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Abstract. In this paper we present a multilevel preconditioner based on overlapping Schwarz
methods for symmetric positive definite (SPD) matrices. Robust two-level Schwarz preconditioners
exist in the literature to guarantee fast convergence of Krylov methods. As long as the dimension of
the coarse space is reasonable, that is, exact solvers can be used efficiently, two-level methods scale
well on parallel architectures. However, the factorization of the coarse space matrix may become
costly at scale. An alternative is then to use an iterative method on the second level, combined with
an algebraic preconditioner, such as a one-level additive Schwarz preconditioner. Nevertheless, the
condition number of the resulting preconditioned coarse space matrix may still be large. One of the
difficulties of using more advanced methods, like algebraic multigrid or even two-level overlapping
Schwarz methods, to solve the coarse problem is that the matrix does not arise from a partial
differential equation (PDE) anymore. We introduce in this paper a robust multilevel additive Schwarz
preconditioner where at each level the condition number is bounded, ensuring a fast convergence for
each nested solver. Furthermore, our construction does not require any additional information than
for building a two-level method and may thus be seen as an algebraic extension.
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1. Introduction. We consider the solution of a linear system of equations
(1.1) Az = b,

where A € R™*" is a symmetric positive definite (SPD) matrix, b € R™ is the right-
hand side, and = € R"™ is the vector of unknowns. To enhance convergence, it is
common to solve the preconditioned system

M Ax = M~ 1.

Standard domain decomposition preconditioners such as block Jacobi, additive
Schwarz, and restricted additive Schwarz methods are widely used [32, 9, 8]. In a
parallel framework, such preconditioners have the advantage of relatively low com-
munication costs. However, their role in lowering the condition number of the sys-
tem typically deteriorates when the number of subdomains increases. Multilevel ap-
proaches have shown a large impact on enhancing the convergence of Krylov methods
[33, 12, 7, 25, 20, 10, 21, 1, 15, 23, 34, 30]. In multigrid and domain decomposition
communities, multilevel methods have proven their capacity of scaling up to large
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numbers of processors and tackling ill-conditioned systems [37, 4, 19]. While some
preconditioners are purely algebraic [7, 20, 10, 26, 29, 16, 1], several multilevel meth-
ods are based on hierarchical meshing in both multigrid and domain decomposition
communities [35, 9, 25, 15, 23]. Mesh coarsening depends on the geometry of the
problem. One has to be careful when choosing a hierarchical structure since it can
have a significant impact on the iteration count [23, 25]. In [23], the authors propose
a multilevel Schwarz domain decomposition solver for the elasticity problem. Based
on a heuristic approach and following the maximum independent set method [2], they
coarsen the fine mesh while preserving the boundary in order to obtain a two-level
method. This strategy is repeated recursively to build several levels. However, they
do not provide a bound on the condition number of the preconditioned matrix of the
multilevel method. Multilevel domain decomposition methods are mostly based on
nonoverlapping approaches [35, 9, 25, 23, 37, 4, 30, 34]. Two-level overlapping domain
decomposition methods are well studied and provide robust convergence estimates
[33, 12, 5]. However, extending such a construction to more than two levels while
preserving robustness is not straightforward. In [6], the authors propose an algebraic
multilevel additive Schwarz method. Their approach is inspired by algebraic multigrid
strategies. One drawback of it is that it is sensitive to the number of subdomains.
In [15], the authors suggest applying the two-level generalized Dryja—Smith-Widlund
preconditioner recursively to build a multilevel method. In this case, the condition
number bound of the two-level approach depends on the width of the overlap, the
diameter of discretization elements, and the diameter of the subdomains. They focus
on the preconditioner for the three-level case. One drawback of their approach is that
the three-level preconditioner requires more iterations than the two-level variant. In
this paper, the only information from the PDE needed for the construction of the
preconditioner consists of the local Neumann matrices at the fine level. These matri-
ces correspond to the integration of the bilinear form in the weak formulation of the
studied PDE on the subdomain-decomposed input mesh. No further information is
necessary: except on the fine level, our method is algebraic and does not depend on
any coarsened mesh or auxiliary discretized operator. For problems not arising from
PDE discretization, one needs to supply the local symmetric positive semidefinite
(SPSD) matrices on the finest level. In [3], a subset of the authors propose a fully
algebraic approximation for such matrices. However, their approximation strategy is
heuristic and may not be effective in some cases.

Our preconditioner is based on a hierarchy of coarse spaces and is defined as
following. At the first level, the set of unknowns is partitioned into IN; subdomains,
and each subdomain has an associated matrix A; ; = RLjARIj obtained by using
appropriate restriction and prolongation operators R; ; and RL—, respectively, de-
fined in the following section. The preconditioner is formed as an additive Schwarz
preconditioner coupled with an additive coarse space correction, defined as

N1
M~ =M =ViA7'VT + > R[ATIR
j=1

where V; is a tall-and-skinny matrix spanning a coarse space obtained by solving for
each subdomain j = 1 to N; a generalized eigenvalue problem involving the matrix
Ay ; and the Neumann matrix associated with subdomain j. The coarse space matrix
is Ay = V;T AV;. This is equivalent to the GenEO preconditioner and is described
in detail in [33] and recalled briefly in section 2. The dimension of the coarse space
is proportional to the number of subdomains N;. When it increases, factorizing Ag

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/30/21 to 77.153.113.132 by Laura Grigori (laura.grigori@inria.fr) Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

HIERARCHICAL ROBUST COARSE SPACES A1909

by using a direct method becomes prohibitive, and hence the application of A5 Lo a
vector should also be performed through an iterative method.

Our multilevel approach defines a hierarchy of coarse spaces V; and coarse space
matrices A; for i = 2 to any depth L 4+ 1 and defines a preconditioner Mif1 such that
the condition number of Mi_lAi is bounded. The depth L + 1 is chosen such that the
coarse space matrix Ay, can be factorized efficiently by using a direct method. At
each level i, the graph of the coarse space matrix A; is partitioned into N; subdomains,

and each subdomain j is associated with a local matrix A; ; = Ri,inR;': i obtained by

T

using appropriate restriction and prolongation operators R; ; and R; ;, respectively.

The preconditioner at level i is defined as

N;
Mt =VALLVT + Z R;,rin_,lei,ja

j=1

where the coarse space matrix is A;11 = ViTAiVi.

One of the main contributions of the paper concerns the construction of the
hierarchy of coarse spaces V; for levels ¢ going from 2 to L that are built algebraically
from the coarse space of the previous level V;_;. This construction is based on the
definition of local SPSD matrices associated with each subdomain j at each level i
that we introduce in this paper. These matrices are obtained by using the local SPSD
matrices of the previous level i — 1 and the previous coarse space V;_1. They are then
involved, with the local matrices A; ;, in concurrent generalized eigenvalue problems
solved for each subdomain j that allows to compute the local eigenvectors contributing
to the coarse space V;.

We show in Theorem 5.3, section 5, that the condition number of M[lAZ- is
bounded and depends on the maximum number of subdomains at the first level that
share an unknown, the number of distinct colors required to color the graph of A;
so that {span{RZj}}lgjgNi of the same color are mutually A;-orthogonal, and a
user-defined tolerance 7. It is thus independent of the number of subdomains N;.

