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Abstract

Using the modified asymptotic expansion method provided in [ZF18], we
price the American option in a double Heston model. By introducing an ex-
plicit exercise rule, an asymptotic expansion of the solution to the partial
differential equation is obtained for American put option, which is computed
by the sum of the European option price and the early exercise premium. The
early exercise premium is calculated by the difference between the approxi-
mated American and European option prices based on asymptotic expansion.
The European option price is obtained by the efficient COS method. The
asymptotic expansion method works well for small maturity and the approx-
imation with 4-terms expansion is precise enough for maturity less than 1.

1 Model description and its PDE

The risk-neutral dynamic of the double Heston model is given as follows:

dS(t) = (r − q)S(t)dt +
√

V1(t)S(t)dW (1)(t) +
√

V2(t)S(t)dW (2)(t),

dV1(t) = k1(θ1 − V1(t))dt + σ1

√

V1(t)dW (3)(t),

dV2(t) = k2(θ2 − V2(t))dt + σ2

√

V2(t)dW (4)(t),

where r is the risk neutral interest rate, q is the dividend rate, kj, θj, σj(j = 1, 2) are
the mean-reverting rates, long-term volatilities and instantaneous volatilities of pro-
cess Vj(t), respectively. The variance processes Vj(t) remain strictly positive if the
Feller conditions, 2kjθj ≥ σ2

j , are satisfied. Suppose V1(0) = V1, V2(0) = V2, S(0) =

S. dW (i)(t)dW (j)(t) = ρijdt, i, j = 1, 2, 3, 4.
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Then the American put option price, denoted by P (S, V1, V2, t), with strike price
K and maturity date T satisfies the partial differential equation (PDE):

0 = Pt + (r − q)SPS +
1

2
(V1 + V2)S2PSS − rP + ρ1σ1V1SPV1S + ρ2σ2V2SPV2S

1

2
σ2

1V1PV1V1
+

1

2
σ2

2V2PV2V2
+ k1(θ1 − V1)PV1

+ k2(θ2 − V2)PV2
, (1.1)

with boudary conditions:



























P (∞, V1, V2, t) = 0,

P (S(T )V1, V2, T ) = max(K − S(T, 0),

P (b(τ), V1, V2, t) = K − b(τ),

PS(b(τ), V1, V2, t) = −1.

A modified version of problem (1.1) with boundary condition replaced by an
explicit exercise rule, the new problem is defined by the same PDE as in (1.1) with
boundary conditions:















P (∞, V1, V2, t) = 0,

P (S(T ), V1, V2, T ) = max(K − S(T ), 0),

P (S̃(T − t), V1, V2, t) = max(K − S̃(T − t), 0),

(1.2)

where S̃(T − t) = Ke−y
√

V1+V2

√
T −t.

The unique solution to the above modified problem is the price of a barrier put
option that is exercised as soon as the normalized moneyness θ := ln(K/S)√

V1+V2

√
τ

reaches

the barrier level y. If the barrier level y is chosen to approximate the exercise bound-
ary of the American option, we expect the solution to the modified problem to be
close to the true American option price.

Denote τ := T −t and use the normalized moneyness θ := ln(K/S)√
V1+V2

√
τ

instead of the

underlying price S, we rewrite PDE (1.1) in terms of (θ, τ) instead of (S, t). Denote
the price of the barrier put option with barrier level y as P (θ, V1, V2, τ ; y). The
American put price P (S, V1, V2, T ) rewritten as P (θ, V1, V2, τ) can be approximated
from below by

P (θ, V1, V2, τ) ≈ max
y≥θ

P (θ, V1, V2, τ ; y) = P (θ, V1, V2, τ ; ỹ(θ, τ)), (1.3)

where ỹ(θ, τ) = arg maxy≥θ P (θ, V1, V2, τ ; y).

