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Abstract

Classical approaches basedon preemption,such as
RM (RateMonotonic),DM (DeadlineMonotonic),EDF
(Earliest DeadlineFirst), LLF (LeastLaxity First), etc,
giveschedulabilityconditionsin thecaseof a singlepro-
cessor, but assumethecostof thepreemptionto benegli-
gible compared to theduration of each task. Clearly the
global costis dif�cult to determineaccuratelybecause, if
the costof onepreemptionis knownfor a givenproces-
sor, it is not thesamefor theexactnumberof preemptions
of each task. Becauseweare interestedin hard real-time
systemswith precedenceandstrict periodicityconstraints
where it is mandatoryto satisfytheseconstraints,wegive
a schedulingalgorithmwhich countstheexactnumberof
preemptionsfor each task,andthusleadsto a new schedu-
lability condition.Thisis currentlydonein theparticular
casewhere theperiodsof all the tasksconstitutean har-
monicsequence.

1 Intr oduction

We addressherehard real-timeapplicationsfound in
the domainsof automobiles,avionics, mobile robotics,
telecommunications,etc, wherethe real-timeconstraints
mustbesatis�ed in orderto avoid theoccurrenceof dra-
matic consequences[1, 2]. Suchapplicationsbasedon
automaticcontroland/orsignalprocessingalgorithmsare
usually speci�ed with block-diagrams. They are com-
posedof functionsproducingand consumingdata, and
eachfunctionhasa strict periodin orderto guaranteethe
input/outputrateasit is usuallyrequiredby theautomatic
control theory. Consequently, in this paperwe studythe
problemof schedulingtasksonto a singlecomputingre-
source,i.e. a single processor, whereeachtask corre-
spondsto a function and must satisfy precedencecon-
straintsin addition to its strict period. This latter con-
straint implies that for sucha system,any taskstartsits
executionat thebeginningof its period. We assumehere
thatno jitter is allowedat thebeginningof eachtask.

Traditionalapproachesbasedon preemption,suchas
RM (Rate Monotonic) [3], DM (DeadlineMonotonic)
[4], EDF (EarliestDeadlineFirst) [5], LLF (LeastLax-
ity First) [6], etc, give schedulabilityconditionsbut al-
waysassumethe costof the preemptionto be negligible
comparedto thedurationof eachtask[7, 8]. Indeed,this
assumptionis dueto the Liu & Laylandmodel [9], also
called“the classicalmodel”, which is the pioneermodel
for schedulinghardreal-timesystems.With this model,
theauthorsshowedthata systemof independentperiodic
preemptive taskswith theperiodsof all tasksforming an
harmonicsequence[10] 1, is schedulableif andonly if:
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Ti denotesthe periodandC
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i the in�ated worst caseexe-
cution time (WCET) with the approximationof the cost
of the preemptionfor task t i . It is worth noticing that
most of the industrial applicationsin the �eld of auto-
maticcontrol,imageandsignalprocessingconsistof tasks
with periodsforming an harmonicsequence.For exam-
ple, the automaticguidancealgorithm in a missile falls
within this case. Actually, expression(1) takes into ac-
count the costdue to preemptioninside the valueof C
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i whereCi is thevalueof theWCETwith-
out preemption,ande
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i is anapproximationof thecostei
of thepreemptionfor this task,asexplicitly statedin [9].
Thus,expression(1) becomes:
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The costof the preemptionfor taskt i is ei = Np(t i) ¢a,
where a denotesthe temporalcost of one preemption
andNp(t i) is theexactnumberof preemptionsof taskt i .

1A sequence(ai )1· i· n is harmonicif and only if thereexists qi 2
N such that ai+ 1 = qiai . Notice that we may have qi+ 1 6= qi 8i 2
f 1;¢¢¢;ng.



Np(t i) maydependon the instanceof the taskaccording
to the relationshipbetweentheperiodsof theothertasks
in thesystem.For example,in thecasewheretheperiods
of the tasksform an harmonicsequenceNp(t i) doesnot
dependon theinstanceof t i . Therefore,sincee

0

i is anap-
proximationof ei andTi is known, e

0
is anapproximation

of theglobalcostedueto preemption,de�ned by:

e=
n

å
i= 1

Np(t i) ¢a
Ti

If the temporalcost a of one preemptionis known for
a given processor, it is not the samefor the exact num-
ber of preemptionsNp(t i) for eachtask t i during a pe-
riod Ti . Consequently, it becomesdif�cult to calculate
the global cost of the preemption,and thus to guaran-
teethat expression(2) holds. Obviously the approxima-
tion of this latter may lead to a wrong real-timeexecu-
tion whereasthe schedulabilityanalysisconcludedthat
the systemwasschedulable.To copewith this problem
thedesignerusuallyallows marginswhich aredif�cult to
assess,andwhich in any caseleadto awasteof resources.
Note that the worst-caseresponsetime of a task is the
greatesttime, amongall instancesof that task,it takesto
executeeachinstancefrom its releasetime,andit is larger
thantheWCETwhenaninstanceis preempted.A. Burns,
K. Tindell andA. Wellings in [11] presentedan analysis
thatenablestheglobalcostdueto preemptionsto befac-
toredinto thestandardequationsfor calculatingtheworst-
caseresponsetime of any task,but they achieved thatby
consideringthemaximumnumberof preemptionsinstead
of theexactnumber. JuanEchag̈ue,I. Ripoll andA. Cre-
spoalso tried to solve the problemof the exact number
of preemptionsin [12] by constructingthescheduleusing
idle timesandcountingthenumberof preemptions.But,
they did not really determinethe executionoverheadin-
curredby the systemdueto thesepreemptions.Indeed,
they did not take into accountthecostof eachpreemption
during the scheduling.Hence,this amountsto consider-
ing only theminimumnumberof preemptionssincesome
preemptionsarenot considered:thosedueto theincrease
in theexecutiontimeof thetaskbecauseof thecostof the
preemptionsthemselves.