The main contribution of this paper is based on the combination of two previous
works on two-level additive Schwarz methods [3, 33]. The coarse space proposed in
[33] guarantees an upper bound on the condition number that can be prescribed by
the user. The SPSD splitting in the context of domain decomposition presented in
[3] provides an algebraic view for the construction of coarse spaces. The combination
of these two works leads to a robust multilevel additive Schwarz method. Here,
robustness refers to the fact that at each level, an upper bound on the condition
number of the associated matrix can be prescribed by the user a priori. The rest
of the paper is organized as follows. In the next section, we present the notations
used throughout the paper. In section 2, we present a brief review of the theory of
one- and two-level additive Schwarz methods. We extend in section 3 the class of
SPSD splitting matrices presented in [3] in order to make it suitable for multilevel
methods. Afterwards, we define the coarse space at level ¢ based on the extended
class of local SPSD splitting matrices associated with this level. Section 4 describes
the partitioning of the domain at level ¢ + 1 from the partitioning at level i. In
section 5, we explain the computation of the local SPSD matrices associated with each
subdomain at level ¢ + 1. We compute them using those associated with subdomains
at level 4. Section 6 presents numerical experiments on highly challenging diffusion
and linear elasticity problems in two- and three-dimensional problems. We illustrate
the theoretical robustness and practical usage of our proposed method by performing
strong scalability tests up to 8,192 processes.
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Context and notation. By convention, the finest level, on which (1.1) is de-
fined, is the first level. A subscript index is used in order to specify which level
an entity is defined on. In the case where additional subscripts are used, the first
subscript always denotes the level. For the sake of clarity, we omit the subscript cor-
responding to level 1 when it is clear from context, e.g., matrix A. Furthermore, the
subscripts ¢ and j always refer to a specific level ¢ and its subdomain j, respectively.
The number of levels is L + 1. Let A; € R™*™ denote symmetric positive definite
matrices, each corresponding to level e = 1,..., L+ 1. We suppose that a direct solver
can be used at level L 4+ 1 to compute an exact factorization of Ay ;.

Let B € RP*? be a matrix. Let P C [1;p] and @ C [1;¢] be two sets of
indices. The concatenation of P and @ is represented by [P, Q]. We note that the
order of the concatenation is important. B(P,:) is the submatrix of B formed by
the rows whose indices belong to P. B(:, Q) is the submatrix of B formed by the
columns whose indices belong to Q. B(P,Q) = (B(P,:)) (:,@). The identity matrix
of size p is denoted I,. We suppose that the graph of A; is partitioned into N;
nonoverlapping subdomains, where N; < n; and N; 11 < N; fori=1,..., L. We note
that partitioning at level 1 can be performed by using a graph partitioning library such
as ParMETIS [22] or PT-SCOTCH [11]. Partitioning at greater levels will be described
later in section 4. In the following, we define for each level i = 1,..., L notations
for subsets and restriction operators that are associated with the partitioning. Let
Q; = [1;n;] be the set of unknowns at level ¢, and let Q; ; ; for j =1,..., N; be the
subset of €); that represents the unknowns in subdomain j. We refer to €); ; ; as the
interior unknowns of subdomain j. Let I'; ; for j = 1,..., N; be the subset of {2; that
represents the neighbor unknowns of subdomain j, i.e., the unknowns at distance 1
from subdomain j through the graph of A;. We refer to I'; ; as the overlapping
unknowns of subdomain j. We denote Q; ; = [Q,, 1, Ii;], for j = 1,..., N;, the
concatenation of interior and overlapping unknowns of subdomain j. We denote
A@j, for j = 1, .. .,N,’, the complementary of Qi,j in Qi; i.e., Ai,j = Qz \ Q@j. In
Figure 1.1, a triangular mesh is used to discretize a square domain. The set of
nodes of the mesh is partitioned into 16 disjoint subsets 2y ;r, which represent a
nonoverlapping decomposition, for j = 1,...,16 (left). On the left, a matrix A;
whose connectivity graph corresponds to the mesh is illustrated. The submatrix
A1 (15,1, 5.1) 1s associated with the nonoverlapping subdomain j. Each submatrix
A1(Q1,5,1, 5,1) is colored with a distinct color. The same color is used to color the
region that contains the nodes in the nonoverlapping subdomain € ; ;. Note that if
two subdomains ji, jo are neighbors, the submatrix A;(Q4 j, 1, 5,,r) has nonzero
elements. For j =1,...,NV;, we denote by n; ; 1, v;; and n, ; the cardinality of €2, ; r,
I'; ; and € ;, respectively.

Let R; ;1 € R"31%™ be defined as R; j 1 = In, (i 5.1,1).

Let R; jr € R7*™ be defined as R; jr = I, (I'i 5,:).

Let R; ; € R™*™ be defined as R; ; = I, (€ ;,:).

Let R; ;A € Rmi=ni)%ni e defined as Rijn=1I,(A;:).

Let P;; = Ln, ([Q4,1,Ti5,Ai ], 1) € R"*™ be a permutation matrix associated with
the subdomain j, for j = 1,..., N;. The matrix of the overlapping subdomain j,
R; jA;R/ ., is denoted A; ;. We denote D;; € R™.>X"i j = 1,..., N;, any set of

1,57
nonnegative diagonal matrices such that

N;
-
I, =) R{;Di;Ri;.
j=1
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Q5.1

Q1,12,-’ Q1,15,1

Fic. 1.1. Left: a triangular mesh is used to discretize the unit square. The set of nodes of the
mesh is partitioned into 16 disjoint subsets, nonoverlapping subdomains, Q1 ;1 for j = 1,...,16.
Right: Illustration of the matriz A1 whose connectivity graph corresponds to the mesh on the left.
The diagonal block j of A1 corresponds to the nonoverlapping subdomain Q0 j 1. Each submatriz
A1(Q1,5,1,Q1,5,1) s colored with a distinct color. The same color is used to color the region of the
square that contains nodes in 1 j 1.

We refer to {Dj;}, <y, as the algebraic partition of unity. Let V; € R"*™+1 be

a tall-and-skinny matrix of full rank. We denote S; the subspace spanned by the

columns of V;. This subspace will stand for the coarse space associated with level i.

By convention, we refer to S; as subdomain 0 at level 4. Thus, we have n; o = n;41.
The interpolation operator at level i is defined as

N;
Rip: [[R" - R™
=0
(1.2) .
(W)ocjcn, = ZRL“J‘

Jj=0

Finally, we denote V; ; the set of neighboring subdomains of each subdomain j at
level ¢ for (4, 5) € [1; L] x [1; N;]:

Vi,j = {k € H].,NZ]] : Qi’j n Qi,k 7& (Z)}

As previously mentioned, partitioning at level 1 can be performed by graph parti-
tioning libraries such as ParMETIS [22] or PT-SCOTCH [11]. Partitioning at further
levels will be defined later: The sets Q; ; 1, 2, ;r, €, and A; ; for 4 > 1 are defined
in subsection 4.2. The coarse spaces S; as well as the projection and prolongation
operators Vi—r and V; are defined in subsection 3.2. We suppose that the connectivity
graph between the subdomains on each level is sparse. This assumption is not true in
general; however, it is valid in structures based on locally constructed coarse spaces
in domain decomposition as we show in this paper; see [18, Section 4.1, p. 81] for the
case of two levels.

2. Background. In this section, we review briefly several theoretical results
related to additive Schwarz preconditioners. We introduce them for the sake of com-
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pleteness.

LEMMA 2.1 (fictitious subspace lemma). Let A € R"4*"4 B € R"BX"B be two
symmetric positive definite matrices. Let Z be an operator defined as

Z: R — R

v = R,

and let ZT be its transpose. Suppose that the following conditions hold:
1. The operator % is surjective.
2. There exists ¢, > 0 such that

(#v)" A(#v) < cuv' By Yo e R,

3. There exists ¢; > 0 such that for all v,, € R" Jv,, € R"B|v,, = Rv,,
and

cleBanB < (%vnB)TA(%’vnB) = UZAAvnA.