Using the definition of θ and setting P (θ, V1, V2, τ) = P (S, V1, V2, T ), the deriva-
tives Pt, PS, PSS, PVj

, PVjVj
, PVjS can be transformed to Pθ, Pτ , Pθθ, PVjθ by chain rule,
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the PDE (1.1) can be rewritten as

0 = Pθθ + θPθ − 2τPτ +
√

τ

[

(V1 + V2 + 2(q − r))Pθ√
V1 + V2

+
2
∑

j=1

ρjσjVj

(

− 2PVjθ√
V1 + V2

+
Pθ

(V1 + V2)3/2
+

θPθθ

(V1 + V2)3/2

)

+τ







2
∑

j=1

[

kj(θj − Vj)

(

2PVj
− θPθ

2(V1 + V2)

)

(1.4)

+σ2
j Vj

(

PVjVj
− θPVjθ

V1 + V2

+
θ2Pθθ

4(V1 + V2)2
+

3θPθ

4(V1 + V2)2

)]

− 2rP

}

.

And the boundary condition (1.2) can be rewritten as















P (∞, V1, V2, τ ; y) = 0,

P (S(T ), V1, V2, 0) = max(K − S(T ), 0),

P (y, V1, V2, τ ; y) = K max(1 − e−y
√

V1+V2

√
τ , 0) = K(1 − e−y

√
V1+V2

√
τ ).

(1.5)

The solution to (1.4) with boundary condition (1.2) has the following regular
short-maturity asymptotic expansion:

P (θ, V1, V2, τ ; y) :=
∞
∑

n=1

Pn(θ, V1, V2; y)τn/2, (1.6)

where Pn(θ, V1, V2; y), n = 1, 2, ... are the coefficients of the short-maturity asymp-
totic expansion in τ , its characterization will be given in next Section below. Putting
(1.6) into (1.4) we have

0 = −nPn + θPn,θ + Pn,θθ +
(V1 + V2 + 2(q − r))Pn−1,θ√

V1 + V2

− 2rPn−2

+
2
∑

j=1

[

ρjσjVj

(

− 2Pn−1,Vjθ√
V1 + V2

+
Pn−1,θ

(V1 + V2)3/2
+

θPn−1,θθ

(V1 + V2)3/2

)

+kj(θj − Vj)

(

2Pn−2,Vj
− θPn−2,θ

2(V1 + V2)

)

+σ2
j Vj

(

Pn−2,VjVj
− θPn−2,Vjθ

V1 + V2

+
θ2Pn−2,θθ

4(V1 + V2)2
+

3θPn−2,θ

4(V1 + V2)2

)]

, (1.7)

where the second subscript of Pn denotes the derivative of Pn with respect to the
second subscript, i.e. for example Pn,θ = ∂Pn

∂θ
and Pn−1,Vjθ = ∂2Pn

∂Vj∂θ
.

2 Asymptotic expansion of American option price

Now we present the modified asymptotic expansion method given by [ZF18] to solve
(1.7) and then obtain the American option price. Proposition 1 of [MS10] gives the
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characteristic of the coefficients in (1.6) as:

Pn(θ, V1, V2; y) = Cn(V1, V2; y)[p0
n(θ)Φ(θ) + q0

n(θ)φ(θ)] + p1
n(θ)Φ(θ) + q1

n(θ)φ(θ),(2.1)

where p0
n(θ), q0

n(θ), p1
n(θ), q1

n(θ) are polynomials in θ with the coefficients depending
on model parameters and C1(V1, V2; y), C2(V1, V2; y), · · · , Cn−1(V1, V2; y) are func-
tions independent of θ but depending on model parameters V1, V2 and y, Φ(θ) and
φ(θ) is the cumulative distribution function and probability distribution function of
normal distribution respectively. Pn(θ, V1, V2; y) comprises a homogeneous part

P 0
n(θ, V1, V2) := p0

n(θ)Φ(θ) + q0
n(θ)φ(θ), (2.2)

which is the solution to the homogeneous part of the equation (1.7), i.e.