For sucha systemof taskswith strict periodicity and
precedenceconstraints,we proposea methodto calculate
ontheonehandtheexactnumberof preemptionsandthus
theaccuratevalueof e, andon theotherhandthesched-
ule of thesystemwithout any idle time, i.e. theprocessor
will alwaysexecutea taskassoonasit is possibleto do
so.Althoughidle time mayhelpthesystemto beschedu-
lable, whenidle time is forbiddenit is easierto �nd the
start timesof all the instancesof a taskaccordingto the
precedencerelation.

Theproposedmethodleadsto amuchstrongerschedu-
lability condition thanexpression(1). Moreover, we do
this in thecasewheretasksaresubjectto precedenceand
strict periodicity constraints,using our previous model

[13] that is well suitedto the applicationswe are inter-
estedin. Afterwards,to clearly distinguishbetweenthe
speci�cationlevel andits associatedmodel,we shall use
the term operation insteadof the commonlyused“ task”
[14] which is too closely relatedto the implementation
level.

Thepaperis structuredasfollows: Section2 describes
themodelandgivesnotationsusedthroughoutthis paper.
Section3 restrictsthestudy�eld thankson theonehand
to propertieson the strict periods,andon the otherhand
to propertiesonWCETs.Section4 proposesascheduling
algorithmwhichcountstheexactnumberof preemptions,
andderivesa schedulabilitycondition,in the casewhere
the periodsof all operationsconstitutean harmonicse-
quence.We concludeandproposefuturework in section
5.

2 Model

The model depictedin �gure 1 is an extension,with
preemption,of our previousmodel[13] for systemswith
precedenceandstrict periodicity constraintsexecutedon
asingleprocessor.

Figure 1. Model

Herearethenotationsusedin this modelassumingall
timing characteristicsarenon-negative integers,i.e. they
are multiples of someelementarytime interval (for ex-
amplethe“CPU tick”, thesmallestindivisible CPUtime
unit):
t i = (Ci ;Ti): An operation
Ti : Periodof t i
Ci : WCETof t i withoutpreemption,Ci · Ti
t k

i : Thekth instanceof t i
a: Temporalcostof onepreemptionfor agivenprocessor
Np(t k

i ): Exactnumberof preemptionsof t i in t k
i

Ck
i = Ci + Np(t k

i ) ¢a: ExactWCETof t i includingits pre-
emptioncostin t k

i
s0
i : Starttimeof the�rst instanceof t i

sk
i = s0

i + (k¡ 1)Ti : Starttimeof thekth instanceof t i
Rk

i : Responsetimeof thekth instanceof t i
Ri : Worst-caseresponsetimeof t i
Ti ^ Tj : Thegreatestcommondivisorof Ti andTj ,
whenTi ^ Tj = 1, Ti andTj areco-prime
t i Á t j : t i ¡ ! t j , t i precedest j

We denoteby V the setof all systemsof operations.
Each systemconsistsin a given numberof operations,
with precedenceandstrict periodicity constraints.Each



operationt i of a systemin V consistsof a pair (Ci ;Ti): Ci
its WCETandTi its period.

Theprecedenceconstraintsaregivenby apartialorder
on the executionof the operations. t i Á t j meansthat
the start time s0

j of the �rst instanceof t j cannotoccur
beforethe �rst instanceof t i , startedat s0

i , is completed.
This precedencerelationbetweenoperationsalsoimplies
thatsk

i · sk
j ; 8k ¸ 1 thanksto the resultgiven in [15]. In

that paperit hasbeenproven that given two operations
t i = (Ci ;Ti) andt j = (Cj ;Tj ):

t i Á t j =) Ti · Tj

Regarding the latter relation from the practicalpoint of
view, it is worth noticing that whenthe precedencerela-
tionsaredueto datatransfersandtheperiodsof theoper-
ationsexchangingdataconstitutean harmonicsequence,
the numberof operationsproducingdata betweentwo
consecutiveoperationsconsumingthecorrespondingdata,
is constant.Consequently, thenumberof buffersusedto
actuallyachieve thedataexchangeis bounded,i.e. it can-
not increaseinde�nitely.

Thestrictperiodicityconstraintmeansthattwo succes-
sive instancesof anoperationareexactly separatedby its
period:sk+ 1

i ¡ sk
i = Ti 8k 2 N; 8i 2 f 1;¢¢¢;ng, andno

jitter is allowed. In this model the start time is always
equalto the releasetime, in contrastto Liu & Layland's
classicalmodel. A greatadvantageof thestrict periodic-
ity constraintfor eachtaskis that it is only necessaryto
focusonthestarttimeof the�rst instance,theotherbeing
directlyobtainedfrom it.

It is fundamentalto notethat,becauseof thestrictperi-
odicity constraintandthefactthatwearedealingwith the
singleprocessorcase,any two instancesof any two op-
erationsof thesystemcannotstarttheir executionsat the
sametime.