Then, the spectrum of the operator ZB~'#" A is contained in the segment [c;, c,].
Proof. We refer the reader to [12, Lemma 7.4, p. 164] or [28, 27, 13] for a detailed

proof. 0
LEMMA 2.2. The operator %; 2 as defined in (1.2) is surjective.
Proof. The proof follows from the definition of %; > (1.2). d
LEMMA 2.3. Let k; . fori =1,...,L be the minimum number of distinct colors

so that {span{sz}}lgjgNi of the same color are mutually A;-orthogonal. Then, we
have

(%i,ZUBi)T Ai (% 2u8,)

N; N
< (kie +1) Zu; (Ri’inR;l,—j) uj,  Vup, = (uj)ogjg]vi € H R™57.
=0 =0

Proof. We refer the reader to [9, Theorem 12, p. 93] for a detailed proof. O

We note that at level i, the number ;. is smaller than the maximum number of
neighbors over the set of subdomains [1; NV;]
kic < lgjligjiv #Vi 5.
Due to the sparse structure of the connectivity graph between the subdomains at

level 4, the maximum number of neighbors over the set of subdomains [1;N;] is
independent of the number of subdomains N;. Then, so is k; ..

LEMMA 2.4. Letua, € R™ andup, = {u;}oc;cn, € H;V:io R™3 such that ua, =
Zioup;. The additive Schwarz operator without any other restriction on the coarse
space S; verifies the following inequality

N,; Ni
Zu;r (R7JA2RI]) U g ZUXZ_AiUAi + (2ki,c + 1) ZU;Ri7inRIjUj,
7=0 Jj=1

where k; . is defined in Lemma 2.3.
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Proof. We refer the reader to [12, Lemma 7.12, p. 175] to view the proof in
detail. 0

LEMMA 2.5. Let A, B € R™*™ be two SPSD matrices. Let ker(A), range(A) de-
note the null space and the range of A, respectively. Let Py be an orthogonal projection
on range(A). Let T be a positive real number. Consider the generalized eigenvalue
problem,

P()BPOuk = AkAUk,
(ug, Ar) € range(A) x R.

Let P. be an orthogonal projection on the subspace
7Z = ker(A) @ span{ug| A > 7};
then, the following inequality holds:
(2.1) (u—Pu) B(u—Pu)<7tu' Au Yu € R™.
Proof. We refer the reader to [3, Lemma 2.4] and [12, Lemma 7.7] for a detailed
proof. ]

2.1. GenEO coarse space. In [33, 12] the authors present the GenEO coarse
space which relies on defining appropriate SPSD matrices /ij eR"™ ™ forj=1,...,N.
These are the unassembled Neumann matrices, corresponding to the integration on
each subdomain of the operator defined in the variational form of the PDE. These
matrices are local, i.e., Rj7AAj = 0. Furthermore, they verify the relations

qulju <u'Au Vue R™,

N
UT Zx‘i]u < kGenEouTAu Yu € Rn,
Jj=1

where kgeneo < N is the maximum number of subdomains that share an unknown.
2.2. Local SPSD splitting of an SPD matrix. In [3], the authors present

the local SPSD splitting of an SPD matrix. Given the permutation matrix P;, a local
SPSD splitting matrix A; of A associated with subdomain j is defined as

R;1AR], R;[AR]
(2.2) P;A;P) = R;rAR], A, ,
0

where fl% € R %7 satisfies the two following conditions: For all u € R,
(] UT(RLFAR;I)(RJ'JARII>_1(Rj)[AR;:F)U < ulejyu,
o uTAu<u (RirAR]y) — (RyrAR] A)(RyaAR] 4) " (R; AR ) Ju.
The authors prove that the matrices A; defined in such a way verify the following
relations:

(2.3) RjAA; =0,

(2.4) u'Aju<u'Au VueR",
N

(2.5) u' Zflju <ku'Au VueR",
j=1

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where k is a number that depends on the local SPSD splitting matrices and can be
at most equal to the number of subdomains k£ < N. The authors also show that the
local matrices defined in GenEO [33, 12] can be seen as a local SPSD splitting.

In [3], the authors highlight that the key idea to construct a coarse space relies
on the ability to identify the so-called local SPSD splitting matrices. They present
a class of algebraically constructed coarse spaces based on the local SPSD splitting
matrices. Moreover, this class can be extended to a larger variety of local SPSD
matrices. This extension has the advantage of allowing to construct efficient coarse
spaces for a multilevel structure in a practical way. This is discussed in the following
section.

3. Extension of the class of coarse spaces. In this section we extend the
class of coarse spaces presented in [3]. To do so, we present a class of matrices that is
larger than the class of local SPSD splitting matrices. This will be our main building
block in the construction of efficient coarse spaces. Furthermore, this extension can
lead to a straightforward construction of hierarchical coarse spaces in a multilevel
Schwarz preconditioner setting.

3.1. Extension of the class of local SPSD splitting matrices. Regarding
the two-level additive Schwarz method, the authors of [3] introduced the local SPSD
splitting related to a subdomain as defined in (2.2). As it can be seen from the theory
presented in that paper, it is not necessary to have the exact matrices R; IAR;':I,
Rj ARy, and R;rAR]; in the definition of the local SPSD splitting in order to
build an efficient coarse space. Indeed, the one and only necessary condition is to
define for each subdomain j an SPSD matrix Aj for j =1,..., N such that

R;jaA; =0,

(3.1) N
u' ZAju <ku'Au VueR",
j=1

where k is a number that depends on the local SPSD matrices flj forj=1,...,N.
The first condition means that A; has the local SPSD structure associated with
subdomain j, i.e., it has the following form:

- Al L0
PjAjP]T( o 0>’

where A7 . € R"*™ . The second condition is associated with the stable decom-
position f)roperty [36, 12]. Note that with regard to the local SPSD matrices, the
authors in [33] only use these two conditions. That is to say, with matrices that verify
conditions (3.1) the construction of the coarse space is straightforward through the
theory presented in either [33] or [3]. To this end, we define in the following the local
SPSD (LSPSD) matrix associated with subdomain j as well as the associated local
filtering subspace that contributes to the coarse space.

DEFINITION 3.1 (LSPSD matrices). An SPSD matriz A; ; € R™*™ s called
LSPSD with respect to subdomain j if
o RijndAi;=0,
o ul Z;V:ll Awu < ku' A,
where k; > 0.
We note that the LSPSD splitting matrices form a subset of the LSPSD matrices.
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3.2. Multilevel coarse spaces. This section summarizes the steps to be per-
formed in order to construct the coarse space at level ¢ once we have the LSPSD
matrices associated with each subdomain at that level.

DEFINITION 3.2 (coarse space based on LSPSD matrices). Let A; ; € R™*™ for
j=1,...,N; be LSPSD matrices. Let D;; € R™ for j =1,...,N; be the partition
of unity. Let 7; > 0 be a given number. For a subdomain j € [1; N;], let

Gij=Di; (Ri;j AR} ) Dij.

Let IE’M be the projection on mnge(Ri,jfinIj) parallel to ker(R@jAjRIj). Let K; ; =
ker(Ri7jA17jRZj). Consider the generalized eigenvalue problem:

D D A T
PGPk = Niji i Ai R i g

(3.2) 74 s
(Ui,j ks Aijik) € range(R; jAi jR; ;) x R.

