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Abstract

We use hybrid-systems techniques for the analysis of reachability properties of a class of piecewise-affine (PA) differential equations that
are particularly suitable for the modeling of genetic regulatory networks. More specifically, we introduce a hyperrectangular partition of the
state space that forms the basis for a discrete abstraction preserving the sign of the derivatives of the state variables. The resulting discrete
transition system provides a qualitative description of the network dynamics that is well-adapted to available experimental data and that can
be efficiently computed in a symbolic manner from inequality constraints on the parameters.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

A class of piecewise-affine (PA) differential equations intro-
duced by Glass and Kauffman (1973) in the seventies has been
shown particularly suitable for modeling so-called genetic reg-
ulatory networks, networks of genes, proteins, small molecules,
and their mutual interactions that are involved in the control of
intracellular processes. The dynamics of these networks is hy-
brid in nature, in the sense that the continuous evolution of the
concentration of proteins and other molecules is punctuated by
discrete changes in the activity of genes coding for the proteins.
This switch-like character of gene regulation is well-captured
by the PA models, which have the additional advantage that
the qualitative dynamics of the systems is relatively simple to
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analyze, even in higher dimensions, without the use of numeri-
cal values for the kinetic parameters. Given that such informa-
tion is usually absent in molecular biology, the PA models have
been found to be a valuable tool for the practical analysis of
complex genetic regulatory networks, which would be difficult
to handle with more conventional nonlinear models.

The dynamical properties of the class of PA models consid-
ered here have been the subject of active research for more than
three decades (e.g., Glass & Kauffman, 1973; Belta, Esposito,
Kim, & Kumar, 2005; Edwards, 2000; Ghosh & Tomlin, 2004;
Gouzé & Sari, 2002; Mestl, Plahte, & Omholt, 1995, see
Batt, Ropers, de Jong, Page, & Geiselmann, 2007 for further
references). In our previous work (de Jong et al., 2004), we
have made a contribution to the analysis of these PA models
by showing how to use differential inclusions to deal with dis-
continuities in the righthand side of the equations. Moreover,
we have proposed algorithms and tools to compute a discrete
representation of the state space dynamics in the form of a
state transition graph.

In this note, we carry the analysis of the PA models further
on a number of points, borrowing concepts and techniques from
the field of hybrid systems. First, we partition the state space
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into hyperrectangular regions in which the time derivatives of
the solutions have a unique sign pattern. In a second step, this
partition motivates the definition of a discrete abstraction (Alur,
Henzinger, Lafferriere, & Pappas, 2000) that leads to a discrete
transition system providing a finer-grained description of the
qualitative dynamics of the system than was hitherto possible
and which is better adapted to currently available experimental
data. Third, we give rules for the symbolic computation of the
discrete state transition system from inequality constraints on
the parameters. The implementation of these rules has been
shown to scale up to large and complex PA models of genetic
regulatory networks.

A long version of this note, containing the proofs of all lem-
mas and propositions, as well as examples of the application of
the method to an actual biological network, is available as sup-
plemental material on the INRIA web site (Batt et al., 2007).
This work extends a short and preliminary version of the paper
presented at the HSCC conference (Batt et al., 2005).

2. PA systems

The dynamics of genetic regulatory networks can be de-
scribed by PA differential equation models using step functions
to account for regulatory interactions (Glass & Kauffman, 1973;
Mestl et al., 1995). Fig. 1 gives an example of the PA model of
a simple two-gene network. Below we define the models and
review some mathematical properties.

We denote by x = (x1, . . . , xn)
′ ∈ � a vector of cellular

protein concentrations, where � = �1 × · · · × �n ⊂ Rn
�0 is

Fig. 1. (a) Example of a genetic regulatory network of two genes (a and b), each coding for a regulatory protein (A and B). Protein B inhibits the expression
of gene a, while protein A inhibits the expression of gene b and its own gene. (b) PA model with step functions corresponding to the network in (a). Protein
A is synthesized at a rate �a , if and only if the concentration of protein A is below its threshold �2

a (xa < �2
a) and the concentration of protein B below its

threshold �b (xb < �b). The degradation of protein A occurs at a rate proportional to the concentration of the protein itself (�axa).

