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Abstract

Classical approades basedon preemption,sud as
RM (Rate Monotonic),DM (DeadlineMonotonic), EDF
(Earliest Deadline First), LLF (LeastLaxity First), etc,
give schedulabilityconditionsin the caseof a singlepro-
cessaorbut assumehe costof the preemptiorto be negli-
gible compaedto the duration of eat task. Clearly the
global costis dif cult to determineaccurately becauseif
the costof one preemptionis knownfor a givenproces-
sor, it is notthesamefor the exactnumberof preemptions
of eadh task. Becausewe are interestedin hard real-time
systemsvith precedencandstrict periodicity constaints
whe it is mandatoryto satisfytheseconstaints,wegive
a schedulingalgorithmwhich countsthe exactnumberof
preemptiongor ead task,andthusleadsto a new schedu-
lability condition. Thisis currentlydonein the particular
casewhele the periodsof all the tasksconstitutean har-
monicsequence

1 Intr oduction

We addressherehard real-timeapplicationsfound in
the domainsof automobiles,avionics, mobile robotics,
telecommunicationsetc, wherethe real-timeconstraints
mustbe satis ed in orderto avoid the occurrenceof dra-
matic consequencefd, 2]. Suchapplicationsbasedon
automaticcontroland/orsignalprocessinglgorithmsare
usually speci ed with block-diagrams. They are com-
posedof functions producingand consumingdata, and
eachfunction hasa strict periodin orderto guaranteehe
input/outputrateasit is usuallyrequiredby theautomatic
controltheory Consequentlyin this paperwe studythe
problemof schedulingtasksonto a single computingre-
source,i.e. a single processqrwhere eachtask corre-
spondsto a function and must satisfy precedenceon-
straintsin additionto its strict period. This latter con-
straintimplies that for sucha system,ary task startsits
executionat the beginning of its period. We assuméhere
thatnojitter is allowedat the beginning of eachtask.
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Traditional approached®asedon preemption,suchas
RM (Rate Monotonic) [3], DM (Deadline Monotonic)
[4], EDF (EarliestDeadlineFirst) [5], LLF (LeastLax-
ity First) [6], etc, give schedulabilityconditionsbut al-
waysassumehe costof the preemptionto be negligible
comparedo the durationof eachtask([7, 8]. Indeed this
assumptioris dueto the Liu & Layland model[9], also
called“the classicalmodel”, which is the pioneermodel
for schedulinghard real-timesystems.With this model,
the authorsshaved thata systemof independenperiodic
preemptve taskswith the periodsof all tasksforming an
harmonicsequencgl0] 1, is schedulabléf andonly if:
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T; denoteghe period andCi0 the in ated worst caseexe-
cution time (WCET) with the approximationof the cost
of the preemptionfor taskt;. It is worth noticing that
most of the industrial applicationsin the eld of auto-
maticcontrol,imageandsignalprocessingonsisiof tasks
with periodsforming an harmonicsequence For exam-
ple, the automaticguidancealgorithmin a missile falls
within this case. Actually, expression(1) takesinto ac-
countthe costdueto preemptioninside the value of Cio.

Thus,C= Ci+ € whereC; is thevalueof the WCET with-

out preemptionand qo is an approximationof the coste

of the preemptiorfor this task,asexplicitly statedin [9].

Thus,expression1) becomes:
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The costof the preemptionfor taskt; is g = Np(t) ¢a,
where a denotesthe temporal cost of one preemption
andNp(t;) is the exactnumberof preemption®f taskt;.

1A sequencda)y. i. n is harmonicif andonly if thereexists ¢ 2
N suchthat a+1 = gia. Notice thatwe may have gi+1 6 ¢ 8i 2
f 1; ¢0¢; ng.



Np(ti) may dependon the instanceof the taskaccording
to therelationshipbetweerthe periodsof the othertasks
in the system.For example,in the casewherethe periods
of the tasksform an harmonicsequencéNp(t;) doesnot

dependon theinstanceof t;. Therefore,sincee,0 isanap-

proximationof g andT; is known, e isan approximation
of theglobalcoste dueto preemptionde ned by:

_ & Np(ti) ta
e_ _—

&
If the temporalcosta of one preemptionis known for
a given processarit is not the samefor the exact num-
ber of preemptionsNp(t;) for eachtaskt; during a pe-
riod T;. Consequentlyit becomeddif cult to calculate
the global cost of the preemption,and thus to guaran-
teethat expression(2) holds. Ohviously the approxima-
tion of this latter may lead to a wrong real-time execu-
tion whereasthe schedulabilityanalysisconcludedthat
the systemwas schedulable.To copewith this problem
the designetusuallyallows maginswhich aredif cult to

assessandwhichin ary casdeadto awasteof resources.