−nP 0
n(θ, V1, V2) + θP 0

n,θ(θ, V1, V2) + P 0
n,θθ(θ, V1, V2) = 0, (2.3)

By substitute (2.2) into the homogeneous equation (2.3), after some rearrange-
ments, we have

[

−np0
n(θ) + θp0

n,θ(θ) + p0
n,θθ(θ)

]

Φ(θ)

+
[

−(n + 1)q0
n(θ) − θq0

n,θ(θ) + q0
n,θθ(θ) + 2p0

nθ(θ)
]

φ(θ) = 0.

To ensure that for any θ satisfies the above equation, we have the coefficients of
Φ(θ) and φ(θ) equals to 0, then we have the following equations to derive p0

n(θ) and
q0

n(θ) as







−np0
n(θ) + θp0

n,θ(θ) + p0
n,θθ(θ) = 0,

−(n + 1)q0
n(θ) − θq0

n,θ(θ) + q0
n,θθ(θ) + 2p0

n,θ(θ) = 0.
(2.4)

By [MS10] the polynomials p0
n(θ), q0

n(θ), p1
n(θ), q1

n(θ) can be guessed to have the
forms as

p0
n(θ) = fn,0θn + fn,1θ

n−2 + fn,2θ
n−4 + · · · + fn, n−m

2

θm, (2.5)

q0
n(θ) = gn,0θ

n−1 + gn,1θ
n−3 + gn,2θ

n−5 + · · · + gn, n−m−1

2

θm,

p1
n(θ) = hn,0θ

n−2 + hn,1θ
n−4 + hn,2θ

n−6 + · · · + hn, n−m−2

2

θm,

q1
n(θ) = kn,0θn−3 + kn,1θ

n−5 + kn,2θn−7 + · · · + kn, n−m−3

2

θm,

where m = mod(n, 2), i.e. m is 1 when n is an odd number and 0 when n is an even
number. Then the coefficients fn,i and gn,i can be determined by substituting (2.5)
into (2.4) as for ∀n ≥ 1, i ≥ 0,

fn,i+1 =
(n − 2i)(n − 2i − 1)

2i + 2
fn,i, fn,0 = 1,

gn,i+1 =
gn,i(n − 2i − 1)(n − 2i − 2) + 2fn,i+1(n − 2i − 2)

2n − 2i − 2
, gn,0 = 1.
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By substitute Pn−1 and Pn−2 of the form (2.1) and Pn of the form

P 1
n(θ, V 1, V 2) := p1

n(θ)Φ(θ) + q1
n(θ)φ(θ) (2.6)

into (1.7), we have the equations for p1
n(θ) and q1

n(θ) as in (18) and (19) of [ZF18].

Then the coefficients hn,i and kn,i can be solved by the putting (2.5) into equa-
tions (18) and (19) of [ZF18] as

hn,i =







(n − 2i)(n − 2i − 1)hn,i−1 +
2
∑

j=1

[

A2jB1(n − 2i − 1)hn−1,i−1,Vj
+ A4jhn−2,i−1,VjVj

]

+



A1Cn−1 +
2
∑

j=1

(A2jB1Cn−1,Vj
+ A2jB2Cn−1(n − 2i − 1))



 (n − 2i − 1)fn−1,i

+



A1 +
2
∑

j=1

A2jB2(n − 2i − 1)



 (n − 2i − 1)hn−1,i−1

+





2
∑

j=1

(n − 2i − 2)
(

A3jB4Cn−2 + A4jB6Cn−2(n − 2i) + 2A4jB4Cn−2,Vj

)

+
2
∑

j=1

(

2A3jCn−2,Vj
+ A4jCn−2,VjVj

)

− 2rCn−2



 fn−2,i

+





2
∑

j=1

(A3jB4 + A4jB6(n − 2i)) (n − 2i − 2) − 2r



hn−2,i−1

+
2
∑

j=1

[2A3j + A4j2B4(n − 2i − 2)] hn−2,i−1,Vj







/(2 + 2i), ∀n ≥ 2, i ≥ 1,
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kn,i =
1