Fig. 2. (a) Mode domain partition of the state space for the model of Fig. 1(b). (b) Focal sets and vector fields associated with the mode domains
M1, . . . , M5, M11. The use of differential inclusions gives rise to sliding mode solutions in M4 (de Jong et al., 2004; Gouzé & Sari, 2002).

a bounded n-dimensional hyperrectangular state space region.
For each protein concentration xi , i ∈ {1, . . . , n}, we distin-
guish a set of constant, strictly positive threshold concentrations
{�1

i , . . . , �
pi

i }, pi > 0. At its threshold concentrations a protein
may affect the expression of genes encoding other proteins or
the expression of its own gene, thus changing the regulatory
mode of the system. The threshold concentrations induce a nat-
ural partition of � into hyperrectangular regions (de Jong et al.,
2004).

Definition 1 (Mode domain partition). M is the hyperrectan-
gular partition (Batt et al., 2007) of � induced by {�1

i , . . . , �
pi

i }.
The sets M ∈ M are called mode domains.

Fig. 2(a) shows the mode domain partition of the state space
of the example network. We distinguish between mode do-
mains like M2 and M7, which are located on (intersections of)
threshold hyperplanes, and mode domains like M1, which are
not. The former are called singular and the latter regular mode
domains. We denote by Mr and Ms the sets of regular and
singular mode domains, respectively. Note that M=Mr ∪Ms.

The PA models with step functions can be defined on the
mode partition as follows (de Jong et al., 2004; Glass &
Kauffman, 1973):

ẋ = h(x) = �M − �Mx, x ∈ M ∈ Mr, (1)

where �M is a vector of positive constants and �M =
diag(�M

1 , . . . , �M
n ) a diagonal matrix of strictly positive con-

stants. That is, in each mode domain the rate of change of
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protein concentration xi is defined as the difference of a syn-
thesis rate �M and a degradation rate �M x. For instance,
by evaluating the step function expression in the model of
Fig. 1(b) in mode domain M1, we find that �M1 = (�a, �b)

′
and �M1 = diag(�a, �b).

Because the mode of the system might change abruptly at
threshold hyperplanes � = ⋃

i∈{1,...,n},li∈{1,...,pi }{x ∈ � | xi =
�li
i } it is difficult to define the global dynamics of (1). To deal

with this problem, we follow an approach similar to the one
proposed by Filippov (1988). It consists in extending differen-
tial equations to differential inclusions. This requires the pre-
liminary introduction of topological concepts. For every hyper-
rectangular set, R ⊆ �, of dimension k, k ∈ {0, . . . , n}, we
define the supporting hyperplane of R, supp(R) ⊆ �, as the
k-dimensional hyperplane containing R. The boundary of R in

supp(R), denoted by �R, is defined as the set R/
◦
R, where R is

the closure of R and
◦
R its interior. To every singular mode do-

main M ∈ Ms, we associate the set R(M) of the regular mode
domains M ′ having M in their boundary, i.e., R(M) = {M ′ ∈
Mr | M ⊆ �M ′}.

We extend Eq. (1) to the differential inclusion

ẋ ∈ H(x), x ∈ M ∈ M, (2)

H(x) =
{ {�M − �Mx} if x ∈ M ∈ Mr,

rect({�M ′ − �M ′
x | M ′ ∈ R(M)}) otherwise,

where rect(P ) denotes the smallest closed hyperrectangular set
containing the set P (de Jong et al., 2004).

We now define the PA system 	 as the triple (�, �, H). A
solution of the PA system 	 on a time interval I is an abso-
lutely continuous vector-valued function 
(t) such that 
̇(t) ∈
H(
(t)) almost everywhere on I. In particular, 
̇(t) ∈ H(
(t))

may not hold, if 
 reaches or leaves � at t. The existence of at
least one solution 
 on some time interval [0, �], � > 0, with ini-
tial condition 
(0) = x0 is guaranteed for all x0 in � (Filippov,
1988). However, there is, in general, not a unique solution. The
set �	 is the set of all solutions 
(t) starting in � on a finite
or infinite time interval of the PA system 	. We restrict our
analysis to the solutions in �	 that reach and leave a thresh-
old hyperplane finitely many times. The dynamics of 	 is thus
formally defined by the set of solutions �	.