Note that the worst-caseresponsdime of a taskis the
greatestime, amongall instance®f thattask, it takesto
executeeachinstancerom its releasdime, andit is larger
thanthe WCET whenaninstancds preemptedA. Burns,
K. Tindell andA. Wellingsin [11] presentecn analysis
thatenableghe global costdueto preemptiongo befac-
toredinto thestandardequationgor calculatingtheworst-
caseresponséime of ary task,but they achieved thatby
consideringhe maximumnumberof preemptionsnstead
of the exactnumber JuanEchagje,l. Ripoll andA. Cre-
spoalsotried to solve the problemof the exact number
of preemptionsn [12] by constructinghe scheduleusing
idle timesandcountingthe numberof preemptionsBut,
they did not really determinethe executionoverheadin-
curredby the systemdue to thesepreemptions.Indeed,
they did nottake into accounthe costof eachpreemption
during the scheduling.Hence,this amountsto consider
ing only theminimumnumberof preemptionsincesome
preemptionsrenot consideredthosedueto theincrease
in theexecutiontime of thetaskbecausef the costof the
preemptiongshemseles.

For sucha systemof taskswith strict periodicity and
precedenceonstraintsye proposea methodto calculate
ontheonehandtheexactnumberof preemptionsndthus
the accuratevalue of e, andon the otherhandthe sched-
ule of the systemwithout ary idle time, i.e. the processor
will alwaysexecutea taskassoonasit is possibleto do
s0. Althoughidle time mayhelpthe systemto be schedu-
lable, whenidle time is forbiddenit is easierto nd the
starttimesof all the instance®f a taskaccordingto the
precedenceelation.

Theproposednethodeadsto amuchstrongeischedu-
lability conditionthanexpression(1). Moreover, we do
thisin the casewheretasksaresubjectto precedencand
strict periodicity constraints,using our previous model

[13] thatis well suitedto the applicationswe are inter-
estedin. Afterwards,to clearly distinguishbetweenthe
speci cationlevel andits associateanodel,we shall use
the term opeiation insteadof the commonlyused“task
[14] which is too closely relatedto the implementation
level.

Thepaperis structuredasfollows: Section2 describes
themodelandgivesnotationsusedthroughouthis paper
Section3 restrictsthe study eld thankson the onehand
to propertieson the strict periods,andon the otherhand
to propertieon WCETSs. Sectiond proposes scheduling
algorithmwhich countsthe exactnumberof preemptions,
andderivesa schedulabilitycondition,in the casewhere
the periodsof all operationsconstitutean harmonicse-
guence.We concludeandproposefuture work in section
5.

2 Model

The modeldepictedin gure 1 is an extension,with
preemptionof our previous model[13] for systemswith
precedencandstrict periodicity constraintsexecutedon
asingleprocessar

C, + 2

Operation T i

R¥ Ry

Instance k Instance k+1

Figure 1. Model

Herearethe notationsusedin this modelassumingll
timing characteristicare non-ngative integers,i.e. they
are multiples of someelementarytime interval (for ex-
amplethe “CPU tick”, the smallestindivisible CPUtime
unit):
ti = (Gi;Ti): An operation
Ti: Periodof t;

Ci: WCET of t; without preemptionC; - T;
tk: Thek!M instanceof t;
a. Temporalcostof onepreemptiorfor agivenprocessor
NE(t ky: Exactnumberof preemption®f t; in tK
Ck= Ci+ Np(t¥) ¢a: ExactWCET of t; includingits pre-
emptioncostin tk
: Starttime of the rst instanceof t;
= &+ (ki 1)T: Starttime of thek!" instanceof t;
RK: Responsgime of thek!" instanceof t;
R: Worst-caseesponsé¢ime of t;
Ti* T;: Thegreatestommondivisor of Ty andTj,
whenTi* T; = 1, Ty andT; areco-prime
ALt !ty precede$j

We denoteby V the setof all systemsof operations.
Each systemconsistsin a given numberof operations,
with precedencend strict periodicity constraints. Each



operationt; of asystemin V consistof a pair (C;; T;): Ci
its WCET andT; its period.
Theprecedenceonstraintaregivenby apartialorder
on the execution of the operations. t; A tj meansthat
the starttime s? of the rst instanceof t; cannotoccur

beforethe rst instanceof t;, startedatqo, is completed.
This precedenceelationbetweerpperationsalsoimplies
thats‘- s 8k, 1thanksto theresultgivenin [15]. In

that paperit hasbeenproven that given two operations
ti = (Gi;Ti) andt; = (Cj; Tj):

tiAtj:) T- T

Regarding the latter relation from the practical point of
view, it is worth noticing thatwhenthe precedenceela-
tionsaredueto datatransfersandthe periodsof the oper
ationsexchangingdataconstitutean harmonicsequence,
the numberof operationsproducing data betweentwo
consecutie operationgonsuminghecorrespondinglata,
is constant.Consequentiythe numberof buffers usedto
actuallyachieve the dataexchangds boundedi.e. it can-
notincreasande nitely.