3 Study �eld restriction

Firstly, we eliminateall the systemswhere the start
timesof any two instancesof any two operationsareiden-
tical. This will be achieved thanksto propertieson the
strict periodsof theoperations,usingtheBezouttheorem.
This is formally expressedthroughboththeoremsgivenin
section3.1. Secondly, we eliminateall thesystemswhere
thestarttimeof any instanceof anoperationoccurswhile
the processoris occupiedby a previously scheduledop-
erationthanksto propertieson WCETsof theoperations.
This is formally expressedthroughthe theoremgiven in
section3.2. Thesethree theoremsgive suf�cient non-
schedulabilityconditions. For the remainingsystemsof
operations,we adopta constructive approachwhich con-
sistsin building, i.e. in predicting,all thepossiblepreemp-
tive scheduleswithout any idle time. In so far, aswe are
dealingwith hardreal-timesystemswhosemain feature
is predictability, constructive techniquesarebettersuited
thansimulationtechniquesbasedon teststhatareseldom
exhaustive. In addition,anexhaustivesimulationassumes

that thereexistsa schedulingalgorithm,e.g. RM or DM,
which is usedto performthe simulation. In our casewe
proposea schedulingalgorithmwhich determinesif the
systemis schedulableandprovidestheschedule.

3.1 Restriction due to strict periodicity
Theorem1

Given a systemof n operationsin V, if therearetwo
operationst i = (Ci ;Ti) and t j = (Cj ;Tj ) with (t i Á t j )
startingtheirexecutionsrespectively at thedatess0

i ands0
j

suchthat
Ti ^ Tj = 1 (3)

then the system is not schedulable. Moreover, any
additional assumption (for example preemption and
idle times) on the systemintending to satisfy all the
constraintsis of no interestin thiscase.

Proof: Theproofof thistheoremusestheBezouttheorem
andis detailedin [16]. ¥

Theorem2
Given a systemof n operationsin V, if therearetwo

operationst i = (Ci ;Ti) and t j = (Cj ;Tj ) with (t i Á t j )
startingtheir executionsrespectively at the datess0

i and
s0

j suchthat

Ti ^ Tj j (s0
j ¡ s0

i ) (4)

thenthe systemis not schedulable.Moreover any addi-
tional assumptionon the systemintendingto satisfy all
theconstraintsis of no interestin thiscase.

Proof: The proof of this theoremalsousesthe Bezout
theoremandis detailedin [16]. ¥

Theorems1 and2 give non-schedulabilityconditions
for systemswith strict periodicity constraintswhenboth
previous relationson the strict periodshold. Moreover,
any additionalassumptiononthesystemwouldbeuseless
becauseof the identicalstarttimesof two instancesof at
leasttwo operations.

We denoteby Wl thesub-setof V excludingthecases
wherethestrict periodsof theoperationsverify bothpre-
viousrelations.

Wl = ff (Ci ;Ti)g1· i· n 2 V =8i; j 2 f 1;¢¢¢;ng
9l > 1; Ti ^ Tj = l andl - (s0

j ¡ s0
i )g

3.2 Restriction due to WCET
The schedulinganalysisof a systemof preemptive

tasks (operations)has shown its importancein a wide
rangeof applicationsbecauseof its �e xibility andits rel-
atively easyimplementation[17]. Althoughpreemptions
mayallow schedulesto befoundthatcouldnot be found
without it, it can,unfortunately, causenonschedulability
of thesystemdueto its globalcost.

Since, given two operationst i = (Ci ;Ti) and t j =
(Cj ;Tj ) we have t i Á t j =) Ti · Tj thus,the operations
mustbescheduledin an increasingorderof their periods



correspondingto classical�x edpriorities. In otherwords
thesmallertheperiodof anoperationis, thegreaterits pri-
ority is, like in theRM scheduling.Notethattheschedul-
ing analysisof a systemof preemptive taskswith �x ed
prioritieshasbeena pivotal basisin real-timeapplication
developmentsincethework of Liu andLayland[9]. Now,
we assumethatany operationof thesystemmayonly be
preemptedby thosepreviouslyscheduled,andthatany op-
erationis scheduledassoonastheprocessoris free,i.e. no
idle time is allowedbetweentheendof the �rst instance
of an operationandthe start time of the �rst instanceof
thenext operationrelatively to Á. This assumptionabout
no idle time allows thegreatestpossibleutilization factor
of the processorto be achieved. Therefore,to schedule
an operationt i relatively to thosepreviously scheduled,
amountsto �lling availablespacesin theschedulingwith
correspondingslicesof the exact WCET of t i . Conse-
quently, from the point of view of operationt i the start
times0

i of its �rst instanceis yieldedby theendof the�rst
instanceof t i¡ 1. Thus,thenotionof releasetime of t i is
not relevantin thispaper, or is equalto s0

i .
A potentialscheduleSof a systemis givenby a list of

thestarttimesof the�rst instanceof all theoperations:

S= f (s0
1;s0

2;¢¢¢;s0
n)g (5)

The start times sk
i (k ¸ 1; i = 1¢¢¢n) of the other in-

stancesof operationt i aredirectly deducedfrom the�rst
one,andthis advantagederivesdirectly from the model.
The responsetime Rk

i of the kth instanceof operation
t i = (Ci ;Ti) is the time elapsedbetweenits start time sk

i
and its end time. This latter takes into accountthe pre-
emptionthus,

Rk
i ¸ Ci 8k:

We call Ri theworst responsetimeof operationt i , de-
�ned asthemaximumof the responsetimesof all its in-
stances.