To every mode domain M ∈ M is associated a focal set

(M) (de Jong et al., 2004):


(M) =

⎧⎪⎨
⎪⎩

{�(M)} if M ∈ Mr,

supp(M)

∩ rect({�(M ′) | M ′ ∈ R(M)}) if M ∈ Ms,

where �(M) = (�M)−1 �M , M ∈ Mr. Note that for singular
mode domains 
(M) is generally not a single point. Addition-
ally, we will make the generic assumption that the focal sets

(M), for all M ∈ Mr, are not located in the threshold hyper-
planes �.

The reason for speaking of focal sets is that the solutions in a
mode domain M monotonically converge towards (non-empty)

focal sets 
(M). This is formally stated in the following two
lemmas.

Lemma 1 (Glass & Kauffman, 1973). Let M ∈ Mr. Every
solution 
(t) ∈ �	 in M monotonically converges towards

(M).

Lemma 2. Let M ∈ Ms and 
(M) 
= { }. For every solution

(t) ∈ �	 in M, and every i ∈ {1, . . . , n} such that Mi is
included in a threshold hyperplane, it holds that 
̇i (t) = 0. For
all other i, 
i (t) monotonically converges towards 
i (M), as
long as 
i (t) /∈ 
i (M).

Finally, if 
(M) is empty, then every solution passes through
M instantaneously.

Lemma 3. Let M ∈ Ms. Every solution 
(t) ∈ �	 arriving at
M instantaneously crosses the domain if and only if 
(M)={ }.

In the sequel, domains which every solution crosses instan-
taneously will be called instantaneous, whereas domains in
which at least some solutions remain for some time will be
called persistent. Fig. 2(b) shows the focal sets of four regular
mode domains (M1, M3, M5 and M11) and two singular mode
domains (M2 and M4).

The fact that every mode domain is associated with a unique
focal set has provided the basis for a discrete abstraction cri-
terion employed in our previous work (de Jong et al., 2004).
However, this criterion disregards that the system does not al-
ways exhibit the same qualitative dynamics in different parts
of a mode domain. Consider a solution 
(t) ∈ �	 in M11 in
Fig. 2(b): depending on whether 
b(t) is larger than, equal to, or
smaller than the focal concentration �b/�b, 
b will be decreas-
ing, steady, or increasing. As a consequence, if we abstract the
domain M11 away into a single discrete state, we will not be
able to unambiguously infer that solutions entering this domain
from M6 are increasing in the xb-dimension. In the context of
model validation, this leads to over-conservative comparisons
between model predictions and gene expression data provided
by today’s experimental techniques.

3. Flow domain partition

The mismatch between the mathematical analysis and the ex-
perimental data calls for a finer partitioning of the state space,
which can then provide the basis for a more adequate abstrac-
tion criterion. Along these lines, the regular and singular mode
domains distinguished above are repartitioned by means of the
(n − 1)-dimensional hyperplanes corresponding to the focal
concentrations.

Definition 2 (Flow domain partition). DM is the hyperrectan-
gular partition of a mode domain M ∈ M induced by {�i (M)}
if M is regular, and by {�i (M

′) | M ′ ∈ R(M)} if M is singu-
lar, i ∈ {1, . . . , n}. The flow domain partition of � is given by
D = ⋃

M∈MDM .
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Fig. 3. (a) Flow domain partition of the state space of the model in Fig. 1(b), resulting in unique derivative sign patterns in each of the domains. For instance,
for all 
(t) in D11.2, it holds that 
̇a(t) < 0 and 
̇b(t) > 0 (compare with Fig. 2(b)). (b) State transition graph of the corresponding qualitative transition
system. For the sake of clarity, self-transitions are represented by dots and transition labels are omitted. (c) Parameter inequality constraints for which the
graph in (b) is invariant.

The partitioning of the state space into 27 flow domains
is illustrated for the example system in Fig. 3(a). Every flow
domain is included in a single mode domain, a relation captured
by the surjective function mode:D → M, where mode(D)=M ,
if and only if D ⊆ M . Similarly, the function flow: � → D
denotes the surjective mapping that associates a point in the
state space to its flow domain: flow(x)=D, if and only if x ∈ D.

