectors. The Annals of Applied Probability.
19(5) 1687-1718.

LEE, S.-H. (1998). Monte Carlo Computation of Conditional Ezpecta-
tion Quantiles, Ph.D. thesis, Stanford University.

LEE, S.-H. and GLynNN, P. W. (2003). Computing the distribution
function of a conditional expectation via Monte Carlo: Discrete condi-

tioning spaces. ACM Transactions on Modeling and Computer Simula-
tion. 13(3) 238-258.

LEMOR, J. P., GOBET, E. and WARIN, X. (2006). Rate of conver-
gence of an empirical regression method for solving generalized backward
stochastic differential equations. Bernoulli. 12(5) 889-916.

Lions, J.-L., MADAY, Y. and TuriNiCI, G. (2015). A “parareal” in
time discretization of PDE’s. Comptes Rendus de [’Académie des Sci-
ences. Série 1. 332(7) 661-668.

LONGSTAFF, F. A. and SCHWARTZ, E. S. (2001). Valuing American
options by simulation: A simple least-squares approach. The Review of
Financial Studies. 14(1) 113-147.

NeEweEy, W. K. (1997). Convergence rates and asymptotic normality
for series estimators. Journal of Econometrics. 79 147-168.

PAGES, G. (2002). Numerical probability: an introduction with applica-
tions to finance, Universitext, Springer.

PAGES, G. and SAGNA, A. (2018). Improved error bounds for quantiza-
tion based numerical schemes for BSDE and nonlinear filtering. Stochas-
tic Processes and their Applications. 128(3) 847-883.

a8



[29]

[30]

[31]

32]

[33]

[34]

PArDOUX, E. and PENG, S. (1990). Adapted solution of a backward
stochastic differential equation. Systems € Control Letters. 14 55-61.

PrEss, W. H., TEUKOLSKY, S. A., VETTERLING, W. T. and FLAN-
NERY, B. P. (2002). Numerical Recipes in C++: The Art of Scientific
Computing, Cambridge University Press.

SHAPIRO, A., DENTCHEVA, D. and RuszczyNskI, A. (2009). Lectures
on stochastic programming: modeling and theory, Society for Industrial
and Applied Mathematics.

TsiTsikLis, J. N. and VAN Roy, B. (2001). Regression methods for

pricing complex American-style options. IEEFE Transactions on Neural
Networks. 12(4) 694-703.

WHITE, H. (2001). Asymptotic theory for econometricians. Academic
Press.

NVIDIA (2017). Cuda C PROGRAMMING GUIDE.

39



	Introduction 
	Conditional learning procedure: Notations and method 
	Iterative procedure, regression initialization and stabilization 
	Fine and coarse approximations 
	Regression computations: Bias control and variance adjustment 

	Some applications: Risk measures, BSDEs and RBSDEs
	Conditional expectation and risk measures
	BSDEs with a Markov forward process 
	RBSDEs with a Markov forward process 

	Error estimates and cutting bias propagation 
	Regression-based NMC and increasing the learning depth
	Regression with different starting points 

	Some numerical results
	Allen-Cahn equation
	Multidimensional Burgers-type PDEs with explicit solution
	Time-dependent reaction-diffusion-type example PDEs with oscillating explicit solutions
	A Hamilton-Jacobi-Bellman (HJB) equation
	Pricing of European financial derivatives with different interest rates for borrowing and lending
	A PDE example with quadratically growing derivatives and an explicit solution
	American geometric put option
	Initial Margin 