Thesede�nitions enableusto saythat, in orderto sat-
isfy the strict periodicity, any operationt i = (Ci ;Ti) of a
potentiallyschedulablesystemin Wl mustsatisfy:

Ri · Ti 8i 2 f 1;¢¢¢;ng (6)

We saythata systemin Wl hasoneoverlappingwhen
thestarttime of any instanceof a givenoperationoccurs
while theprocessoris occupiedby apreviouslyscheduled
operation.Suchsystemsarenotschedulable,asexpressed
in thefollowing theorem.

Theorem3
Givena systemof n operationsin Wl , if therearetwo

operationst i = (Ci ;Ti) and t j = (Cj ;Tj ) with (t i Á t j )
startingtheir executionsrespectively at the datess0

i and
s0

j suchthatfor k ¸ 1

9 b < k and0 · (s0
j + bTj ) ¡ (s0

i + (k¡ 1)Ti) < Rk
i (7)

thenthe systemis not schedulable.Moreover any addi-
tional assumptionon the systemintendingto satisfy all

theconstraintsis of no interestin thiscase.

Proof: The proof of this theoremderivesdirectly from
theassumptionthatanoperationmayonly bepreempted
by thosepreviously scheduled,andit is detailedin [16].
An exampleis givenbelow (see�gure 2). ¥

Figure 2. System with an overlapping

Now we canpartitionWl into the threefollowing dis-
joint subsets:thesubsetVc of systemswith overlappings
whicharenotschedulablethanksto theorem3, thesubset
Vr of systemswith regularoperations,i.e. wheretheperi-
odsof all theoperationsconstituteanharmonicsequence,
and the subsetVi of systemswith irregular operations.
Thus, since the subsetof operationswhereTi ^ Tj = 1
holds, the subsetof operationswhereTi ^ Tj j (s0

j ¡ s0
i )

holds,andthesubsetVc arenot schedulable,only the re-
mainingsubsetsVr andVi arepotentiallyschedulable(see
�gure 3).

Vc = ff (Ci ;Ti)g1· i· n 2 Wl =9i 2 f 1;¢¢¢;n¡ 1g;
9 j 2 f i + 1;¢¢¢;ng and

0 · (s0
j + bTj ) ¡ (s0

i + (k¡ 1)Ti) < Rk
i ; k ¸ 1; b 2 Ng

Vr = ff (Ci ;Ti)g1· i· n 2 Wl =T1 j T2 j ¢¢¢j Tng

Vi = Wl n(Vc [ Vr )

Figure 3. Wl -par titioning

In theremainderof this paper, we restrictour schedul-
ing analysisto thesubsetVr .

4 Schedulinganalysisfor Vr

Givenany systemin Vr , both theexactWCETCk
i and

the responsetime Rk
i of the kth instanceof a given op-

erationt i are the samefor all its instances,Ck
i = C¤

i =



Ci + Np(t i) ¢a andRk
i = Ri (equalto the worst response

time Ri of theoperation)becausethenumberof available
spacesleft in eachinstancedoesnot dependon the in-
stanceitself. Thereforeit is worth, in this case,noticing
that it is suf�cient to give a schedulabilitycondition for
the�rst instanceof eachoperation.

We call Up (respectively U¤
p) the pth temporary load

factor (respectively the exact pth temporary load factor)
of theprocessor(1 · p · n) for a systemof n operations
f t i = (Ci ;Ti)g1· i· n in Vr .

Up =
p

å
i= 1

Ci

Ti
and U¤

p =
p

å
i= 1

C¤
i

Ti
= Up +

p

å
i= 1

Np(t i) ¢a
Ti

This systemwill besaidto bepotentiallyschedulable
if andonly if:

Un · 1 (8)

andschedulableif andonly if:

U¤
n · 1 (9)

Notice that in (8), Ci is the WCET of operationt i with-
out preemption.From now on, we assume(8) is always
satis�ed.

WesaythattheexactWCETC¤
i = Ci + Np(t i) ¢a of an

operationt i = (Ci ;Ti) of asystemin Vr is acritical WCET
if its schedulingcausesa temporaldelayto thestarttime
of the �rst instanceof operationt i+ 1 = (Ci+ 1;Ti+ 1), t i Á
t i+ 1. In otherwords, this meansfrom the point of view
of operationt i thatC¤

i is critical whens0
i+ 1 > s0

i + R1
i , see

�gure 4. Indeed,in this casethe last slice of the exact
WCET of t i exactly �ts the next available spacein the
scheduling,andthusthe�rst instanceof thenext operation
relatively to Á cannotstartexactly at the endof the �rst
instanceof t i .

Figure 4. Operation with a critical WCET

In order to make it easierto understandthe general
case,we �rst study the simplercaseof only two opera-
tions. Both casesarebasedon the sameprinciple which
consists,for an operation,in �lling availablespacesleft
in eachinstancewith slicesof its exactWCETtakinginto
accountthecostof theexactnumberof preemptionsnec-
essaryfor its scheduling.

4.1 Systemwith two operations
Weconsidert 1 = (C1;T1) andt 2 = (C2;T2) to beasys-

temwith two operationsin Vr suchasT1 j T2.

To be consistentwith what we have presentedup to
now, wewill �rst schedulet 1, andthent 2, t 1 Á t 2. Hence,
sinceno idle time is allowedbetweentheendof the �rst
instanceof t 1 andthestarttime of the�rst instanceof t 2,
wehave:

C¤
1 = C1 andthus R1 = C1 and s0

2 = s0
1 + R1 (10)

Without any loss of generality, we assumein the re-
mainderof this paperthat s0

1 = 0. Becausethesystemis
potentiallyschedulable,wehave:

µ »
R1 + T2

T1

¼
¡ 1

¶
¢C¤

1 + C2 · T2; (11)

i.e. operationt 2 is schedulablewithout taking into ac-
countthecostof thepreemption.