The repartitioning of mode domain M11 leads to six flow
domains (Fig. 3(a)). The finer partition guarantees that in every
flow domain of M11, the derivatives have a unique sign pattern.
This property is true more generally. Consider a point x in a
flow domain D ∈ D. We denote by S(x) ∈ 2{−1,0,1}n the set of
derivative sign vectors of the solutions in D passing through x:

S(x) = {sign(
̇(�)) | 
(t) ∈ �	 in D, 
(�) = x,


̇(�) ∈ H(
(�))}. (3)

We find the following central result.

Theorem 1 (Qualitatively identical dynamics). For all x, y ∈
D and D ∈ D, S(x) = S(y).

The main difficulty of the proof lies in the use of differen-
tial inclusions to deal with discontinuities on the threshold hy-
perplanes. Since the solutions of differential inclusions are not
unique, several solutions may pass through x and their deriva-
tives may have different signs in some dimension i. This sit-
uation does not occur in our two-gene example. We use the
following lemma in the proof.

Lemma 4. Let M ∈ Ms and 
(M) 
= { }. For every � ∈

(M) and x ∈ M , there exists a solution 
(t) ∈ �	 in M, with

(0) = x, such that 
(t) monotonically converges towards �.

Proof of Theorem 1. Due to the hyperrectangular shape of
H(x), S(x) can be decomposed into S1(x)×· · ·×Sn(x), where
Si(x) denotes the set of the ith components of the derivative sign
vectors of the solutions in D passing through x, i ∈ {1, . . . , n}
(idem S(y)). Define M = mode(D) and distinguish the cases
(a)–(c).

(a) M ∈ Mr. Suppose 1 ∈ Si(x), but 1 /∈ Si(y), for any i (for
0 and −1 the argument is similar). By definition of Si(x) this

means that 
̇i (�) > 0 for some 
(t) ∈ �	 in D and ��0, such
that 
(�) = x. On theother hand, �̇i (�)�0 for all �(t) ∈ �	 in
D and ��0, such that �(�)=y. Given that 
̇i (�) ∈ Hi(
(�))=
{�M

i (�i (M) − 
i (�))}, due to the definition of S(x), it follows
that 
i (�) = xi < �i (M). Similarly, �i (�) = yi ��i (M). But
then, by Definition 2, x and y are not located in the same flow
domain D, contrary to the assertion of the theorem. Therefore,
1 ∈ Si(x) implies 1 ∈ Si(y). The converse is shown in the
same way.

(b) M ∈ Ms and 
(M) = { }. No solution remains in D, so
by definition S(x) = S(y) = { }.

(c) M ∈ Ms and 
(M) 
= { }. For every i such that Di

is located in a threshold or focal hyperplane, we must have

̇i (t)=0 for solutions remaining in D. Consequently, Si(x)={0}
(idem Si(y) = {0}). For all other i, suppose 1 ∈ Si(x), but
1 /∈ Si(y) (the argument for 0 and −1 is similar). It follows that

̇i (�) > 0 for some 
(t) ∈ �	 in D and ��0, such that 
(�)=x.
However, �̇i (�)�0 for all �(t) ∈ �	 in D and ��0, such that
�(�)=y. From 
̇i (�) ∈ Hi(
(�))=rect({�M ′

i (�i (M
′)−
i (�)) |

M ′ ∈ R(M)}), we conclude that 
i (�)=xi < �i (M
′), for some

M ′ ∈ R(M). Similarly, we must have �̇i (�) ∈ Hi(�(�)) =
rect({�M ′

i (�i (M
′)−�i (�)) | M ′ ∈ R(M)}). Now, if there were

some M ′ ∈ R(M) such that �i (�) = yi < �i (M
′), then by

Lemma 4 there would exist a solution such that �̇i (�) > 0.
Since this contradicts the assumption, we conclude that �i (�)=
yi ��i (M

′), for all M ′ ∈ R(M). This implies by Definition
2, that x and y are not located in the same flow domain D.
Therefore, 1 ∈ Si(x) implies 1 ∈ Si(y) (and conversely). �

Theorem 1 suggests that the partition of the state space in-
troduced in this section can be used as an abstraction criterion
better-adapted to the available experimental data on gene ex-
pression. This idea will be further developed in the next section.