Thestrictperiodicityconstrainimeanghattwo succes-
sive instance®f anoperationareexactly separatedby its
period: 1 =T 8k2N; 8i2 f1;e&¢;ng, andno
jitter is allowed. In this modelthe starttime is always
equalto the releasdime, in contrastto Liu & Layland's
classicalmodel. A greatadwantageof the strict periodic-
ity constraintfor eachtaskis thatit is only necessaryo
focusonthestarttime of the rst instancetheotherbeing
directly obtainedfrom it.

It is fundamentato notethat,becausef thestrict peri-
odicity constrainandthefactthatwe aredealingwith the
single processorcase,ary two instancef ary two op-
erationsof the systemcannotstarttheir executionsat the
sametime.

3 Study eld restriction

Firstly, we eliminate all the systemswherethe start
timesof ary two instance®f ary two operationareiden-
tical. This will be achieved thanksto propertieson the
strict periodsof the operationsusingthe Bezoutheoem
Thisis formally expressedhroughboththeoremgivenin
section3.1. Secondlywe eliminateall the systemsvhere
thestarttime of ary instanceof anoperationoccurswhile
the processoiis occupiedby a previously scheduledop-
erationthanksto propertieson WCETsof the operations.
This is formally expressedhroughthe theoremgivenin
section3.2. Thesethree theoremsgive sufcient non-
schedulabilityconditions. For the remainingsystemsof
operationsye adopta constructve approachwhich con-
sistsin building, i.e. in predicting all thepossiblepreemp-
tive schedulesvithout ary idle time. In sofar, aswe are
dealingwith hard real-timesystemswvhosemain feature
is predictability constructve techniquesre bettersuited
thansimulationtechniquedasedn teststhatareseldom
exhaustve. In addition,anexhaustve simulationassumes

thatthereexists a schedulingalgorithm,e.g. RM or DM,
which is usedto performthe simulation. In our casewe
proposea schedulingalgorithmwhich determinesf the
systemis schedulablendprovidestheschedule.

3.1 Restriction dueto strict periodicity
Theorem 1
Given a systemof n operationdn V, if therearetwo
operationst; = (C;Ti) andt; = (Cj;T;) with (tj A t))
startingtheir executionsrespectiely atthedatess’ ands!
suchthat
LU ®)

then the systemis not schedulable. Moreover, ary
additional assumption (for example preemption and
idle times) on the systemintending to satisfy all the
constraintss of nointerestin this case.

Proof: Theproofof thistheorenusegheBezouttheorem
andis detailedin [16]. ¥

Theorem 2

Given a systemof n operationsn V, if therearetwo
operationst; = (C;Ty) andtj = (Cj;T;) with (ti A t;)
startingtheir executionsrespectiely at the datess’ and
s) suchthat

TATi(si ) (4)
thenthe systemis not schedulable.Moreover ary addi-

tional assumptioron the systemintendingto satisfy all
the constraintss of nointerestin this case.

Proof: The proof of this theoremalso usesthe Bezout
theoremandis detailedin [16]. ¥

Theoremsl and2 give non-schedulabilityconditions
for systemswith strict periodicity constraintsvhenboth
previous relationson the strict periodshold. Moreover,
ary additionalassumptioronthe systemwould beuseless
becausef theidenticalstarttimesof two instanceof at
leasttwo operations.

We denoteby W the sub-sebfV excludingthe cases
wherethe strict periodsof the operationsrerify bothpre-
viousrelations.

W = ff (Ci;Ti)gr i n2 V=8i;j 2 f 1, 60¢; ng

9l > L; ATy =1 andl -(j g

3.2 Restriction dueto WCET

The schedulinganalysisof a systemof preemptie
tasks (operations)has shawn its importancein a wide
rangeof applicationsbecausef its e xibility andits rel-
atively easyimplementatior{17]. Althoughpreemptions
may allow scheduleso be foundthatcould not be found
withoutit, it can,unfortunately causenon schedulability
of thesystemdueto its globalcost.

Since, given two operationst; = (C;;Tj)) andt; =
(Cj;Tj) wehavetj Atj=) T - T; thus,theoperations
mustbe scheduledn anincreasingorderof their periods



correspondingo classicalx ed priorities. In otherwords
thesmallertheperiodof anoperatioris, thegreateiits pri-
ority is, likein the RM scheduling Notethatthe schedul-
ing analysisof a systemof preemptve taskswith x ed
priorities hasbeena pivotal basisin real-timeapplication
developmentsincethework of Liu andLayland[9]. Now,
we assumehatary operationof the systemmay only be
preemptedby thosepreviously scheduledandthatany op-
erationis schedulec@ssoonastheprocessois free,i.e. no
idle time is allowed betweenthe endof the rst instance
of an operationandthe starttime of the rst instanceof
the next operatiorrelatively to A. This assumptiorabout
noidle time allows the greatespossibleutilization factor
of the processoto be achiesed. Therefore,to schedule
an operationt; relatively to thosepreviously scheduled,
amountdo lling availablespacesn the schedulingwith
correspondingslices of the exact WCET of t;. Conse-
guently from the point of view of operationt; the start
timegO of its rst instancas yieldedby theendof the rst
instanceof tj; 1. Thus,the notion of releasdime of t; is
notrelevantin this paper or is equalto .