Now, on theonehand,if:

C1 + C2 · T1

thenoperationt 2 is schedulablewithout any preemption,
andwehave:

C¤
2 = C2 and R2 = C2 (12)

On theotherhand,if:

C1 + C2 > T1 (13)

thenthesystemrequiresat leastonepreemptionof oper-
ationt 2 to beschedulable.To computetheexactnumber
of preemptionsNp(t 2), we performthealgorithmbelow,
usingasequenceof Euclideandivisions.

We denotee= T1 ¡ C1 andwe initialize C1 = C2. The
Euclideandivisionof C1 by egives:

C1 = q1 ¢e+ r1 withq1 =
¹

C1

e

º
and0 · r1 < e

For all k ¸ 0, wecompute

Ck+ 1 = rk + qk ¢a (14)

and at eachstep,we perform the Euclideandivision of
Ck+ 1 by ewhichgives:

Ck+ 1 = qk+ 1¢e+ rk+ 1 with qk+ 1 =
¹

Ck+ 1

e

º
and0· rk+ 1 < e

We stop the algorithmassoonas: either thereexists

m1 ¸ 1 suchthat
m1

å
i= 1

qi ¢e> T2(1¡ U¤
1 ), andthustheoper-

ationt 2 is not schedulablein thiscase,or

9m2 ¸ 1 suchthat Cm2 · e (15)

andthus,Np(t 2) is givenby:

Np(t 2) =
m2¡ 1

å
i= 1

qi (16)



Hence
C¤

2 = C2 + Np(t 2) ¢a (17)

andtheworstresponsetimeR2 of theoperationt 2 is given
by:

R2 = R0
2 ¡ s0

2 (18)

where:

R0
2 = C¤

2 +
»

R0
2

T1

¼
¢C¤

1 (19)

R0
2 is easilyobtainedby usinga �x edpoint algorithmac-

cordingto:
8
><

>:

R0;l+ 1
2 = C¤

2 +

&
R0;l

2

T1

'

¢C¤
1 8l ¸ 0

R0;0
2 = C¤

2

(20)

The algorithm is stoppedas soon as two successive
termsof theiterationareequal:

R0;l+ 1
2 = R0;l

2 ; l ¸ 0 (21)

To simplify thenotation,theworst responsetime will
bewrittenas:

R2 =
½

R0
2 = C¤

2 +
»

R0
2

T1

¼
¢C¤

1

¾
¡ s0

2 (22)

Therefore a necessaryand suf�cient schedulability
conditionfor operationt 2, andthusfor thesystemf t 1; t 2g
takinginto accountthecostof thepreemptionis givenby:

U¤
2 · 1 i.e., U2 +

Np(t 2) ¢a
T2

· 1 (23)

Example1
Let t 1 and t 2 be a systemwith two operationsin Vr

with thecharacteristicsde�ned in table1:

Table 1. Characteristics of example 4.1
Ci Ti

t 1 2 5
t 2 4 10

Wehave: U2 =
2
5

+
4
10

= 0:8 ande= 3.

As operationt 1 is never preempted,its worstresponse
time R1 is equalto its worst-caseexecutiontime: R1 =
C¤

1 = C1 = 2.
Becauset 1 Á t 2, theseoperationsare schedulableif

andonly if preemptionis used(is mandatory).
Althoughit is not realistic,let a = 1 bethecostof one

preemptionfor theprocessorin orderto show clearly the
impactof thepreemption.SinceC1+ C2 = 6> T1 = 5, the
computationof Np(t 2) is summarizedin thetablebelow:

Therefore,there is only one preemptionNp(t 2) = 1
(see�gure 5) andC¤

2 = 4+ 1¢1 = 5
Accordingto (20),R0

2 = 9, andtheworstresponsetime
R2 of operationt 2 is givenby:

Table 2. computation of Np(t 2)
Steps qi Ci r i

1 1 4 1
2 0 2 2

R2 = 9¡ 2 = 7 andwehave R2 · T2 = 10

Thusthesystemis schedulablebecause:

U¤
2 = U2 +

Np(t 2) ¢a
T2

= 0:9 · 1.

Figure 5. Scheduling of two operations

4.2 Systemwith n > 2 operations
Thestrategy wewill adoptin thissectionof calculating

the exact numberof preemptionsfor an operationis dif-
ferentfrom theoneusedin theprevioussection,because
we can no longer perform a simple Euclideandivision.
Although,we canperformthe Euclideandivision to �nd
thenumberof preemptionsfor thesecondoperation,this
techniquecannotbe usablefor a third operation,andso
on. Actually, theavailablespacesleft afterhaving sched-
uled thesecondoperationmaynot beequal,asshown in
example4.2below, see�gure 6.

Example2
Let a = 1 andf t 1, t 2, t 3, t 4g be a systemwith four

operationsin Vr with thecharacteristicsde�ned in table3:

Table 3. Characteristics of example 4.2
Ci Ti

t 1 2 5
t 2 1 10
t 3 3 20
t 4 3 40

Thescheduleis depictedin �gure 6.
In �gure 6, it canbeseenthataftertheschedulingof the

�rst operation,theavailablespacesleft haveequallengths
(3 timeunits)but it is no longerthecaseaftertheschedul-
ing of thesecondoperation,andthusfor the third opera-
tion after the schedulingof the secondoperation,andso
on.