4. Qualitative abstraction of the PA dynamics

4.1. Qualitative PA transition systems

As a preparatory step, we define a continuous transition sys-
tem having the same reachability properties as the original PA



986 G. Batt et al. / Automatica 44 (2008) 982–989

system 	. Consider x ∈ D and x′ ∈ D′, where D, D′ ∈ D are
flow domains. If there exists a solution 
(t) of 	 passing through
x at time � ∈ R�0 and reaching x′ at time �′ ∈ R>0 ∪ {∞},
without leaving D ∪ D′ in the time interval [�, �′], then the ab-
solute continuity of 
(t) implies that D and D′ are either equal
or contiguous. We consequently distinguish three types of con-
tinuous transitions, corresponding to the cases where D = D′,
D ⊆ �D′, and D′ ⊆ �D, respectively: internal, denoted by

x
int−→ x′, dimension increasing, denoted by x

dim+−→ x′, and di-

mension decreasing, denoted by x
dim−−→ x′. This leads to the

following definition:

Definition 3 (PA transition system). 	-TS = (�, L, �, →, �)

is the transition system corresponding to the PA system 	 =
(�, �, H), where:

(1) � is the state space;
(2) L = {int, dim+, dim−} is a set of labels denoting the three

different types of transitions;
(3) � = {Dsign = S | S ∈ 2{−1,0,1}n} is a set of propositions

describing the signs of the derivatives (Dsign) of the con-
centration variables;

(4) → is the transition relation describing the continuous evo-
lution of the system, defined by →⊆ �×L×�, such that

x
l→ x′ if and only if there exists 
(t) ∈ �	 and �, �′, such

that 0�� < �′, 
(�) = x, 
(�′) = x′, and
• if l=int, then for all t ∈ [�, �′]: 
(t) ∈ flow(x)=flow(x′),
• if l = dim+, then for all t ∈ (�, �′]: 
(t) ∈ flow(x′) 
=

flow(x),
• if l = dim−, then for all t ∈ [�, �′): 
(t) ∈ flow(x) 
=

flow(x′);
(5) � is the satisfaction relation of the propositions in �, de-

fined by � ⊆ � × �, such that x � Dsign = S if and only
if S = S(x).

The satisfaction relation � thus associates to each point x in
the state space a qualitative description of the dynamics of the
system at x. It is straightforward to show that a PA system 	 and
its corresponding PA transition system 	-TS have equivalent
reachability properties (Batt et al., 2007).

The continuous PA transition system has an infinite number
of states and transitions, so that conventional tools for model
checking cannot be used to verify system properties. However,
we can define a discrete transition system, with a finite num-
ber of states and transitions, which preserves important prop-
erties of the qualitative dynamics of the system. In order to
achieve this, we introduce the equivalence relation ∼� ⊆ �×�
induced by the partition D of the state space: x∼�x′ if and
only if flow(x) = flow(x′). From Theorem 1 it follows that
∼� is proposition-preserving (Alur et al., 2000), in the sense
that for all x, x′ ∈ D and for all � ∈ �, x � � if and only
if x′ � �.

The discrete or qualitative abstraction of a PA transition sys-
tem 	-TS, called qualitative PA transition system, is now de-
fined as the quotient transition system of 	-TS, given the equiv-
alence relation ∼� (Alur et al., 2000). Denoting the qualitative

PA transition system by 	-QTS, we have 	-QTS = (�/∼� , L,

�, →∼� , �∼�).

Proposition 1 (Qualitative PA transition system). Let
	-QTS = (�/∼� , L, �, →∼� , �∼�) be the qualitative PA
transition system corresponding to the PA transition system
	-TS = (�, L, �, →, �). Then

(1) �/∼� = D;

(2) →∼� ⊆ D×L×D, such that D
l→∼�D′ if and only if there

exists 
(t) ∈ �	 and �, �′, 0�� < �′, such that 
(�) ∈ D,

(�′) ∈ D′, and
• if l = int, then for all t ∈ [�, �′]: 
(t) ∈ D = D′,
• if l = dim+, then for all t ∈ (�, �′]: 
(t) ∈ D′ 
= D,
• if l = dim−, then for all t ∈ [�, �′): 
(t) ∈ D 
= D′;

(3) �∼� ⊆ D × �, such that D � Dsign = S if and only if for
all x ∈ D, S(x) = S.