Set

(3.3) Zij = Kij @ span{u; jk|Nijr > 7i} -

Then, the coarse space associated with LSPSD matrices fli,j forj=1,...,N; at level i
is defined as
N;
(3.4) Si=E@DR;Di;Zi;.
j=1

Following notations from section 1, the columns of V; span the coarse space S;. The
matriz A;11 is defined as

(3.5) Aipr =V, AV

The LSPSD splitting matrices at level 1 will play an important role in the con-
struction of the LSPSD matrices at subsequent levels. In the following, we present an
efficient approach for computing LSPSD matrices for levels greater than 1.

4. Partitioning for levels strictly greater than 1. In this section, we ex-
plain how to obtain the partitioning sets §; ; ; for (i,7) € [2; L] x [1; N;]. Once the
sets €; ;5 for j =1,..., N; are defined at level 7, the following elements are readily
available: sets I'; ;, A; ;, and ), ;; restriction operators R; j 1, Ri jr, Rija, and R;
permutation matrices P; ; for j = 1,..., N;. The partition of unity is constructed in
an algebraic way. The mth diagonal element of D; ; is 1 if m < n; ;1 and 0 otherwise.

4.1. Superdomains as unions of several subdomains. In this section, we
introduce the notion of a superdomain. It refers to the union of several neighboring
subdomains. Let G;1,...,G; n,., be disjoint subsets of [1; N;], where U;V;T Gij =
[1; N;]. We call the union of the subdomains {k € [1; N;] : k € G; ; } superdomain j,
for j =1,...,N;y1. Figure 4.1 gives an example of how to set superdomains. Though
this definition of superdomains may look somehow related to the fine mesh, it is in
practice done at the algebraic level, as explained later on. Note that the indices of
columns and rows of A;;; are associated with the vectors contributed by the subdo-
mains at level ¢ in order to build the coarse space S;; see Figure 4.2. Hence, defining
subdomains on the structure of A;;; is natural once we have the subsets G; ;, for
j=1,...,Nji1.
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D81 Q13,1

91,12,1 Q1,15,1

FIG. 4.1. Left: 16 subdomains at level 1. Right: 4 superdomains at level 1. Gy j = [4(j — 1) +
L4 —1) +4].

(RI],D//:JZj.l)TAz(RiTlDi.lzzﬁ,l)

(R!3Di3Z:3) " Ai(R] 4D 4Z; 4)

Fia. 4.2. Illustration of the correspondence of indices between the columns of V; (left) and the
rows and columns of A;y1 (right). Having no overlap in V; is possible through a nonoverlapping
partition of unity.

4.2. Heritage from superdomains. Let e; ; be the set of indices of the vectors
that span R;':jDLjZi,j in the matrix V; for some (4,7) € [1;L — 1] x [1; N;]J; see
Figure 4.2. We define Q; 1 ;1 = Ureg, ;€ik, for j =1,..., N;iy1. We denote Q11 ;1
the subset of [1;7;11]\ Q1,51 whose elements are at distance 1 from ;1 ; ; through
the graph of A;;. We note that

Qit1,45r C U U €4,k

PEGi,; kE€EVip

where V; ; represents the set of subdomains that are neighbors of subdomain j at
level ¢ for j =1,..., N;. The overlapping subdomain j is defined by the set ;11 ; =
(Qit1,5,1,Q+1,5r). The rest of the sets, restriction, and prolongation operators can
be defined as given in section 1.
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5. LSPSD matrices for levels strictly greater than 1. In [33, 12, 3], dif-
ferent methods are suggested to obtain LSPSD splitting matrices at level 1. These
matrices are used to construct efficient two-level additive Schwarz preconditioners.
Here in this section, we do not discuss the construction of these matrices at level 1.
We suppose that we have the LSPSD matrices ;117]- e R™>™ for j =1,...,N;. We
focus on computing LSPSD matrices A; ; € R™*™ for (i,5) € [2; L] x [1; N;]. We also
suppose that the coarse space S is available, i.e., the matrices V] and Ay = VlTAlVl
are known explicitly.

PROPOSITION 5.1. Let i be a fized level index, and let fl” be an LSPSD of A;,
(see Definition 3.1), associated with subdomain j, for j = 1,...,N;. Let G;1,...,
Gi, N, be a set of superdomains at level i associated with the partitioning at level i+41;
see subsection 4.1. Let V,| be the restriction matriz to the coarse space at level i.
Then, the matrix Ai+17j, which is defined as

Aig1; = Z Vi" ALV,
keg;. ;

satisfies the conditions in Definition 3.1. That is, Ai+17j is LSPSD of A;+1 with
respect to subdomain j for 5 =1,..., Njyq.

Proof. To prove that AH_Lj is LSPSD of A;41 with respect to subdomain j, we

have to prove the following:

® Rit1jaAiy1; =0,

o ul Zjvzwil AiJrLjU < ki+1’LLTAi+1u for all u € R™i+1,
First, note that R; wA; g =20 for all nonneighboring subdomains k& of subdomain j.
This yields Z; le N wA; i,; = 0 for these subdomains k.

Now, let m € [1;1;41] \ Qit1,;. We will show that the mth row of zzli+17j is zero.
Following the partitioning of subdomains at level ¢ 4- 1, there exists a subdomain 2,
such that the mth column of V; is part of R, pOD 7,,0Z1 po- We denote this column
vector by v,,. Furthermore, the subdomain pg is not a neighbor of any subdomain
that is a part of the superdomam G; ;. Hence, UT AZ =0 for k € G; j. The mth row
of Ajyyj is given as v, Zkegi‘ A; xVi. Then, v, > okeg, A , Aikg =0, and the mth row
of fliHJ is zero.

To prove the second condition, we have

TilAL_HJU—u il Z V AlkVu

J=1 k€Gi,;

Since {Gi;}1¢;<n,,, form a disjoint partitioning of [1; N;], we can write

Niy1
u' g AHLJU—uTg VTA,kVu
Jj=1 k=1
N;
:uTViT E A; i Viu.
k=1
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A; i, is an LSPSD matrix of A4; for k =1,..., N;. Hence, we have

Nit1
UT Z Aiﬂ,ju < k’l’U,TV;TAJ/ZU
j=1
S kiuTA,'_,_lu.
We finish the proof by setting k;+1 = k;. 0

Figure 5.1 gives an illustration of the LSPSD construction provided by Proposi-
tion 5.1. Figure 5.1 (top left) represents the matrix A;. The graph of A; is partitioned
into 16 subdomains. Each subdomain is represented by a different color. Figure 5.1
(top right) represents the matrix V; whose column vectors form a basis of the coarse
space Sy. Colors of columns of V; correspond to those of subdomains in A;. Figure 5.1
(bottom left) represents the matrix Ay = V;T A;V;. Note that column and row indices
of As are associated with column indices of V7. Four subdomains are used at level 2.
The partitioning at level 2 is related to the superdomain Gy ; = [4(j—1)+1;4(j—1)+4]

L '
o m . i
. im 0

(R311D1,11Z1,11)TA1(RL;DL(;ZL(S)
(H/le)l.izl.i) Ay(Ry D117 1)

L

Fic. 5.1. [lllustration of the LSPSD construction provided by Proposition 5.1. Top left:
the matriz Ay, top right: Vi, bottom left: the matric Ax = VlTA1V1, bottom right: A1 =
Ejegl L VlTAlijh where G11 =1,...,4.
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for j = 1,...,4. Figure 5.1 (bottom right) represents an LSPSD matrix of Ay with
respect to subdomain 1 at level 2.