Theintuitiveideaof ouralgorithmconsistsin two main
stepsfor eachoperation,accordingto theprecedencere-
lation. First,determinethetotal numberof availabletime
units in eachinstance,andthenthelengthsof eachavail-
ablespace(consecutive availabletime units). Thesedata



Figure 6. Dif�culty of using a simple Eu-
clidean division

allow the computationof the instantswhenthe preemp-
tions occur. A preemptionoccurencecorrespondsto the
switchfrom anavailabletime unit to analreadyexecuted
one. Second,for eachpotentiallyschedulableoperation,
�ll available spaceswith slicesof its WCET up to the
value of its WCET, and then add the cost of the pre-
emptions(p¢a for p preemptions)to thecurrentin�ated
WCET, taking into accountthe increasein the execution
time of the operationbecauseof the costof the preemp-
tions themselves. Finally, the last in�ated WCET corre-
spondsto the exact WCET. Thus,it is possibleto verify
theschedulabilityconditionandthenwhetherthis opera-
tion is schedulable.

Noticethat thenumberof availablespacesis thesame
for all theinstancesof anoperation,thusit is only neces-
saryto verify the schedulabilityconditionin the �rst in-
stancewhichis boundedby theperiodof theoperation.In
addition,this veri�cation is performedonly oncefor each
operation.Consequently, thecomplexity of thealgorithm
even thoughit hasnot beenyet computedprecisely, will
actuallynotexplode.

Before going throughour proposedalgorithm, let us
makesomeassumptions:

1. we will add the cost due to the preemptionsto the
schedulinganalysisof asystemif andonly if thesys-
temis alreadyschedulablewithout taking it into ac-

count,thatis
n

å
i= 1

Ci

Ti
· 1.

2. we have scheduledthe�rst j ¡ 1 (2 · j · n¡ 1) op-
erations,andwe areaboutto schedulethe j th opera-
tion,

3. we have potentially enough available spacesto
scheduleoperationt j , thatis to say:

j¡ 1

å
i= 1

Ã&
s0

j + Tj

Ti

'

¡

&
s0

j

Ti

' !

¢C¤
i + Cj · Tj

Underassumption2, if Fj denotesthenumberof avail-
able time units left in eachinstanceof the operationt j ,

thenwehave:
Fj = Tj ¢(1¡ U¤

j¡ 1) (24)

Therefore,theoperationt j = (Cj ;Tj ) is schedulableif
andonly if:

0 < C¤
j · Fj i.e., C¤

j 2 f 1;¢¢¢;Fjg (25)

Let:
L j = f 1;¢¢¢;Fjg (26)

L j denotesthe setof all the possibleexact WCET C¤
j of

operationt j = (Cj ;Tj ). Thus,it alsocontainsall thepos-
sibleWCETsfor operationt j . Once(25) is satis�ed, the
worstresponsetimeof t j is givenby:

Rj =

(

R0
j = C¤

j +
j¡ 1

å
i= 1

&
R0

j

Ti

'

¢C¤
i

)

¡ s0
j (27)

andRj is obtainedby usinga�x edpointalgorithmsimilar
to theonegivenin theprevioussection,usedto obtainR2.

4.3 Schedulingalgorithm
Hereafteris theschedulingalgorithmwhichcountsthe

exact numberof preemptionsin order to accuratelytake
into accountits costin theschedulabilitycondition.It has
thetwelve following steps.

1: Determinethe start time s0
j of the �rst instanceof

operationt j = (Cj ;Tj ) accordingto whetherthe ex-
act WCET C¤

j¡ 1 = Cj¡ 1 + Np(t j¡ 1) ¢a of operation
t j¡ 1 = (Cj¡ 1;Tj¡ 1) is critical or not.

2: Calculatethe numberof available time units Fj left
in eachinstanceof t j , andbuild thesetL j thanksto
relations(24)and(25).

3: Make a �rst orderedpartition of L j in k j¡ 1 =
Tj

Tj¡ 1
sub-setsof equalcardinalssuchthat:

L j = L1
j [ L2

j [ ¢¢¢[ L k j¡ 1
j with

°
°
°
°
°
°
°
°
°
°
°
°
°
°
°

L1
j =

½
1;¢¢¢;

Fj

k j¡ 1

¾

L2
j =

½
Fj

k j¡ 1
+ 1;¢¢¢;2

Fj

k j¡ 1

¾

...

L k j¡ 1
j =

½
(k j¡ 1 ¡ 1)

Fj

k j¡ 1
+ 1;¢¢¢;Fj

¾

4: For each subsetL i
j obtainedin the previous step,

make, if possible,a secondorderedpartition in h j¡ 1
subsetssuchthat:

L i
j = L i;1

j [ L i;2
j [ ¢¢¢[ L i;h j¡ 1

j ; i = 1;¢¢¢;k j¡ 1

wherethe cardinalof eachL i;s
j with 2 · s · h j¡ 1

equalsthecardinalof thesubsetat thesameposition
in thepartitionof L j¡ 1 startingfrom thesubsetwith
thegreatestpair (k j¡ 2;h j¡ 2) of indices(thesubsetthe
furtheston theright).