Notice that the transitions labeled by dim+ or dim− connect
two different flow domains, since in Proposition 1 we require
that D 
= D′. This corresponds to a continuous evolution of
the system along which it switches from one flow domain to
another. On the contrary, the transitions labeled by int corre-
spond to the continuous evolution of the system in a single
flow domain. The satisfaction relation �∼� associates to every
flow domain a qualitative description of the derivatives of the
solution.

	-QTS can be represented by a directed graph G =
(D, →∼�), called the state transition graph. The paths in G
represent the runs of the system (Batt et al., 2007). The state
transition graph corresponding to the two-gene example is
represented in Fig. 3(b). Notice that the problem mentioned at
the end of Section 2, which illustrated the need for a refined
partition, has been solved. Mode domain M11 is repartitioned
into flow domains D11.1, . . . , D11.6, and solutions entering
D11.1 or D11.2 are necessarily increasing in the xb-dimension.

It directly follows from the definitions of quotient transition
system and simulation of transition systems (Alur et al., 2000)
that 	-QTS is a simulation of 	-TS. The converse is not true in
general, so that 	-QTS and 	-TS are not bisimilar (Batt et al.,
2007). As a consequence, if there exists a run (x0, . . . , xm) of
	-TS, then there also exists a run (D0, . . . , Dm) of 	-QTS such
that xi ∈ Di , for all i ∈ {0, . . . , m}. In other words, 	-QTS is
a conservative approximation of 	-TS.

4.2. Invariance of qualitative PA transition systems in
parameter space

In order to analyze the robustness of the qualitative dynam-
ics, we introduce a second equivalence relation ∼� ⊆ � × �,
defined on the parameter space � ⊆ R

q
>0, with q the number of

parameters in 	. Two parameter vectors p, p′ ∈ � are equiv-
alent, if their corresponding qualitative PA transition systems,
and hence their state transition graphs, are isomorphic. We de-
note by �/∼� the quotient parameter space. That is, �/∼� is a
partition of the parameter space consisting of sets over which
the qualitative PA transition system is invariant.
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In particular, subsets of � defined by the following parame-
ter inequality constraints are interesting, since they provide an
invariance criterion for 	-QTS.

Definition 4 (Parameter inequality constraints). The parameter
inequality constraints of 	 are a set of total strict orders on
{�1

i , . . . , �
pi

i } ∪ {�i (M) | M ∈ Mr}, for every i ∈ {1, . . . , n}.

Proposition 2 (Invariance). Let P ⊆ � be a set defined by the
parameter inequality constraints of 	. Then, there exists some
Q ∈ �/∼� such that P ⊆ Q.

For the inequality constraints in Fig. 3(c), the state transition
graph in Fig. 3(b) is invariant. This is important in practice,
as numerical parameter values are usually not available. The
weaker information required for the ordering of the threshold
and focal parameters can often be obtained from the experi-
mental literature.

5. Symbolic computation of qualitative PA transition
system

The computation of the qualitative PA transition system
	-QTS is greatly simplified by the fact that the domains D and
the focal sets 
(M) are hyperrectangular, which allows them
to be expressed as product sets, i.e., D = D1 × · · · × Dn and

(M)=
1(M)×· · ·×
n(M). As a consequence, the compu-
tation can be carried out for each dimension separately. In this
section, we will describe rules to determine the set of states D,
the satisfaction relation �∼� , and the transition relation →∼� .

5.1. Computation of states

In order to compute the states of 	-QTS, we need to de-
termine the flow domain partition D of � (Proposition 1).
This requires a total ordering of the threshold concentrations
{�1

i , . . . , �
pi

i } and the focal concentrations {�i (M) | M ∈ Mr},
i ∈ {1, . . . , n} (Definition 2). The parameter inequality con-
straints of 	 provide this information.

The following two propositions, which are direct conse-
quences of the mathematical properties of solutions of PA sys-
tems (Section 2), show how to compute the derivative sign pat-
terns associated to each flow domain.

Proposition 3 (Computation of Dsign). Let D ∈ D be an in-
stantaneous flow domain. D�∼�Dsign = { }.