A potentialscheduleS of a systenis givenby alist of
thestarttimesof the rst instanceof all the operations:

S= (s, sJ; oot ) g (5)

The starttimessf (k, 1;i= 14¢¢m) of the otherin-
stancef operationt; aredirectly deducedrom the rst
one,andthis adwantagederives directly from the model.
The responsdime R}‘ of the ki instanceof operation
t; = (G;;Ty) is the time elapsedbetweenits starttime s‘{
andits endtime. This latter takesinto accountthe pre-

emptionthus,
R, G 8k

We call R; theworst responséime of operationt, de-
ned asthe maximumof the responsdimesof all its in-
stances.

Thesede nitions enableusto saythat,in orderto sat-
isfy the strict periodicity, ary operationt; = (C;;T;) of a
potentiallyschedulableystemin W mustsatisfy:

R - T, 8i2f1;0¢;ng (6)

We saythata systemin W hasoneoverlappingwhen
the starttime of ary instanceof a given operationoccurs
while theprocessors occupiedby a previously scheduled
operation.Suchsystemsarenotschedulableasexpressed
in thefollowing theorem.

Theorem 3

Givena systemof n operationsn W , if therearetwo
operationst; = (Ci;Ty) andtj = (Cj;T;) with (tj A t;)
startingtheir executionsrespectiely at the datess® and
s) suchthatfork, 1

9b< kando- (+bT)i (£+ (ki HT)< R (7)

thenthe systemis not schedulable.Moreover ary addi-
tional assumptioron the systemintendingto satisfy all

the constraintss of no interestin this case.

Proof: The proof of this theoremderivesdirectly from
the assumptiorthatan operationmay only be preempted
by thosepreviously scheduledandit is detailedin [16].

An exampleis givenbelow (see gure 2). ¥
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Figure 2. System with an overlapping

Now we canpartitionW into the threefollowing dis-
joint subsetsthe subsed/, of systemswith overlappings
which arenot schedulabl¢hanksto theorem3, thesubset
V; of systemswith regularoperationsi.e. wherethe peri-
odsof all the operationgonstituteanharmonicsequence,
and the subsetV; of systemswith irregular operations.
Thus, sincethe subsetof operationswhere T * Tj = 1
holds, the subsetof operationswhere T~ T; j ()i )
holds,andthe subsel/; arenot schedulablepnly the re-
mainingsubsetd/; andV; arepotentiallyschedulablésee
gure 3).

Ve=ff (C;T)O1 i n2 W =9i 2 f1;00¢;nj 1g;
9j2fi+ 1,¢¢;ng and
0 (+bT)i (P+ (ki DT)<RG k, 1,b2Ng
Ve = ff (CiTi)gr i n2 W =Ty j T2 j 008 Tog

Vi= Wn(Ve[ Vi)

Regular _—
operations

Irregular
operations

Figure 3. W -partitioning

In theremainderof this paperwe restrictour schedul-
ing analysigto thesubset;.

4 Schedulinganalysisfor V,

Givenary systemin V,, boththe exact WCET Cik and
the responseime R¢ of the k" instanceof a given op-
erationt; arethe samefor all its instances(:ik =C'=



G + Np(tj) ¢a and Rik = R (equalto the worstresponse
time R of the operation)becaus¢he numberof available
spacedeft in eachinstancedoesnot dependon the in-
stanceitself. Thereforeit is worth, in this case,noticing
thatit is sufcient to give a schedulabilitycondition for
the rst instanceof eachoperation.

We call Uy, (respectiely U;) the p" tempoary load
factor (respectiely the exact pt" tempoary load factor)
of theprocessofl - p- n) for asystemof n operations
fti=(G;T)0 i ninV;.

e
Up: a—
=1 i

a_ 8 C & Np(ti) ¢a
and Up=a J =Up+ a %
i=1 ' i=1 I
This systemwill be saidto be potentiallyschedulable
if andonly if:
Un- 1 (8)

andsdedulablef andonly if:
Uy 1 9)

Notice thatin (8), C; is the WCET of operationt; with-
out preemption.From now on, we assumg8) is always
satis ed.

We saythattheexactWCETC = C; + Np(t;) ¢a of an
operatiort; = (C;; T;) of asysteminV, is acritical WCET
if its schedulingcausesa temporaldelayto the starttime
of the rst instanceof operationt;+1 = (Gi+1;Ti+1), ti A
ti+1. In otherwords,this meansfrom the point of view
of operationt; thatC is critical whens?, ; > + R!, see

gure 4. Indeed,in this casethe last slice of the exact
WCET of t; exactly ts the next available spacein the
schedulingandthusthe rst instanceof thenext operation
relatively to A cannotstartexactly at the endof the rst
instanceof t;.