To make this stepclear, let us give an examplewith
(k j¡ 2;h j¡ 2) = (2;2).
Let thepartitionof L j¡ 1 besuchthat:

L j¡ 1 = L1;1
j¡ 1 [ L1;2

j¡ 1 [ L2;1
j¡ 1 [ L2;2

j¡ 1

= f 1;2g[ f 3;4;5g[ f 6;7g[ f 8;9;10g

andlet L j , andk j¡ 1 besuchthat:
½

L j = f 1;2;3;4;5;6;7;8;9;10;11;12g
k j¡ 1 = 2

Thanksto step3, wehave:
L j = L1

j [ L2
j

where
L1

j = f 1;2;3;4;5;6g andL2
j = f 7;8;9;10;11;12g

In step4, weobtain:

L1
j = L1;1

j [ L1;2
j [ L1;3

j
= f 1g[ f 2;3g[ f 4;5;6g

L2
j = L2;1

j [ L2;2
j [ L2;3

j
= f 7g[ f 8;9g[ f 10;11;12g

Thus,at theendof step4, wecanwrite:

L j =
k j¡ 1[

i= 1

8
<

:

h j¡ 1[

s= 1

L i;s
j

9
=

;
(28)

5: Set: °
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°
°

0 = L1;1
j

1 = L1;2
j

...

h j¡ 1 ¡ 1 = L1;h j¡ 1
j

h j¡ 1 = L2;1
j

...

2h j¡ 1 ¡ 1 = L2;h j¡ 1
j

2h j¡ 1 = L3;1
j

...

k j¡ 1h j¡ 1 ¡ 1 = L k j¡ 1;h j¡ 1
j

q denotesthesubsetof thepossibleexactWCETsC¤
j

of operationt j , preemptedq times. Becauseopera-
tion t j is potentiallyschedulable,thus:

9q1 2 f 0;1;¢¢¢;k j¡ 1h j¡ 1 ¡ 1g and Cj 2 q1 (29)

If q1 = 0, thenNp(t j ) = 0. If it is not the case,i.e.
q1 6= 0, thusweobtainfor operationt j theexactnum-
berof preemptionsNp(t j ) usingthealgorithmbelow:
We initialize

8
>>>>><

>>>>>:

C1 = Cj
q1 = q1

A1 =
q1¡ 1

å
k= 0

card(k)

r1 = C1 ¡ A1

For l ¸ 1, wecompute:

Bl+ 1 =
l

å
k= 1

Ak + (r l + ql ¢a) (30)

If Bl+ 1 · Fj , thus 9ql+ 1 ¸ 0 such that Bl+ 1 2
q1 + ¢¢¢+ ql+ 1. If ql+ 1 = 0, then expression(31)
holds with m2 = l + 1 and Np(t j ) is given by (32),
elseweset:

8
>>>>><

>>>>>:

Cl+ 1 = r l + ql ¢a
ql+ 1 = ql+ 1

Al+ 1 =
q1+ ¢¢¢+ ql+ 1¡ 1

å
k= q1+ ¢¢¢+ ql

card(k)

r l+ 1 = Cl+ 1 ¡ Al+ 1

Thealgorithmis stoppedassoonas: eitherthereex-
istsm1 ¸ 1 suchthatBm1 > Fj , andthusoperationt j
is not schedulablein this case,or

9m2 ¸ 1 suchthat qm2 = 0 (31)

andtherefore:

Np(t j ) =
m2¡ 1

å
k= 1

qk (32)

WecomputetheexactWCETC¤
j of operationt j :

C¤
j = Cj + Np(t j ) ¢a (33)

6: Determinethe setI j of all the possiblecritical exact
WCETsC¤

j of operationt j = (Cj ;Tj ). Eachelement

of I j is themaximumof eachsubsetL i;s
j , exceptFj ,

with (1 · i · k j¡ 1) and(1 · s · h j¡ 1) obtainedin
step4.
We distinguishbetweentwo types of critical exact
WCETs: critical exact WCETof the �r st order and
critical exactWCETof thesecondorder.
Critical exactWCET of the�rst orderconsistsof the
orderedsetI1

j givenby:

I1
j =

©
max(L i

j ) for 1 · i · k j¡ 1
ª

nf Fjg

=
½

Fj

k j¡ 1
;2

Fj

k j¡ 1
;¢¢¢; (k j¡ 1 ¡ 1)

Fj

k j¡ 1

¾

Critical exact WCET of the secondorderconsistsof
theorderedsetI2

j givenby:

I2
j =

k j¡ 1[

i= 1

I2;i
j with

I2;i
j =

n
max(L i;s

j ) for 1 · s · h j¡ 1

o
nI1

j

HenceI j = I1
j [ I2

j andcanberewrittenastheordered
setde�ned by:

I j = I2;1
j [

½
Fj

k j¡ 1

¾
[ I2;2

j [
½

2
Fj

k j¡ 1

¾
[ ¢¢¢

¢¢¢[
½

(k j¡ 1 ¡ 1)
Fj

k j¡ 1

¾
[ I

2;k j¡ 1
j (34)



Again, to make thisstepclear, let usgiveanexample,
usingthesameoneasin step4. In thisstepweobtain:

I1
j =

©
max(L1

j );max(L2
j )

ª
nf 12g = f 6g

I2;1
j =

n
max(L1;s

j ); 1 · s · 3
o

nf 6g = f 1;3g

I2;2
j =

n
max(L2;s

j ); 1 · s · 3
o

nf 6g = f 7;9g

Thus,by writing I j like in expression(34)weobtain:
I j = f 1;3g[ f 6g[ f 7;9g

7: DeterminewhetherC¤
j is acritical WCET, i.e.C¤

j 2 I j ,
or not, thanksto step6.

