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1 Model specification

Nicolas Merener and Leonardo Vicchi proposed in [1] an efficient Monte Carlo method for the valuation of a
financial contract with payoff dependent on discretely realized variance. Here we focus on the implementation
of the method with the Heston model. Let’s denote

e T': the maturity of the contract.

e S;: the underlying at time ¢ > 0.

e V;: the stochastic volatility of Sy at time ¢ > 0.

e N: the number of days deals in the contract.

e M: the number of Monte Carlo iterations.

e 7: the rate of return of the asset.

e d: the dividend.

e rx: the rate of which V; reverts to theta.

e 0: long variance (or long run average price).

e o: volatility of the volatility.

e p: correlation factor between Z and W.

e K: the strike.

e B(0,T) =e " the discount factor.

e Let 2 — g(z) be the function of a payoff (Variance Swap: g(z) = (10,000 z — K?)).
e Let (Z;,t > 0) and (Wy, ¢t > 0) two independants Brownian Motion.

The Heston model reads:
dS; = (r — d) Sedt + /Vy Sy dZ;
AV, = k(0 — V,) dt + o/V, (det /1o 2 th) .

Let’s denote by A = % the discretization step over a deterministic time grid to < t¢; < -+ <ty on [0,7] with
t; =1iA, Vi €{0,---,N}. The Euler Full Truncation Scheme reads:

Gy = §‘€A(r—d—\2/2)+ﬁ\/ﬁzi+l
Vi = Vit s (0 V) At o/ Vi VA (pZi1 + V1= 72 Wi )

% _ 1+
Vigr = Vi,



2 The algorithm

The price of a discrete realized variance contracts under such model is computed as the expectation of a
deterministic function of discretely recorded variance defined as

N-—1 S 2
RV (Z,W) =Y (log ’Sﬂ) .

i=0

Their method combines deterministic integration with random sampling and Monte Carlo simulation for the
pricing of such contracts:

C =B(0,T)E [ (RV (Z,W))]
= B(0,T)E [E [¢(RV (Z,W)) | (11Z[3, (v, W))]]

— BO.T) / / 9BV (Z.W)) | (121, (0. W) = (2.0)] fyz92(2) Froawr (w) dz duw

With

o ||Z])3 = Zi]i_ol 7?2, the Euclidiean norm of Z, being a x? distribution of degree N.

V] = Zﬁgl Vi, the one norm of V.

v = Vw||V]|1 evaluated at {Z = 0, W = 0}, the optimal integration direction.
o (v, W)= EN 01 v; W, the scalar product of v and W, being a standard normal random variable.

o frwy(w)= \/%e’%, the probability density function of the standard normal distribution.

. f||zH§(z) = 2%1}( zgfle*? the probability density function of the x? of degree N distribution.

w2

We now combine deterministic integration over the values of the components of (|| Z|[3, (v, W)) with Monte Carlo
sampling conditional on (||Z| 2, (v, W)) with a proportional allocation of paths. Namely M’ = Mf 72 (2) fro,wy (w):

E [g(RV (Z.W)) | (1213, (0, W) = (,w)] m—zng (25 e W )

with Z (k)

| 1213== sampled as:

7
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and W sampled as:

(v WHy=w
Wl(lz) Wymw = UkW + (1—v7)A, A~ N(0,1).

The estimator C of C' now reads:

BO.T) // M’Zg RV( | 112]12= Z’W\ (0, W)= )) fi1212(2) frow)(w) dz dw,

(noticing that M" = M f)z)2(2) fr,w) (w)),

M/
_ 1 (k) (k)
- B(QT)/R/RMkzlg(RV (2 e W) 2

We now approximate the two integrals with 40 equally spaced steps on the real line, ranging from —4 to 4

for the standard normal distribution: w; = —4 4+ iAw with Aw = Vi € {0,...,40}. And 30 equally
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spaced steps on the positive real half line, ranging from 0 to 15V N for the x? distribution: z; = jAz with

_15VN

A , Vi€ {0,...,30}:
i A }
AsAg Jo_ 30 LM} 212 (z3) fo,w) (i)
~ =0 (k) (k)
CxBO.T)=—3 3" 9BV (20,10 W8 L)),
i=0 j=0 =1
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