Theorem 5.2 shows that the third condition of the fictitious subspace Lemma 2.1
holds at level i for i =1,..., L.

THEOREM 5.2. Let /le' be an LSPSD of A; associated with subdomain j, for
(i,5) € [1; L] x [1;N:]. Let 7; > 0, Zi; be the subspace associated with A, j, and
P ; be the projection on Z; ; as defined in Lemma 2.5. Let u; € R™, and let u; ; =
(Di,j (In,-,,- - PM) R,-Jui) for (i,5) € [1; L] x [1; N;]. Let u; 0 be defined as

N;
U0 = (ViTVi)il ViT ZRZjDi,jR,jRi,jui
j=1

Let m; = (24 (2k; . + Dki;)~". Then,

N;
-
Ui = E R; juij,
Jj=0

and
N;
(51) my; ZUIij‘AiRIj“m’ < UJ—AZ’LLl
§=0
Proof. We have
Ni 1 Ni Ni
S RLuwi; =Vi(V;TVi) VT[> RIDi PR jui | >R
§=0 j=1 j=1

Since for all y € S;, V; (Vi—'—Vi)_1 V,Ty =y, we have

T — T P .. . . . T .. P .. .. .
E R; ju;j = E R; iD; ;P iR ju; + E R; ; (Dij (In;; — Pij) Rijui)
=0 =1 =1

N;

I
(]

-
R; ;D; ;R; ju;,
=1

|
S s

7

To prove the inequality (5.1), we start with the inequality from Lemma 2.4. We
have

N; N;
(52) Z “IjRi.,inR;,rj“i,j g QUJ—AZ’LLZ + (Qki,c + 1) Z quRiyinRZjui,j,
7=0 j=1

where we chose ug, in Lemma 2.4 to be (u; j)j=0,....n, and ua, = u,;. In Definition 3.2,
we defined Z; ;, such that for all w € R™*7 we have

((Inz] - ij)w)—r (Di7jRivinR;,erivj) (([n,j - Pm‘)w) < Tin(RiJAiJRiT,j)w'
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Hence, in the special case w = R; ju;, we can write
T
((In.; = Pij)Rijui)  (DijRijAiR{;Dij) ((In,; — Pij)Rijus)
< 7i(Rijus) T (Rij A s R ) (R jus).
Equivalently,
i Ri,inRiTjuiJ' < Ti(Ri7jui)TRi7in,jRZj(Ri7jui).

Plugging this inequality in (5.2) gives

N; N;
ZquRivinRiTjuiJ < Qu;rAiu’L (2k; ot 1) Z ]Uz TRIL ]A JR (Rmuz)
=0 j=1

Since 4, ; is local, we have
(Ri,j’ui)TRi’j/LJRIJ-(R%‘,J‘UZ‘) = u;r[li,jui, for ] = 1, ey Ni.

By using the fact that flivj is LSPSD of A; for j =1,..., N;, we obtain the following:

N;
Z quRi,inRZjuiJ < QuIAzuz + (2]4)1‘,0 + 1) leluzTAzul
=0

Multiplying both sides with m; ends the proof; i.e.,

N;
§ : T T T

my; ui’jRi,inRiyjui,j < u; Aluz 0
=0

In [3], the authors presented the minimal subspace that replaces Z; ; (defined in (3.3)
and used in Theorem 5.2) that is required to prove Theorem 5.2. The main difference
with respect to the subspace that we define in (3.3) is that it is not necessary to include
the entire kernel of the LSPSD matrix, K; j, in Z; ;; see Definition 3.2. Nevertheless,
in this work, we include the entire kernel of the LSPSD matrix in the definition of
Z; ;. This allows us to ensure that the kernels of Neumann matrices are transferred
across the levels; see Theorem 5.4. And in addition, this corresponds to the definition
used in GenEO [12, Lemma 7.7] and to its implementation in the HPDDM library
[19].

Theorem 5.3 provides an upper bound on the condition number of the precondi-
tioned matrix Mi_lAi fori=1,...,L.

THEOREM 5.3. Let M; be the additive Schwarz preconditioner at level i combined
with the coarse space correction induced by S; defined in (3.4). The following inequality
holds:

KR (Mi_lAi) < (ki,c —+ ].) (2 + (Qk‘i’c + 1)](317'1) .

Proof. Lemma 2.2, Lemma 2.3, and Theorem 5.2 prove that the multilevel precon-
ditioner verifies the conditions in Lemma 2.1 at each level i. Hence, the spectrum of
the preconditioned matrix M; ! A; is contained in the interval [(2 + (2k;.. + 1)kirs) ",
k; c + 1]. Equivalently, the condition number of the preconditioned matrix at level i
verifies the following inequality:

K (M;7EAG) < (Kie +1) (24 (ki + Dk - 0
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Proposition 5.1 shows that the constant k; associated with the LSPSD matrices at
level 7 is independent of the number of levels and bounded by the number of subdo-
mains at level 1. Indeed,

klzlﬁ fori:2,...,L.

Furthermore, in the case where the LSPSD matrices at the first level are the Neumann
matrices, k; is bounded by the maximum number of subdomains at level 1 that share
an unknown.

The constant k; . for i = 1, ..., L is the minimum number of distinct colors so that
{span{R];}}1<j<n, of the same color are mutually A;-orthogonal. Both constants ;
and k; , are independent of the number of subdomains for each level :.

The constant 7; can be chosen such that the condition number of the precondi-
tioned system at level ¢ is upper bounded by a prescribed value. Hence, this allows
to have a robust convergence of the preconditioned Krylov solver at each level.

Algorithm 5.1 presents the construction of the multilevel additive Schwarz method
by using GenEQO. The algorithm iterates over the levels. At each level, three main
operations are performed. First, the construction of the LSPSD matrices. At level 1,
the LSPSD matrices are the Neumann matrices; otherwise, Proposition 5.1 is used
to compute them. Once the LSPSD matrix is available, the generalized eigenvalue
problem in (3.2) has to be solved concurrently. Given the prescribed upper bound on
the condition number, Z; ; can be set. Finally, the coarse space is available, and the
coarse matrix is assembled.

The following Theorem 5.4 describes how the kernel of Neumann matrices are
transferred across the levels.

Algorithm 5.1. Multilevel GenEO

Require: A; = A € R"*™ SPD, L + 1 number of levels, N; number of subdomains
at each level, G; ; sets of superdomains

Ensure: preconditioner at each level ¢, M,
M A,

I with bounded condition number of

1: fori=1,...,L do
2:  for each subdomain j =1,...,N; do
3: A= Ri,inRIj (local matriz associated with subdomain j)
4: if i =1 then
5: local SPSD /LJ is Neumann matrix of subdomain j
6: else
7 compute local SPSD matrix as

Aij = Z Vil A1 kVie

keg; j

8: end if
9: solve the generalized eigenvalue problem (3.2), set Z; ; as in (3.3)

10:  end for
N; T :
1: S = @j:l D; ;R; ;Zi;, Vi basis of S;
12:  coarse matrix A;;1 = ViTAiVi, Ajpq € RMbiH1Xmid1
13: end for

14 M7t = V,AZL VT + Z;-\L RTA7IR:
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THEOREM 5.4. Suppose that /L,j is the Neumann matriz associated with the

subdomain Q1 ; for j € [1; N1]. For (4,5) € [2; L] x [1; N;], let

e A;; be the LSPSD matrices associated with A; ; defined in Proposition 5.1,

o G;_1,; be the corresponding superdomains,
g}_Lj be the union of subdomains at level 1 which contribute hierarchically to
obtain Gi_1 j,
. Agi_l‘j be the Neumann matriz associated with g},l,j (seeing g},lyj as a

subdomain),
1

o Ag, ,; be the restriction of A to the subdomain G;_, ;.
Then, the kernel of Agiilyj is included in the kernel of ( ;;i VA, ( ;;i )T,