A=(2.5) B=(3.10) c=(2.20)

precedence graph

0T e
\
W\
W
Y
s
Se= 2]

c

\ /1 Sc>Se+Rs
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)
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Figure 4. Operation with a critical WCET

In orderto make it easierto understandhe general
case,we rst studythe simpler caseof only two opera-
tions. Both casesare basedon the sameprinciple which
consistsfor an operation,in lling available spacedeft
in eachinstancewith slicesof its exactWCET takinginto
accounthe costof the exactnumberof preemptionsec-
essanyfor its scheduling.

4.1 Systemwith two operations
We considett1 = (Cq1; Tp) andt, = (Cy; T2) to beasys-
temwith two operationsn V; suchasTy j To.

To be consistentwith what we have presentedup to
now, wewill rst scheduldq, andthent,,t; A ts. Hence,
sincenoidle time is allowed betweerthe endof the rst
instanceof t 1 andthe starttime of the rst instanceof t ,,
we have:

Ci=C; andthus Ri=C; and = s+ R; (10)

Without ary loss of generality we assumein the re-
mainderof this paperthatﬁ = 0. Becausdhe systemis
potentiallyschedulablewe have:

H Va T

»
R+ T B}
12 01 C+Cy Ty (11)

T

i.e. operationt, is schedulablewithout taking into ac-
countthe costof the preemption.
Now, ontheonehand,if:

C+C- T

thenoperationt , is schedulablevithout ary preemption,
andwe have:

C3=C; and R=GC (12)
Ontheotherhand,if:
Ci+C>T (13)

thenthe systemrequiresat leastone preemptionof oper
ationt, to be schedulableTo computethe exactnumber
of preemptionsNy(t2), we performthe algorithmbelow,
usingasequencef Euclideandivisions.

We denotee= T1j C; andweinitialize Cl = C,. The
Euclideandivision of C! by e gives:

1 o
1

Cl= qite+ rywithqy = % and0- r;<e

Forall k, 0,wecompute
C**1l=r+ geta (14)

and at eachstep, we perform the Euclideandivision of
Ck*1 by ewhichgives:

o
k+1
cll= Ok+ 1 @+ Ie 1 With Qs 1. =

and0- r1<e

We stopthe algorithm as soonas: eitherthereexists
m

B

m 1suchthaté1 gi te> To(1j Uy), andthustheoper
ationt, is notscihzeldulablm this casepr

9mp, 1 suchthat C™. e (15)
andthus,Np(t>2) is givenby:

mpi 1
Np(t2) = a ai (16)
i=1



Hence

C; = Co+ Ny(t2) ¢a 17)

andtheworstrespons¢ime R, of theoperatiort ; is given

by:

R:=R)i (18)

where: »

RO=C3+ 2 o)

T, (19)

R‘Z’ is easilyobtainedby usinga x edpointalgorithmac-
cordingto:

8 & O'II

2 0l+1 o, R e
41 +

SR G+ E o} BLO
0,0 _ o
RT= G

The algorithm is stoppedas soonas two successie
termsof theiterationareequal:
R“I=R; 1,0

B

(21)

To simplify the notation,the worstresponsedime will
bewritten as:
2 »

%= ci+

Ve 3

Ry = o i (22)

=B

Therefore a necessaryand sufcient schedulability
conditionfor operatiort 2, andthusfor thesystenft1;t»g
takinginto accounthe costof the preemptions givenby:

L No(t2) ta

u,- 1 ie, U
2 l.e 2 T2

1 (23)
Example 1

Lett; andt, be a systemwith two operationsin V;
with thecharacteristicsle ned in tablel:

Table 1. Characteristics of example 4.1

G| T
t1 | 2 5
to | 4 | 10

We have: U, = §+ 1% = 0:8ande= 3.

As operatiort 1 is never preemptedits worstresponse
time Ry is equalto its worst-caseaxecutiontime: Ry =
CT = Cl = 2.

Becauset1 A t,, theseoperationsare schedulabléf
andonly if preemptioris used(is mandatory).

Althoughit is notrealistic,leta = 1 bethecostof one
preemptiorfor the processoin orderto shaw clearlythe
impactof the preemptionSinceC; + C; = 6> T, = 5,the
computatiorof Np(t2) is summarizedn thetablebelow:

Therefore,thereis only one preemptionNp(ty) = 1
(seegure 5)andC; = 4+ 1¢1=5

Accordingto (20), Rg = 9, andtheworstresponséime
R» of operationt; is givenby:

Table 2. computation of Np(t2)
Steps| g | C' | ri

1 1141

2 0| 212

R,=9j 2=7 andwehave Ry T,= 10
Thusthe systemis schedulablédecause:

Np(t2) ta _
T2

U= Uy+ 09- 1.