2n − 2i − 2
{2(n − 2 − 2i)hn,i + (n − 2i − 1)(n − 2i − 2)kn,i−1

+D1fn−1,i+1 + D0fn−1,i+2 + D1(n − 2i − 2)gn−1,i + 2D0(n − 2i − 4)gn−1,i+1

+(−D1 + D0)gn−1,i+1 − D0gn−1,i+2 + D2hn−1,i + D3hn−1,i+1 + D2(n − 2i − 2)kn−1,i−1

+2D3(n − 2i − 4)kn−1,i + (−D2 + D3)kn−1,i − D3kn−1,i+1

+
2
∑

j=1

A2jB1

[

hn−1,i,Vj
+ (n − 2i − 2)kn−1,i−1,Vj

− kn−1,i,Vj

]

−D3Cn−1 [2(n − 2i − 3)fn−1,i+1 + (n − 2i − 2)(n − 2i − 3)gn−1,i]

−D3 [2(n − 2i − 3)hn−1,i + (n − 2i − 2)(n − 2i − 3)kn−1,i−1]

+D4gn−2,i + D5gn−2,i+1 + D6gn−2,i+2 + D7fn−2,i+1 − D6fn−2,i+2 + D7(n − 2i − 3)gn−2,i

−2D6(n − 2i − 5)gn−2,i+1 + D8hn−2,i − D9hn−2,i+1 + D8(n − 2i − 3)kn−2,i−1

−2D9(n − 2i − 5)kn−2,i + (−D8 − D9)kn−2,i + D9kn−2,i+1 − 2rkn−2,i−1

+
2
∑

j=1

[

2A4jB4

(

hn−2,i,Vj
+ (n − 2i − 3)kn−2,i−1,Vj

)

+ 2A3jkn−2,i−1,Vj
− A4j2B4kn−2,i,Vj

]

+D9 [2Cn−2(n − 2i − 4)fn−2,i+1 + Cn−2(n − 2i − 3)(n − 2i − 4)gn−2,i]

+D9 [2(n − 2i − 4)hn−2,i + (n − 2i − 3)(n − 2i − 4)kn−2,i−1]

+
2
∑

j=1

A4jkn−2,i−1,VjVj







, for ∀n ≥ 3, i ≥ 1,

and

hn,0 =







A1Cn−1 +
2
∑

j=1

[

A2jB1Cn−1,Vj
+ A2jB2Cn−1(n − 1)

]







(n − 1)fn−1,0/2

+







2
∑

j=1

[

(n − 2)
(

A3jB4Cn−2 + A4jB6Cn−2n + A4j2B4Cn−2,Vj

)

+ 2A3jCn−2,Vj
+ A4jCn−2,VjVj

]

− 2rCn−2

}

fn−2,0/2, for ∀n ≥ 2,

kn,0 =
1

2n − 2
{2(n − 2)hn,0 + D1fn−1,1 + D0fn−1,2 + D1(n − 2)gn−1,0 + 2D0(n − 4)gn−1,1

+(−D1 + D0)gn−1,1 − D0gn−1,2 + D2hn−1,0 + D3hn−1,1 + 2D3(n − 4)kn−1,0

+(−D2 + D3)kn−1,0 − D3kn−1,1 +
2
∑

j=1

A2jB1

(

hn−1,0,Vj
+ kn−1,0,Vj

)

−D3 [Cn−1 (2(n − 3)fn−1,1 + (n − 2)(n − 3)gn−1,0) + 2(n − 3)hn−1,0]

+D4gn−2,0 + D5gn−2,1 + D6gn−2,2 + D7fn−2,1 − D6fn−2,2 + 2D7(n − 3)gn−2,0

−2D6(n − 5)gn−2,1 + D8hn−2,0 − D9hn−2,1 − 2D9(n − 5)kn−2,0

+(−D8 − D9)kn−2,0 + D9kn−2,1 +
2
∑

j=1

2A4jB4

[

hn−2,0,Vj
− kn−2,0,Vj

]