Proof. First, note that for any LSPSD matrix computed as in Proposition 5.1, we
have

() () () () 5 () (1)

Moreover, due to the fact that flgi_u and fll,k are Neumann matrices, we have

qulgifl’ju < u' Z fh’ku < kluT[lgifl_’ju.
keg}

On one hand, the kernels of 1411) , for k € Qi{ ; are included, by construction, in the im-
age of V1; see Definition 3.2. So is their intersection which is the kernel of 7, (o1 Ay g
5]

On the other hand, the previous two-sided inequality implies that the kernels of flgifl,j
and ) ,cq1 A1y are identical. Hence, the kernel of Ag, , ; is included in the image
1,7

of QQT, where Q = ( ;;i Vi). 0

Theorem 5.4 proves that the kernel of the Neumann matrix of a union of subdomains
at level 1 that hierarchically contribute to form a subdomain at level 7 is conserved by
the construction of the hierarchical coarse spaces. For example in the case of linear
elasticity, it is essential to include the rigid body motions in the coarse space in order
to have a fast convergence. As these are included in the kernel of the Neumann matrix
of the subdomain, the hierarchical coarse space includes them, consequently.

6. Numerical experiments. In this section, the developed theory is validated
numerically with FreeFEM [14] for finite element discretizations and HPDDM [19]
for domain decomposition methods. We present numerical experiments on two highly
challenging problems illustrating the efficiency and practical usage of the proposed
method. For both problems, we use N7 = 2,048 MPI processes (equal to the number
of subdomains at level 1), and the domain partitioning is performed using ParMETIS
[22], with no control on the alignments of subdomain interfaces. We compare the
two-level GenEO preconditioner and its multilevel extension by varying No between 4
and 256. For the two-level method, Ns corresponds to the number of MPI processes
that solve the coarse problem in a distributed fashion using MKL CPARDISO [17].
For the multilevel method, N3 is set to 1; i.e., a three-level method is used. The goal
of these numerical experiments is to show that when one switches from a two-level
method with an exact coarse solver, to our proposed multilevel method, the number
of outer iterations is not impacted. Thus, three levels are sufficient. As an outer
solver, since all levels but the coarsest are solved approximately, the flexible GMRES

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/30/21 to 77.153.113.132 by Laura Grigori (laura.grigori@inria.fr) Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

HIERARCHICAL ROBUST COARSE SPACES A1923

[31] is used. It is stopped when relative unpreconditioned residuals are lower than
10~5. Subdomain matrices {Ai,jhgigz,lgjgm are factorized concurrently using MKL
PARDISO, and eigenvalue problems are solved using ARPACK [24]. In both two- and
three-level GenEO, we factorize the local matrices A; ; for j € [1; N1] and solve the
generalized eigenvalue problems concurrently at the first level. For this reason, we
do not take into account the time needed for these two steps which are performed
without any communication between MPI processes. We compare the time needed
to assemble and factorize A, in the two-level approach against the time needed to
assemble A, and local SPSD matrices Az’j for j € [1; N3], solve the generalized
eigenvalue problems concurrently on the second level, assemble, and factorize the
matrix As in the three-level approach. We also compare the time spent in the outer
Krylov solver during the solution phase. Readers interested by a comparison of the
efficiency of GenEO and multigrid methods such as GAMG [1] are referred to [18].
FreeFEM scripts used to produce the following results are available at the following
URL: https://github.com/prj- /aldaas2019multi.

6.1. Diffusion test cases. The scalar diffusion equation with highly heteroge-
neous coefficient « is solved in [0,1]¢ (d = 2 or 3). The strong formulation of the
equation is

-V (kVu)=1 inQ,
u=0 onlIp,

g—z =0 only.

The exterior normal vector to the boundary of 2 is denoted n. I'p is the subset of the
boundary of €2 corresponding to x = 0 in two dimensions and three dimensions. I'jy is
defined as the complementary of I'p with respect to the boundary of 2. We discretize
the equation using Py and P4 finite elements in the three-dimensional (3D) and two-
dimensional (2D) test cases, respectively. The number of unknowns is 441 x 10° and
784 x 10%, with approximately 28 and 24 nonzero elements per row in the 3D and 2D
cases, respectively. The heterogeneity is due to the jumps in the diffusion coefficient
k; see Figure 6.1, which is modeled using a combination of jumps and channels; cf.
the file coefficients.idp from https://github.com/prj- /aldaas2019multi.

The results in two dimensions are reported in Table 6.1. The number of outer
iterations for both two- and three-level GenEQO is 32. The size of the level 2 operator
is ng = 25 x 2,048 = 51,200. In all numerical results, the number of eigenvectors
per subdomain, here 25, is fixed. This is because ARPACK cannot a priori com-
pute all eigenpairs below a certain threshold, and an upper bound has to be pro-
vided instead. HPDDM is capable of filtering the eigenpairs for which eigenvalues
are above the user-specified GenEO threshold from Lemma 2.5. However, this means
that the coarse operator may be unevenly distributed. With a fixed number of eigen-
vectors per subdomain, it is possible to use highly optimized uniform MPI routines
and block matrix formats. Hence, for performance reasons, all eigenvectors computed
by ARPACK are kept when building coarse operators. It is striking that the multi-
level method does not deteriorate the numerical performance of the outer solver. For
the two-level method, the first column corresponds to the time needed to assemble
the Galerkin operator A, from (3.5) (assuming V; has already been computed by
ARPACK) and to factorize it using No MPI processes. For the three-level method,
the first column corresponds to the time needed to assemble level 2 local subdomain
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1.7-108

1-106

5-10°

F1a. 6.1. Variation of the coefficient k used for the diffusion test case.

TABLE 6.1
Diffusion 2D test case, comparison between two- and three-level GenEQO. The percentage of
nonzero entries in A1 is 0.3%.

Two-Level GenEO Three-Level GenEO
No | CS Solve % ofnnz As | CS Solve Innerit. % of nnz As
4 | 2.4 11.9 6.5 274 14 56.0
16 1.8 11.3 0.19 3.6 15.4 15 19.0
64 1.9 12.1 : 3.0 16.7 14 5.5
256 | 2.4 18.4 2.8 13.9 13 1.4

matrices {Asz;}, <G<Na? level 2 local SPSD matrices, solve the generalized eigenvalue
problem (3.2) concurrently, assemble the Galerkin operator As, and factorize it on
a single process. The size of the level 3 operator is ng3 = 20 X Ny. For both two-
and three-level methods, the second column is the time spent in the outer Krylov
solver once the preconditioner has been set up. In the last column of the three-level
method, the number of inner iterations for solving systems involving As, which is not
inverted exactly anymore, is reported. For all tables, this column is an average over
all successive outer iterations. Another important numerical property of our method
is that, thanks to fully controlled bounds at each level, the number of inner iterations
is low, independently of the number of superdomains N;. Because this problem is
not large enough, it is still tractable by a two-level method, for which HPDDM was
highly optimized for. Thus, there is no performance gain to be expected at this scale.
However, one can notice that the construction of the coarse operator(s) scales nicely
with Ny for the three-level method, whereas the performance of the direct solver
MKL CPARDISO quickly stagnates because of the finer and finer parallel workload
granularity.