Figure 5. Scheduling of two operations

4.2 Systemwith n> 2 operations

Thestratgy wewill adoptin this sectionof calculating
the exact numberof preemptiongor an operationis dif-
ferentfrom the oneusedin the previous section,because
we can no longer perform a simple Euclideandivision.
Although, we canperformthe Euclideandivisionto nd
the numberof preemptiondor the secondoperation this
techniguecannotbe usablefor a third operation,and so
on. Actually, the availablespacedeft after having sched-
uledthe secondoperationmay not be equal,asshown in
example4.2below, see gure 6.

Example 2
Leta = 1 andfty, to, t3, t4g be a systemwith four
operationsn V; with thecharacteristicgle nedin table3:

Table 3. Characteristics of example 4.2

G| T
t1 ] 2 5
to | 1] 10
tz3 | 3|20
ts4 | 3|40

Theschedulas depictedn gure 6.

In gure 6, it canbeseerthataftertheschedulingf the
rst operationtheavailablespacedeft have equallengths
(3timeunits)but it is nolongerthe caseaftertheschedul-
ing of the secondoperation,andthusfor the third opera-
tion after the schedulingof the secondoperation,andso
on.

Theintuitive ideaof ouralgorithmconsistsn two main
stepsfor eachoperation,accordingto the precedencee-
lation. First, determinghetotal numberof availabletime
unitsin eachinstanceandthenthe lengthsof eachavail-
able spaceg(consecutie availabletime units). Thesedata



Figure 6. Dif culty
clidean division

of using a simple Eu-

allow the computationof the instantswhenthe preemp-
tions occur A preemptionoccurencecorrespondso the
switchfrom anavailabletime unit to an alreadyexecuted
one. Secondfor eachpotentially schedulableperation,
Il available spaceswith slicesof its WCET up to the
value of its WCET, and then add the cost of the pre-
emptions(p ¢a for p preemptions}o the currentin ated

WCET, taking into accountthe increasdn the execution
time of the operationbecausef the costof the preemp-
tions themseles. Finally, the lastin ated WCET corre-
spondsto the exact WCET. Thus, it is possibleto verify

the schedulabilityconditionandthenwhetherthis opera-
tion is schedulable.

Notice thatthe numberof availablespacess the same
for all theinstance®f anoperationthusit is only neces-
saryto verify the schedulabilityconditionin the rst in-
stancewhichis boundeddy theperiodof theoperation.In
addition,this veri cation is performedonly oncefor each
operation.Consequentlythe compleity of the algorithm
eventhoughit hasnot beenyet computedprecisely will
actuallynot explode.

Before going through our proposedalgorithm, let us
make someassumptions:

1. we will addthe costdueto the preemptiongo the
schedulinganalysisof asystenif andonly if thesys-
temis alreadyschedulablevithout takingit into ac-

n .
count,thatis § ST
i=1 i

2. wehavescheduledhe rst jj 1(2- j- nj 1)op-
erations andwe areaboutto schedulehe ji" opera-
tion,

3. we have potentially enough available spacesto
scheduleoperatiort j, thatis to say:

A& & !

I R s frC . T

. _J . 4 . .

d T T WG+ Cj- T,

Underassumptior?, if F; denoteghe numberof avail-
abletime units left in eachinstanceof the operationt j,

thenwe have:
Fi= Tl U 1) (24)

Thereforetheoperatiort ; = (Cj; Tj) is schedulabléf
andonly if:

0<C® F

: ie, Cl2fLueFg (25

Let:
Lj=f1,&¢Fg (26)
L denotesthe setof all the possibleexact WCET Cj' of
operatiort j = (Cj; Tj). Thus,it alsocontainsall the pos-
sible WCETsfor operationt ;. Once(25) s satis ed, the
worstresponséime of t j is givenby:

( & )

5%
R= R=Cj+ ?’ oS (@7
i=1 i

1

andR; is obtainedoy usinga x edpointalgorithmsimilar
to theonegivenin theprevioussectionusedto obtainR;.

4.3 Schedulingalgorithm

Hereaftelis the schedulingalgorithmwhich countsthe
exact numberof preemptionsn orderto accuratelytake
into accounits costin theschedulabilitycondition. It has
thetwelve following steps.

1: Determinethe starttime s of the rst instanceof
operationt j = (C;j; T;) accordingto whetherthe ex-
actWCET Cj. ; = Cj; 1+ Np(tj; 1) ¢a of operation
tj; 1= (Cj; 1. Tj; 1) is critical or not.

2: Calculatethe numberof available time units F; left
in eachinstanceof t j, andbuild the setL ; thanksto
relations(24) and(25).

3: Make a rst orderedpartitionof L; in kj; 1 = Tle
sub-set®f equalcardinalssuchthat: !