+D9 [2Cn−2(n − 4)fn−2,1 + Cn−2(n − 3)(n − 4)gn−2,0 + 2(n − 4)hn−2,0]} , for ∀n ≥ 3,
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where for ∀n, f0,0 = g0,0 = h1,0 = k1,0 = k2,0 = 0, and the coefficients are

A1 =
V1 + V2 + 2(q − r)√

V1 + V2

, A2j = ρjσjVj, A3j = kj(θj − Vj), A4j = σ2
j Vj,

B1 = − 2√
V1 + V2

, B2 =
1

(V1 + V2)3/2
, B4 = − 1

2(V1 + V2)
, B6 =

1

4(V1 + V2)2
,

D1 = A1Cn−1 +
2
∑

j=1

(

A2jB1Cn−1,Vj
+ A2jB2Cn−1

)

, D0 = −
2
∑

j=1

A2jB2Cn−1,

D2 = A1 +
2
∑

j=1

A2jB2, D3 = −
2
∑

j=1

A2jB2, D4 =
2
∑

j=1

(

A3j2Cn−2,Vj
+ A4jCn−2,VjVj

)

− 2rCn−2,

D5 = −
2
∑

j=1

(

A3jB4Cn−2 + A4jB5Cn−2,Vj
+ A4jB6Cn−2 + 3A4jB6Cn−2

)

, D6 =
2
∑

j=1

A4jB6Cn−2,

D7 =
2
∑

j=1

(

A3jB4Cn−2 + A4j2B4Cn−2,Vj
+ A4j3B6Cn−2

)

, D8 =
2
∑

j=1

(A3jB4 + A4j3B6) ,

D9 =
2
∑

j=1

A4jB6.

By the boundary conditions

P (y, V1, V2, τ ; y) = K(1 − e−
√

V1+V2y
√

τ ), (2.7)

using the regular short maturity asymptotic expansion (1.6) to the left hand side of
(2.7) and Taylor series expansion to the right hand side of (2.7), we have

∞
∑

n=1

Pn(y, V1, V2)τn/2 =
∞
∑

n=1

(−1)n+1

n!
K(V1 + V2)

n/2ynτn/2,

the two expansions equal only when the coefficients of τn/2 in both expansion equal,
that is

Pn(y, V1, V2) =
(−1)n+1

n!
K(V1 + V2)

n/2yn,

from the characteristic expression of Pn(y, V1, V2) given in (2.1), we have

Cn(V1, V2)[p
0
n(y)Φ(y) + q0

n(y)φ(y)] + p1
n(y)Φ(y) + q1

n(y)φ(y) =
(−1)n+1

n!
K(V1 + V2)

n/2yn,

then Cn(V1, V2) can be solved from the above equation as

Cn(V1, V2) =
(−1)n+1

n!
K(V1 + V2)

n/2yn − p1
n(y)Φ(y) − q1

n(y)φ(y)

p0
n(y)Φ(y) + q0

n(y)φ(y)
. (2.8)
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3 Modified Approximation Expansion Method

To improve the accuracy, we modify the asymptotic expansions method by approx-
imating an American option price by European option price plus the early exercise
premium, that is

P (θ, V1, V2, τ) = PE(θ, V1, V2, τ) + ǫ,

where PE(θ, V1, V2, τ) represents the European put price with initial normalized mon-
eyness θ and maturity τ , and ǫ represents the early exercise premium. The Euro-
pean put price PE(θ, V1, V2, τ) is computed by the efficient COS method proposed
by [FO08], for the pricing formula for the PE(θ, V1, V2, τ) please refer to [FO08]. The
early exercise premium ǫ can be approximated by

ǫ = P (θ, V1, V2, τ ; ỹ) − P (θ, V1, V2, τ ; ∞),

where P (θ, V1, V2, τ ; ỹ) and P (θ, V1, V2, τ ; ∞) are the price of barrier put option with
barrier level of ỹ and ∞ respectively. P (θ, V1, V2, τ ; ỹ) is the approximation of the
American option and can be computed by (3.1), P (θ, V1, V2, τ ; ∞) is approximation
of European option by the expansion method, it can be computed as

P (θ, V1, V2, τ ; ∞) ≈ lim
y→∞

P (θ, V1, V2, τ ; y).