The results in three dimensions are reported in Table 6.2. The number of outer
iterations for both the two- and three-level GenEO is 19. The observations made
in two dimensions still hold, and the dimensions of As and A3 are the same. Once
again, it is important to note that the number of outer iterations is the same for both
methods.
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TABLE 6.2
Diffusion 3D test case, comparison between two- and three-level GenEO. The percentage of
nonzero entries in Ay is 0.5%.

Two-Level GenEO Three-Level GenEO
Ny | CS  Solve % of nnz Ao CS Solve Innerit. % of nnz As
41 7.0 20.9 16.9  43.6 17 62.0
16 | 5.0 19.8 0.36 7.7 26.7 17 28.0
64 | 5.1 20.1 ’ 5.8 32.7 15 8.9
256 | 5.2 24.1 5.3 22.6 14 2.6

F1c. 6.2. Variation of the structure coefficients used for the elasticity test case.

6.2. Linear elasticity test cases. The system of linear elasticity with highly
heterogeneous elastic moduli is solved in two dimensions and three dimensions. The
strong formulation of the equation is given as

divo(u)+ f=0 inQ,
(6.1) u=0 onIp,
o(w)-n=0 onTy.
The physical domain €2 is a beam of dimensions [0,10] x [0, 1], extruded for z €

[0,1] in three dimensions. The Cauchy stress tensor o(-) is given by Hooke’s law; it
can be expressed in terms of Young’s modulus F and Poisson’s ratio v.

a(u) — Qﬂ&j(u), 27&])
Y 2peq(u) + Adiv(u), i=j,

where
Ev

1—2v°

1 ; :
sij(u)=§<8u + 5 ,and A =

B
ox; 0z, ) " T 21+ v)

The exterior normal vector to the boundary of €2 is denoted n. I'p is the subset of the
boundary of €2 corresponding to x = 0 in two dimensions and three dimensions. I'jy is
defined as the complementary of I'p with respect to the boundary of 2. We discretize
(6.1) using the following vectorial finite elements: (Pg,Ps,P3) in three dimensions
and (P3,P3) in two dimensions. The number of unknowns is 146 x 105 and 847 x
10%, with approximately 82 and 34 nonzero elements per row in the 3D and 2D
cases, respectively. The heterogeneity is due to the jumps in E and v. We consider
discontinuous piecewise constant values for E and v: (Ep,v;) = (2 x 10'1,0.25),
(E2,v9) = (107,0.45); see Figure 6.2.

Results in two (resp., three) dimensions are reported in Table 6.3 (resp., Table
6.4). The number of outer iterations are 73 and 45, respectively. For these test
cases, we slightly relaxed the criterion for selecting eigenvectors in coarse spaces,
which explains why the iteration counts increase. However, the same observations
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TABLE 6.3
Elasticity 2D test case, comparison between two- and three-level GenEO. The percentage of
nonzero entries in A1 is 0.4%.

Two-Level GenEO Three-Level GenEO
Ny | CS  Solve % of nnz Ao CS Solve Inmer it. % of nnz As
4 | 4.8 52.7 22.5 179.3 31 43.0
16 | 3.9 50.3 0.18 9.3 124.9 57 17.0
64 | 4.0 53.1 ’ 7.2 71.5 34 4.9
256 | 4.8 63.2 6.8 71.2 44 1.4
TABLE 6.4

FElasticity 3D test case, comparison between two- and three-level GenEO. The percentage of
nonzero entries in A1 is 3.3%.

Two-Level GenEO Three-Level GenEO
No CS Solve % of nnz A, CS Solve Innerit. % of nnz As
4 | 28.5 46.9 78.9  296.7 23 43.0
16 | 17.3 35.4 0.38 24.5 1245 23 19.0
64 15.0 33.2 ’ 15.4 62.2 21 7.9
256 | 13.6 40.7 10.6 50.7 23 2.5
TABLE 6.5

FElasticity 3D test case, comparison between two- and three-level GenEQ.

Two-Level GenEO Three-Level GenEO
No CS Solve CS Solve  Inner it.
256 | 40.8 222.5 35.1 90.1 11

as for the diffusion test cases still hold. The dimension of the level 2 matrix is
ny = 50 x 2,048 = 1.02 - 10°, while for the level 3 matrix it is n3 = 20 x Ny. This
means that 50 (resp., 20) eigenvectors are kept per level 1 (resp., level 2) subdomains.
We observe that the number of iterations of the inner solver increases slowly when
increasing the number of subdomains from 4 to 256 in the 2D case and remains
almost constant in the 3D case. In terms of runtime, the two-level GenEQO is faster
than three-level GenEO for these matrices of medium dimensions.

To show the potential of our method at larger scales, a 3D linear elasticity problem
of size 593 x 10° is now solved on N; = 16,384 processes and Ny = 256 superdomains.
With the two-level method, A, is assembled and factorized in 40.8 seconds. With the
three-level method, this step now takes 35.1 seconds; see Table 6.5. There is a two
iterations difference in the iteration count. Not taking into account the preconditioner
setup, the problem is solved in 222.5 seconds in the two-level case and 90.1 seconds in
the multilevel case. In this test case the cost of applying the two-level preconditioner
on a given vector is approximately twice the cost of applying the multilevel variant.
At this regime, it is clear that there are important gains for the solution phase. At
even greater scales, gains for the setup phase are also expected. Moreover, another
interesting fact to note regarding computation time is that the generalized eigenvalue
problems solved concurrently at the first level to obtain Vi actually represents a
significant part of the total time of 377.6 seconds (resp., 244.8 seconds) with the two-
(resp., three-) level method: 78.2 seconds. This cost can be reduced by taking a larger
number of (smaller) subdomains, with the drawback of increasing the size of V4 and
thus As. This drawback represents a clear bottleneck for the two-level method but is
alleviated by using the three-level method, making it a good candidate for problems
at greater scales.
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7. Conclusion. In this paper, we reviewed general properties of overlapping
Schwarz preconditioners and presented a framework for its multilevel extension. We
generalized the LSPSD splitting presented in [3] to cover a larger set of matrices lead-
ing to more flexibility for building robust coarse spaces. Based on LSPSD matrices
on the first level, we presented how to compute LSPSD matrices for coarser levels.
The multilevel solver based on hierarchical LSPSD matrices is robust and guarantees
a bound on the condition number of the preconditioned matrix at each level depend-
ing on predefined values. Numerical experiments illustrate the theory and prove the
efficiency of the method on challenging problems of large size arising from heteroge-
neous linear elasticity and diffusion problems with jumps in the coefficients of multiple
orders of magnitude.

Acknowledgments. We would like to thank the anonymous referees for their
comments and remarks that helped us improve the clarity of this manuscript.

REFERENCES

[1] M. F. Apams, H. H. BAYRAKTAR, T. M. KEAVENY, AND P. PAPADOPOULOS, Ultrascalable
implicit finite element analyses in solid mechanics with over a half a billion degrees of
freedom, in Proceedings of the 2004 ACM/IEEE Conference on Supercomputing, SC ’04,
IEEE Computer Society, 2004.

[2] M. F. Apams AND J. W. DEMMEL, Parallel multigrid solver for 3D unstructured finite element
problems, in Proceedings of the 1999 ACM/IEEE Conference on Supercomputing, SC ’99,
ACM, 1999.

[3] H. AL Daas AND L. GRIGORI, A class of efficient locally constructed preconditioners based on
coarse spaces, STAM J. Matrix Anal. Appl., 40 (2019), pp. 66-91.