K, .
L; :1/2le[ L7 ¢g§/€£[ L, with

. F

o Li= 1000 1

o Yo Kji 1 e %

. L?= 10021

° Kii 1 kii 1

. Y 3,

Kji1 _ . Fi . (iR

4: For eachsubsetL! obtainedin the previous step,
malke, if possible,a secondorderedpartitionin hj; 1
subsetsuchthat:

Li= L0 LI20 oo LMY 0= 15006k,
wherethe cardinal of eachL};S with 2- s - hj1
equalsthe cardinalof the subsetat the sameposition
in the partitionof L; 1 startingfrom the subsetwith
thegreatespair (kj; 2;hj; 2) of indices(thesubsethe
furthestontheright).



To malke this stepclear let us give an examplewith
(kji 2:hj; 2) = (252).
Let thepartitionof L ; 1 besuchthat:
— 1;1 1,2 2,1 2;2
Liia = Lyl Lpal Ll Ly
f1,2g[ £3;4;59[ f6;7g[ f8;9;10g

andlet L, andk;; 1 besuchthat:
1

’ Lj=11,2,3,4,5;6;7,8;9,10,11;12g
Kjj1=2
Thanksto step3, we have:
Lj= le[ LJ-2
where
Li=1f1,2,3456gandL?=f7,8910,1112g
In step4, we obtain:
—1 11 1;2 1;3
le— L[ Lyl L
= fig[ f2;3g[ f4;5;69
L2= L2t L2228
] i j i
=f7g[ f8;9g[ f10;1112g

Thus,attheendof step4, we canwrite:

Li= . Lj (28)

: Set:

Zhj 7 1= L7

0000000000000 00D00D0O0D0D0D0O00D00O0O
=
[y
1
[

.7 Ki. ;h»i

kjj thj 21 1= L0000
q denoteghe subsebf the possibleexact WCETSsC]'
of operationt j, preempted) times. Becauseopera-

tiont j is potentiallyschedulablethus:
90 2 f0;1;00¢;kj; 1hj; 17 1g and Cj2q; (29)

If g1 = 0, thenNp(t;) = 0. If it is not the case,i.e.
01 6 0, thuswe obtainfor operatiort j theexactnum-
berof preemptiondNp(t j) usingthealgorithmbelow:
Weinitialize

Cct=g¢
01 = 01
qj 1

E Al= 3 card(k)

k=0
rg=Ctj At

Forl , 1,wecompute:

|
B = 3 A (n+q @) (30)
k=1
If B*Y. Fj, thus 9g+1, O suchthat B'*? 2
g1+ ®¢+ g+1. If gq+1 = 0, then expression(31)
holdswith mp = I+ 1 and Ny(t;) is given by (32),
elsewe set:

% Ctl=rn+qa

Q+1= Ci+1
qu+ ¢6eq. 1 1 B
E A+l= a  card(k
k=0 + ¢eeq

M+1= CI+1i A+l

The algorithmis stoppedassoonas: eitherthereex-
istsmy , 1suchthatB™ > F;, andthusoperatiort
is notschedulablén this caseor

9mp, 1 suchthat gm,= 0 (32)
andtherefore:
my 1
Np(tj))= a (32)
k=1

We computetheexact WCET C}‘ of operatiort j:
CJ? = Cj+ Np(tj) ta (33)

: Determinethe setl; of all the possiblecritical exact

WCETSsC; of operationtj = (Cj; Tj). Eachelement

of I is the maximumof eachsubset. }°, exceptF;,
with (1- i- kj; 1) and(1- s - hj; 1) obtainedin
step4.

We distinguishbetweentwo typesof critical exact
WCETSs: critical exact WCET of the r st order and
critical exact WCETof thesecondrder.

Critical exact WCET of the rst orderconsistsof the
orderedsetl givenby:

a

© :
1 _ T .
Iy = 1/zma>(L}) for 1. i- kj1 nfsljig
FoF Fi
= ——;2——; ®¢; (kj; 1§ )——
ki1 Kji1 (i )kjil

Critical exact WCET of the secondorder consistsof
theorderedset!? givenby:

0
12 = |j2‘I with

-
h 0

12 = ma>(L};S) for 1. s- hj1 nlf

Hencel; = I1[ 1?2 andcanberewritten asthe ordered

setde ned by:
Yo _ Ya Yo o Ya



Again,to make this stepclear let usgive anexample,
usingthesameoneasin step4. In this stepwe obtain:

1t = ©ma>(L-1)-ma>(L-2)a nf12g= f6g

J 1 J

17t = maxL®); 1-s 3o nfég= f1;3

PT phoLse g=1+420
n (0]

|12:2= ma>(|_j2;5); 1- s- 3 nfég=f7;9g

5

Thus,by writing 1; like in expression(34) we obtain:
lj=11,3g[ feg[ f7,99

: DeterminewhethelCj is acritical WCET, i.e. Cj 2 I,

or not, thanksto step6.