8: Determinethe delay L j (Cj ) that operationt j will
causeto the start time of the �rst instanceof oper-
ation t j+ 1 = (Cj+ 1;Tj+ 1). Thereare threepossible
casesfor C¤

j :

² C¤
j 2 L jnI j , i.e. C¤

j is not a critical exactWCET,
then:

L j (Cj ) = 0 (35)

² C¤
j 2 I1

j , i.e. C¤
j is a critical exactWCET of the

�rst order, then:

L j (Cj ) = s0
j (36)

² C¤
j 2 I2

j , i.e. C¤
j is a critical exactWCET of the

secondorder, then:

L j (Cj ) = L j¡ 1(C0
j¡ 1) (37)

suchthatfor eachpossiblevalueC0;i
j 2 I2;i

j of C¤
j

with (1 · i · k j¡ 1),

L j (C
0;i
j ) = L j¡ 1(C0

j¡ 1)

whereC0
j¡ 1 2 I j¡ 1 andC0

j¡ 1 is at thesameposi-

tion in I j¡ 1 writtenasin (34)asC0;i
j in I2;i

j , start-
ing in I j¡ 1 from its maximumwhich belongsto
thesub-setwith thegreatestpair (2;k j¡ 2) of in-

dicesI
2;k j¡ 2
j¡ 1 (thesubsetthefurthestontheright).

Again, to make thisstepclear, let usgiveanexample,
using that of step4. Thanksto everythingwe have
presentedup to now,

I j¡ 1 = I2;1
j¡ 1 [ f 5g[ I2;2

j¡ 1 = f 2g[ f 5g[ f 7g

if weassumewehad:
L j¡ 1(5) = s0

j¡ 1 andL j¡ 1(2) = L j¡ 1(7) = s0
j¡ 2, then

as
I j = f 1;3g[ f 6g[ f 7;9g

In thisstepweobtain:
8
<

:

L j (6) = s0
j because 6 2 I1

j
L j (3) = L j (9) = L j¡ 1(7) = s0

j¡ 2
L j (1) = L j (7) = L j¡ 1(5) = s0

j¡ 1

9: Calculatetheworst responsetime Rj of operationt j
thanksto expression(27).

10: Increment j: j Ã j + 1 and determine the start
time s0

j+ 1 of the �rst instanceof operationt j+ 1 =
(Cj+ 1;Tj+ 1) according to whether operation t j =
(Cj ;Tj ) hasacritical exactWCETC¤

j , or not.

s0
j+ 1 = Rj + s0

j + L j (Cj ) (38)

11: Go backto step2 aslong asthereremainpotentially
schedulableoperations.

12: Give thenecessaryandsuf�cient schedulabilitycon-
dition:

U¤
n · 1 i.e., Un +

n

å
i= 2

Np(t i) ¢a
Ti

· 1 (39)

and the valid scheduleS for the systemtaking into
accounttheglobalcostdueto preemptions:

S= f (s0
1;s0

2;¢¢¢;s0
n)g (40)

Example3
Let a = 1 andf t 1; t 2; t 3; t 4g beasystemwith four op-

erationsin Vr with the characteristicsde�ned in table4.

Table 4. Characteristics of example 4.3
Ci Ti

t 1 2 5
t 2 1 10
t 3 3 20
t 4 3 40

Thatsystemis potentiallyschedulable,indeed:

U4 =
2
5

+
1
10

+
3
20

+
3
40

= 0:725

The schedulingalgorithmthat we introducedpreviously
gives:C¤

1 = 2;C¤
2 = 1;C¤

3 = 4;C¤
4 = 5, thus:

U¤
4 =

2
5

+
1
10

+
4
20

+
5
40

= 0:825

andweobtain(see�gure 7):

Figure 7. Scheduling algorithm

In �gure 7, for eachoperation,we can seeits actual
exactWCET (squared),its critical exactWCET (circled),
andits exactnumberof preemptions.



Theglobalcostdueto preemptionis givenby:

pr =
1
10

¢0+
1
20

¢1+
1
40

¢2 = 0:1

andthereforetheschedulabilityconditionis:

U¤
4 = U4 + pr = 0:825· 1

Thevalidscheduleof thesystemof operationsobtained
with our schedulingalgorithmis given in �gure 8, andis
suchthat:

S = f (s0
1;s0

2;s0
3;s0

4) = (0;R1;R2 + s0
2;R3 + s0

3)g
= f (0;2;3;9)g

Figure 8. Preemptions taken into account

5 Conclusionand futur ework

Weareinterestedin hardreal-timesystemswith prece-
denceandstrictperiodicityconstraintswhereit is manda-
tory to satisfy theseconstraints. We are also interested
in preemptionwhich offers greatadvantageswhenseek-
ing schedules.Sinceclassicalapproachesarebasedonan
approximationof the costof the preemptionin WCETs,
possiblyleadingto a wrong real-timeexecution,we pro-
posedaconstructiveapproachsothatits costmaybetaken
into accountaccurately. We proposeda schedulingalgo-
rithm whichcountstheexactnumberof preemptionsfor a
systemin Vr which is thesubsetof systemswherethepe-
riodsof all operationsconstituteanharmonicsequenceas
presentedin section3.2,andthusgivesastrongerschedu-
lability conditionthanLiu & Layland's condition.

Currently, weareseekingaschedulabilityconditionfor
systemsin Vi which is thesubsetof systemswith irregular
operationsandweareplanningto studythecomplexity of
our approachin bothVr andVi . Moreover, becauseidle
time may increasethepossiblescheduleswe alsoplan to
allow idle time,eventhoughthiswould increasethecom-
plexity of theschedulingalgorithm.
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