As y → ∞, we have from (2.8)

C1(V1, V2) = K(V1 + V2)1/2, C2(V1, V2) = −K(V1 + V2)/2,

C3(V1, V2) =
K(V1 + V2)

3/2

3!f30

, C4(V1, V2) = −K(V1 + V2)
2

4!f40

then by (2.1)

P (θ, V1, V2, τ ; ∞)

≈
{

C1(V1, V2)
[

p0
1(θ)Φ(θ) + q0

1(θ)φ(θ)
]

+ p1
1(θ)Φ(θ) + q1

1(θ)φ(θ)
}√

τ

+
{

C2(V1, V2)
[

p0
2(θ)Φ(θ) + q0

2(θ)φ(θ)
]

+ p1
2(θ)Φ(θ) + q1

2(θ)φ(θ)
}

τ

+
{

C3(V1, V2)
[

p0
3(θ)Φ(θ) + q0

3(θ)φ(θ)
]

+ p1
4(θ)Φ(θ) + q1

2(θ)φ(θ)
}

τ 2/3

+
{

C4(V1, V2)
[

p0
4(θ)Φ(θ) + q0

3(θ)φ(θ)
]

+ p1
4(θ)Φ(θ) + q1

2(θ)φ(θ)
}

τ 2 + o(τ 2)

=
{

K
√

V1 + V2

[

p0
1(θ)Φ(θ) + q0

1(θ)φ(θ)
]

+ p1
1(θ)Φ(θ) + q1

1(θ)φ(θ)
}√

τ

+
{

−K(V1 + V2)/2
[

p0
2(θ)Φ(θ) + q0

2(θ)φ(θ)
]

+ p1
2(θ)Φ(θ) + q1

2(θ)φ(θ)
}

τ

+

{

K(V1 + V2)
3/2

3!f30

[

p0
3(θ)Φ(θ) + q0

3(θ)φ(θ)
]

+ p1
3(θ)Φ(θ) + q1

3(θ)φ(θ)

}

τ 3/2

+

{

−K(V1 + V2)
2

4!f40

[

p0
4(θ)Φ(θ) + q0

4(θ)φ(θ)
]

+ p1
4(θ)Φ(θ) + q1

4(θ)φ(θ)

}

τ 2 + o(τ 2)
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substitute the polynomials of p0
n, q0

n, p1
n, q1

n, n = 1, 2, 3, 4 of (2.5) into the above equa-
tion, yields

P (θ, V1, V2, τ ; ∞)

≈ K
√

V1 + V2 [θΦ(θ) + φ(θ)]
√

τ

+
{

−K(V1 + V2)/2
[

(θ2 + f2,1)Φ(θ) + θφ(θ)
]

+ h2,0Φ(θ)
}

τ,

+

{

K(V1 + V2)
3/2

3!f30

[(f30θ
3 + f31θ)Φ(θ) + (g30θ

2 + g31)φ(θ)] + h30θΦ(θ) + k30φ(θ)

}

τ 3/2

+

{

−K(V1 + V2)
2

4!f40

[(f40θ
4 + f41θ2 + f42)Φ(θ) + (g40θ

3 + g41θ)φ(θ)]

+(h40θ
2 + h41)Φ(θ) + k40θφ(θ)

}

τ 2 + o(τ 2)

where f2,1, h2,0, f30, f31, g30, g31, h30, k30, f40, f41, f42, g40, g41, h40, h41, k40 are as given
in the Section 2.
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