[4] S. Bapia, A. MARTIN, AND J. PRINCIPE, Multilevel balancing domain decomposition at extreme
scales, STAM J. Sci. Comput., 38 (2016), pp. C22-C52.

[5] P. E. BJgrRsTAD, M. J. GANDER, A. LONELAND, AND T. RAHMAN, Does SHEM for additive
Schwarz work better than predicted by its condition number estimate?, in Proceedings of the
International Conference on Domain Decomposition Methods, Springer, 2017, pp. 129-137.

[6] A. Borzl, V. DE SIMONE, AND D. DI SERAFINO, Parallel algebraic multilevel Schwarz precon-
ditioners for a class of elliptic PDE systems, Comput. Vis. Sci., 16 (2013), pp. 1-14.

[7] M. BREZINA, A. CLEARY, R. FALGOUT, V. HENSON, J. JONES, T. MANTEUFFEL, S. MCCORMICK,
AND J. RUGE, Algebraic multigrid based on element interpolation (AMGe), SIAM J. Sci.
Comput., 22 (2001), pp. 1570-1592.

[8] X.-C. CA1 AND M. SARKIS, A restricted additive Schwarz preconditioner for general sparse
linear systems, SIAM J. Sci. Comput., 21 (1999), pp. 792-797.

[9] T. F. CHAN AND T. P. MATHEW, Domain decomposition algorithms, Acta Numerica, 3 (1994),
pp. 61—143.

[10] T. CHARTIER, R. D. FALGouT, V. E. HENSON, J. JONES, T. MANTEUFFEL, S. MCCORMICK,
J. RUGE, AND P. S. VASSILEVSKI, Spectral AMGe (pAMGe), SIAM J. Sci. Comput., 25
(2003), pp. 1-26.

[11] C. CHEVALIER AND F. PELLEGRINI, PT-SCOTCH: A tool for efficient parallel graph ordering,
Parallel Comput., 34 (2008), pp. 318-331.

[12] V. DOLEAN, P. JOLIVET, AND F. NATAF, An Introduction to Domain Decomposition Methods,
Society for Industrial and Applied Mathematics, Philadelphia, 2015.

[13] M. GRIEBEL AND P. OswALD, On the abstract theory of additive and multiplicative Schwarz
algorithms, Numer. Math., 70 (1995), pp. 163-180.

(14] F. HECHT, New development in FreeFem++, J. Numer. Math., 20 (2012), pp. 251-266.

[15] A. HEINLEIN, A. KLAWONN, O. RHEINBACH, AND F. ROVER, A Three-Level Extension of the
GDSW Ovwerlapping Schwarz Preconditioner in Three Dimensions, technical report, Uni-
versitat zu Koéln, November 2018.

[16] V. E. HENSON AND U. M. YANG, BoomerAMG: A parallel algebraic multigrid solver and pre-
conditioner, Appl. Numer. Math., 41 (2002), pp. 155-177.

(17] INTEL, MKL web page, 2019, https://software.intel.com/en-us/intel-mkl.

(18] P. JOLIVET, Domain decomposition methods. Application to high-performance computing, the-
ses, Université de Grenoble, Oct. 2014.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://software.intel.com/en-us/intel-mkl

Downloaded 10/30/21 to 77.153.113.132 by Laura Grigori (laura.grigori@inria.fr) Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

24]

[25]

[26]

Z < < o <

wn

AL DAAS ET AL.

. JOoLIVET, F. HECHT, F. NATAF, AND C. PRUD’HOMME, Scalable domain decomposition pre-
conditioners for heterogeneous elliptic problems, in Proceedings of the International Con-
ference on High Performance Computing, Networking, Storage and Analysis, SC13, ACM,
2013.

. JONES AND P. VASSILEVSKI, AMGe based on element agglomeration, STAM J. Sci. Comput.,

23 (2001), pp. 109-133.

. KaLcHEv, C. LEE, U. VILLA, Y. EFENDIEV, AND P. VASSILEVSKI, Upscaling of mized finite
element discretization problems by the spectral AMGe method, SIAM J. Sci. Comput., 38
(2016), pp. A2912-A2933.

. KARYPIS AND V. KUMAR, Multilevel k-way partitioning scheme for irregular graphs, J.
Parallel Distributed Comput., 48 (1998), pp. 96-129.

. KonG AND X.-C. CAl, A highly scalable multilevel Schwarz method with boundary geometry
preserving coarse spaces for 3D elasticity problems on domains with complex geometry,
SIAM J. Sci. Comput., 38 (2016), pp. C73-C95.

. LEHOUCQ, D. SORENSEN, AND C. YANG, ARPACK Users’ Guide: Solution of Large-Scale
Eigenvalue Problems with Implicitly Restarted Arnoldi Methods, vol. 6, Society for Indus-
trial and Applied Mathematics, Philadelphia, 1998.

. MANDEL, B. Sousepik, AND C. R. DOHRMANN, Multispace and multilevel BDDC, Comput-

ing, 83 (2008), pp. 55-85.

. MARQUES, A. DRUINSKY, X. S. L1, A. T. BARKER, P. VASSILEVSKI, AND D. KALCHEV,
Tuning the coarse space construction in a spectral AMG solver, Proc. Comput. Sci., 80
(2016), pp. 212-221.

. V. NEPOMNYASCHIKH, Mesh theorems of traces, normalizations of function traces and their

inversions, Russian J. Numer. Anal. Math. Model., 6 (1991), pp. 1-25.

. V. NEPOMNYASCHIKH, Decomposition and Fictitious Domains Methods for Elliptic Boundary

Value Problems, tech. report, New York University, NY, 1992.
. Noray, An aggregation-based algebraic multigrid method, Elec. Trans. Numer. Anal., 37
(2010), pp. 123-146.
. PECHSTEIN, Finite and Boundary Element Tearing and Interconnecting Solvers for Multi-
scale Problems, vol. 90, Springer Science & Business Media, New York, 2012.
SAAD, A flexible inner—outer preconditioned GMRES algorithm, SIAM J. Sci. Comput., 14
(1993), pp. 461-469.
SAAD, Iterative Methods for Sparse Linear Systems, 2nd ed., Society for Industrial and
Applied Mathematics, Philadelphia, 2003.
. SPILLANE, V. DOLEAN, P. HAURET, F. NATAF, C. PECHSTEIN, AND R. SCHEICHL, Abstract
robust coarse spaces for systems of PDEs via generalized eigenproblems in the overlaps,
Numer. Math., 126 (2014), pp. 741-770.

. TovaNEN, P. AVERY, AND C. FARHAT, A multilevel feti-dp method and its performance

for problems with billions of degrees of freedom, Int. J. Numer. Meth. Engrg., 116 (2018),
pp. 661-682.

. ToseLLl AND O. WIDLUND, Domain Decomposition Methods - Algorithms and Theory,
Springer Series in Computational Mathematics, Springer Berlin Heidelberg, 2005.

. Xu, Theory of Multilevel Methods, PhD thesis, Cornell University, 1989.
. ZAMPINI, PCBDDC: A class of robust dual-primal methods in PETSc, STAM J. Sci. Comput.,

38 (2016), pp. S282-S306.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



	Introduction
	Background
	GenEO coarse space
	Local SPSD splitting of an SPD matrix

	Extension of the class of coarse spaces
	Extension of the class of local SPSD splitting matrices
	Multilevel coarse spaces

	Partitioning for levels strictly greater than 1
	Superdomains as unions of several subdomains
	Heritage from superdomains

	LSPSD matrices for levels strictly greater than 1
	Numerical experiments
	Diffusion test cases
	Linear elasticity test cases

	Conclusion
	References