Proposition 4 (Computation of Dsign). Let D ∈ D be a per-
sistent flow domain. D �∼� Dsign=S 
= { }, S =S1 ×· · ·×Sn,
and for every i ∈ {1, . . . , n},

if Di is located in a threshold or focal concentration hy-
perplane, then Si = {0};
otherwise,

• −1 ∈ Si , if and only if for all x ∈ D there exists � ∈

(mode(D)) such that �i − xi < 0;

• 0 ∈ Si , if and only if for all x ∈ D there exists � ∈

(mode(D)) such that �i − xi = 0;

• 1 ∈ Si , if and only if for all x ∈ D there exists � ∈

(mode(D)) such that �i − xi > 0.

Notice that the inequality constraints of Definition 4 allow
one to symbolically compute 
(mode(D)) and decide which of
the conditions in the second part of Proposition 4 are satisfied.
We illustrate the application of Propositions 3 and 4 to our
example in Fig. 4.

5.2. Computation of transitions between states

In Section 4.1 we have distinguished three types of transi-
tions: int, dim−, and dim+. We will formulate, for each of these
three cases, transition rules that can be applied by means of the
parameter inequality constraints of 	.

The int transitions are easy to determine, since by Proposition
1 they are necessarily self-transitions that occur if and only if
D is persistent.

Proposition 5 (Computation of int transition). Let D ∈ D.

D
int−→∼�D if and only if D is persistent.

Recall that the persistence of a domain can be determined
by checking whether 
(mode(D)) 
= { } (Lemmas 1 and 3).
Fig. 5 gives an example.

A dim+ transition D
dim+−→∼�D′ is dimension increasing, that

is, D ⊆ �D′ (Section 4.1). In order to make D′ reachable from
D, the solutions in D′ must point away from D in the dimensions
i ∈ {1, . . . , n} for which Di ⊆ �D′

i . This is expressed by the
following proposition (the rule for dim− transitions is almost
symmetric, see Batt et al., 2007).

Proposition 6 (Computation of dim+ transition). Let D, D′ ∈
D and D ⊆ �D′. Ddim+−→∼�D′ if and only if 
(mode(D′)) 
= { }
and there exist x ∈ D, x′ ∈ D′, and �′ ∈ 
(mode(D′)), such
that for all i ∈ {1, . . . , n} for which Di ⊆ �D′

i , it holds that
(�′

i − xi)(x
′
i − xi) > 0.

Proof. Let M ′ =mode(D′). We first prove necessity by contra-
position. If 
(M ′) = {}, then no solutions remain in D′ and a
transition from D to D′ is not possible. Otherwise, suppose that
for all x ∈ D, x′ ∈ D′, and �′ ∈ 
(M ′), there exists some i ∈
{1, . . . , n} for which Di ⊆ �D′

i and (�′
i −xi)(x

′
i −xi)�0. Fur-

thermore, assume x′
i − xi > 0 for all x ∈ D, x′ ∈ D′ (the case

x′
i − xi < 0 goes analogously). As a consequence, �′

i �xi < x′
i ,

for all x ∈ D, x′ ∈ D′, and �′ ∈ 
(M ′). By Lemmas 1 and
2, for all solutions 
(t) ∈ �	 in D′, 
i (t) monotonically con-
verges towards 
i (M

′). Therefore, no solution enters D′ from

D and there does not exist a transition D
dim+−→∼�D′.

Next, we prove sufficiency. Suppose 
(M ′) 
= { } and there
exist x ∈ D, x′ ∈ D′, and �′ ∈ 
(M ′), such that for all i ∈
{1, . . . , n} for which Di ⊆ �D′

i , it holds that (�′
i − xi)(x

′
i −

xi) > 0. By the definition of the flow partition (Definition 2)
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Fig. 4. Derivative sign patterns of flow domains. (a) Domain D1.1. From the parameter inequality constraints in Fig. 3(c), it follows that �a − xa > 0 and
�b − xb > 0, for all x ∈ D1.1 and � ∈ 
(mode(D1.1)) = {(�a/�a,�b/�b)′}. Application of Proposition 4 then yields Dsign(D1.1) = {(1, 1)′}. (b) Domains

D4.2 and D2.2. D2.2 is instantaneous, so from Proposition 3 it follows that Dsign(D2.2) = {}. D4.2 is located on the threshold xa = �2
a , while �b − xb < 0,

for all x ∈ D4.2 and � ∈ 
(mode(D4.2)) = {(�2
a,�b/�b)′}. As a consequence, according to Proposition 4, Dsign(D4.2) = {(0, −1)′}.