: Determinethe delay L j(C;) that operationt; will

causeto the starttime of the rst instanceof oper

ationtj+1 = (Cj+1;Tj+1). Therearethreepossible

casedor Cj:

2 Cj 2 Ljnlj, i.e.Cj is notacritical exact WCET,
then:
Lj(Cj) =0 (35)

2 Cj2 Ijl, i.e. Cj is acritical exact WCET of the
rst order then:

LiC)=¢ (36)

2. Cf2 I]-2, i.e. C'is a critical exact WCET of the
secondorder then:

Li(Cj) = Lj;2(C ») (37)

suchthatfor eachpossiblevalueC?;i 2 IJ-Z;i of Cf
with (1 i+ kj; 1),

Li(C) =Lj; 1(C9 1)

whereC?, ; 2 Ij; 1 andC?, , is atthe sameposi-
tionin 1j; 1 writtenasin (34) asC?;I in IJ-Z”, start-
ing in 1j; 1 from its maximumwhich belongsto
the sub-setwith the greatespair (2;kj; 2) of in-
dicesl jz;k{‘ ? (thesubsethefurthestontheright).
Again, to male this stepclear let usgive anexample,
usingthat of step4. Thanksto everythingwe have

presentedip to now,
lj 1= 124 [ 15g[ 1% = f2g[ f5g[ f7g
if we assumeve had:
Lji1(5) = 8, ; andLj; 1(2) = Lj; 1(7) = §, ,, then
as
lj=11,3g[ feg[ f7;99
In this stepwe obtain:
8
< Lj(6)=9) because 621}
Lj(3) = Lj(9) = Lji 1(7) = SSZ 2
Li(D=Li(M=Lj;15 =5,

9: Calculatethe worstresponsdime R; of operationt |
thanksto expression27).

10: Incrementj: j A j+ 1 and determinethe start
time s‘j’+1 of the rst instanceof operationt j+1 =
(Cj+1,;Tj+1) accordingto whether operationt j =
(Cy; T;) hasacritical exact WCET C?, or not.

L= R+ 2+ Lj(C)) (38)

11: Go backto step2 aslong asthereremainpotentially
schedulabl®perations.
12: Give the necessanandsufcient schedulabilitycon-
dition:
n .
US- 1 ie, U+ 3 Np(ti) &
iz i

1 (39)

andthe valid scheduleS for the systemtaking into
accountheglobal costdueto preemptions:

S= (S, sJ; oot ) g (40)

Example 3
Leta = landft;ty;ts;t4g beasystemwith four op-
erationsin V, with the characteristicsle ned in table 4.

Table 4. Characteristics of example 4.3

G| T
t1 | 2 5
to | 1 |10
t3 | 3 |20
t4 | 3|40

Thatsystemis potentiallyschedulableindeed:

2 1 3 3
= §+ F)+ Z)+ 20° 0:725
The schedulingalgorithmthat we introducedpreviously
gives:C;y = 2,C; = 1,C5 = 4;,C; = 5,thus:

2 1 4 5
= §+ E+ ﬁ)+ 20° 0:825
andwe obtain(see gure 7):

Uy

Uy

Figure 7. Scheduling algorithm

In gure 7, for eachoperation,we can seeits actual
exactWCET (squared)its critical exact WCET (circled),
andits exactnumberof preemptions.



Theglobalcostdueto preemptioris givenby:
1 1 1
= — + — + — =0
pr 10(1:0 20(1:1 40¢2 01
andthereforethe schedulabilityconditionis:
Uy =Us+ pr=0:825- 1

Thevalid schedul®f thesystenof operation®btained
with our schedulingalgorithmis givenin gure 8, andis
suchthat:

S

f(2;99;%:s) = (O;R; R+ SR+ S9)g
f(0;2;3;9)g

Figure 8. Preemptions taken into account

5 Conclusionand futur e work

We areinterestedn hardreal-timesystemswith prece-
denceandstrict periodicity constraintavhereit is manda-
tory to satisfy theseconstraints. We are also interested
in preemptionwhich offers greatadvantagesvhen seek-
ing schedulesSinceclassicalapproachearebasecbn an
approximationof the costof the preemptionin WCETSs,
possiblyleadingto a wrong real-timeexecution,we pro-
posedaconstructve approactsothatits costmaybetaken
into accountaccurately We proposeda schedulingalgo-
rithm which countstheexactnumberof preemptiongor a
systemin V; whichis the subsebf systemavherethe pe-
riodsof all operationgonstituteanharmonicsequencas
presentedh section3.2,andthusgivesastrongerschedu-
lability conditionthanLiu & Layland's condition.

Currently we areseekingaschedulabilityconditionfor
systemsn V; whichis thesubsebf systemswith irregular
operationandwe areplanningto studythe compleity of
our approachin bothV, andV;. Moreover, becausedle
time may increasethe possibleschedulesve alsoplanto
allow idle time, eventhoughthis would increasehe com-
plexity of theschedulingalgorithm.
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