Fig. 5. int and dim+ transitions. D3.2 is a persistent state for


(mode(D3.2)) 
= { }. Therefore, D3.2 int−→∼�D3.2 (Proposition 5). Since
�′

a − x′
a > 0 and x′

a − xa > 0, for all x ∈ D2.2, x′ ∈ D3.2, and

�′ ∈ 
(mode(D3.2)), we have the transition D2.2dim+−→ ∼�D3.2 by Proposi-
tion 6.

this holds for all x ∈ D and x′ ∈ D′. We further assume that
x′
i − xi > 0 for all x ∈ D, x′ ∈ D′ (the case x′

i − xi < 0 goes
analogously). As a consequence, xi < x′

i < �′
i for all x ∈ D and

x′ ∈ D′, and some �′ ∈ 
(M ′). By Lemma 4, for all x′ ∈ D′
there exists a solution 
(t) ∈ �	 in D′, with 
(0) = x′, which
monotonically converges towards �′. Thus, for all x′ ∈ D′ for
which 
i (t) = x′

i and x′
i < �′

i , we have 
̇i (t) > 0 and solutions
can enter D′ from D. As a consequence, there exists a transition

D
dim+−→∼�D′. �

The total strict ordering defined by the parameter inequality
constraints allows the necessary and sufficient conditions for
the existence of a dim+ transition to be straightforwardly tested.
Fig. 5 gives an illustration of a dim+ transition.

In summary, given a PA system 	 and parameter inequal-
ity constraints, we can compute the qualitative PA transition
system 	-QTS by means of Propositions 3–6. Instead of nu-
merically computing the derivative signs in the domains and
the transitions between domains, our symbolic algorithms
reduce to simple checks of ordering relations, exploiting the
parameter inequality constraints of Definition 4. The computa-
tion of 	-QTS has been implemented in a new version of the

tool Genetic Network Analyzer (GNA). To facilitate the analy-
sis of 	-QTS, the state transition graph generated by GNA can
be exported to standard model-checking tools (Batt, Ropers,
de Jong, Geiselmann, Mateescu et al., 2005).

6. Discussion

We have presented a method for the qualitative analysis of
a class of PA models that has been well-studied in mathe-
matical biology. By defining a qualitative abstraction preserv-
ing the sign pattern of the derivatives of the state variables,
the PA model is transformed into a discrete transition sys-
tem whose properties can be analyzed by means of classical
model-checking tools. The discrete transition system provides
a conservative approximation of the qualitative dynamics of the
system and can be easily computed in a symbolic manner by
exploiting inequality constraints on the parameters.

The results of this paper extend our previous work on the
qualitative analysis of PA models of genetic regulatory net-
works (de Jong et al., 2004). In particular, we have defined a
fine-grained partition of the state space which underlies a dis-
crete abstraction preserving stronger properties of the qualita-
tive dynamics of the system, i.e., the derivative sign pattern.
This has given rise to the definition and computation of a dis-
crete transition system better adapted to the kind of experimen-
tal data available, in the sense that it avoids over-conservative
verification of dynamical properties. Judging from our experi-
ence with several PA models of bacterial regulatory networks,
the use of a finer-grained abstraction leads to only a modest
increase in the size of the state transition graph (Batt et al.,
2007). That is, the increase in precision does not exclude the
application of the refined abstraction to larger systems.

The PA models in this paper have formed the basis for other
work in the field of hybrid systems (e.g., Ghosh & Tomlin,
2004). Contrary to Ghosh and Tomlin (2004), we take into ac-
count the dynamics of the system on threshold hyperplanes,
where equilibrium points and other phenomena of interest may
occur (Gouzé & Sari, 2002). In Ghosh and Tomlin (2004) the
partition of the state space is dynamically refined, so as to
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arrive at a discrete transition system that is a better approxima-
tion of the original PA system. This requires the use of quan-
tifier elimination methods which allow to decide more general
and more powerful properties than the rules proposed in Section
5 of this paper, but that also incur higher computational costs
and limit the scalability of the approach. Other groups have
employed piecewise-multi affine models (Belta et al., 2005).
These are more difficult to analyze and in higher dimensions
usually require the application of numerical techniques. This
is not straightforward to achieve for most biological systems,
since numerical information on parameter values is usually
imprecise or simply not available.
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