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y�lkxµ´¶l$lk�³xµ´¶|4z¨��x�lk��w�l$�kx�z}|]�³z}w¹��l¢�M~¨~¨v#�Yv^�@�Mj³z}��¸�l�¬ �i¬M�Y�il¶x�|2x����K§U��~¨z¨��g�x�wV|]�¹w�z¨j³�{~¨vny�l$�¢�M�iw�l
x�gilUw�lk��jclk��x�w��M��lc��lk��v½w�gi|]��xkgC´�z¨x�gÆ��l$w���l$�kxx�|�x�gil�Î@|°´�in�M�i�½x�gilU���{j.y�lk�#|M®���lkg{z}�k~}l$w
��lk�>w�lk��jclk��x2z}w�~}|°´¬>t^x�|^��g@�]w�x�z}�#jc|^�{lk~}w��M��l�@�Mx��{���M~�gilk��l�¸F�M�i�Âx�gil.jc|�w�x���|]�{�{~²�M��|]�il$w
�$|]�iw�z}w�x.z¨���^�ilk�ilkz¨�{�½�ilkxµ´ª|]��·Yw¢¬St^z¨�i�$l(x�gil(x�l$��g{�i|]~}|]��v�|M®��{��|]y�lU��lkg{z}�k~}l$w gCy�|]x�g�z¨�Y¼µ�¢�M�
�M�i�W|]��x�gil�$lk��x����M~�w�lk����lk��i¶z}w��i|]x�jU�Mx��{��l.lk�i|]�{��gÂx�|³�{��|¢�Qz}�{l4jc|Q�Y�{~}l$w�´¶|]��·^z¨�{�cz¨�Wx�g{z}w
�$|]�^x�l2�Qx¢¸�o��>�>o ¦ �{��|]��|�w�l$�«�cjc|^�{lk~;y@�]w�l$�«|]�Êw�x��Mx�z}w�x�z}�¢�M~��{g�vYw�z}�$w>x�|�w�|]~¨��lx�gil�{��|]y{~}lkj
|M®¶x����K§U�³��l$�$|]�iw�x����i�kx�z}|]�/¬��2|]x�l�x�g@�Mx4��l$�$|]�iw�x����i�kx�z}|]�Æ�M�i�±�{��l$�Yz}�kx�z}|]���M��l�xµ´ª|�®º�]�$lkx�w4|M®
x�gil«w��MjclW�{��|]y{~}lkjÂ¬%oÈ����l$�$|]�iw�x����i�kx�z}|]�s|]�ilÊg@�]w�jcl¢�]w��{��lkjclk��x�w�|]� |]�{~¨v��Sw��{yiw�lkx�|M®
x�gilU�ilkxµ´¶|]��·a�M�i�Æx�gilc���M~¨�il$w.|]�ax�gilU|]x�gilk�#��|��]�{w#g@�$��l�x�|Ây�lU�{l$�Y�i�$l$�F¬WoÈ�S�{��l$�Yz}�kx�z}|]�
|]�ilng@�]w����M~¨�il$w>®¯|]�>x�gil�{��l$w�lk�^x��M�i�Êx�gil.�@�]w�x¢¸��M�i�Wx�giln���M~¨�il$w�®¯|]�>x�gil4®¯�{x��{��l#�M��l.x�|cy�l
�{lkx�lk��j³z¨�il$�F¬

f�gil��Ë ¦�Ì f �{��|M�ql$�kx>�$|]�iw�z}�{lk��w>�M�±�M~¨x�lk���@�Mx�z¨��lnw�vYw�x�lkj ®º|]���i|]�Wl$�^�{z¨�{��l$�W��|��]�{w¢¬VoÈx
�]�{|]�{x�w¶x�gil>��|]z¨�^x¶|M®;�^z}lk´ x�g@�Mx��¢�M��wªz¨�iw�z}�{l>x�gil�x����K§U��w�gi|]�{~}��y�l>�My{~}l2x�|n�{��|°�^z}�{l��n~²�M����l
�Mjc|]�{�^x¶|M®/z¨�Y®º|]��jU�Mx�z}|]�/¸Yw��Y§U�kz}lk��x�x�|n��l$�$|]�iw�x����i�kx��4��~}|]y@�M~��^z}lk´ |M®/x�gil�x����K§U�2w�x��Mx�l�z¨���
��z¨��lk�Ê�ilkxµ´¶|]��·�¬�f�gil�{�{����|�w�l|M®�x�giln�{��l$w�lk��x>�@�M��lk��z}w�x�|c�{��|]��|�w�ln�M�Ê�M~¨��|]��z¨x�g{jÂ¸!´�g{z}��g
´¶|]�{~}�ny�lV�My{~}lVx�|���lk�q®º|]��j%w��i��g#��x����K§U�5��l$�$|]�iw�x����i�kx�z}|]�/¸]�iw�z¨�{��x�gil5z¨�Y®º|]��jU�Mx�z}|]�.�$|]~¨~}l$�kx�l$�
y^vnw�|M¼µ�¢�M~¨~}l$���{��|]y�lV��lkg{z}�k~}l$w°¬�tQl$�kx�z}|]�U�>w�gi|°´�w¹gi|¢´ oÖw�z¨�{�>jc|Q�{lk~}w;®C��|]j©w�x��Mx�z}w�x�z}�¢�M~Q�{g^vQw�z}�$w
�¢�M�Æy�lc�iw�l$�S�]wjc|Q�{lk~}w#|M®�x����K§U��w�x��Mx�l�¬Åf�gil��M~¨��|]��z¨x�g{jÂ¸¹´�g{z}��gÆz}w#�Åjcl$w�w��M��lH¼Ã�@�]w�w�z¨�{�
�{��|Q�$l$�Y�{��l¶´ªlk~¨~i�]�i�M�{x�l$��x�|>z¨�Y®¯lk��lk�i�$l��{��|]y{~}lkjcw�|]�#�����M�{giw¢¸�´�z¨~¨~Yy�lªl2�Y��|�w�l$�nz¨�ctQl$�kx�z}|]�U�Y¸
´�gilk��l´ªl4w�gi|°´%�M~}w�|�gi|¢´%oÈw�z¨�{�³jc|Q�{lk~}w��M�{��l¢�M���@�Mx��{���M~¨~¨v�¬¶t^z¨�i�$l4´¶l��il$l$��x�|�y�l�My{~}l4x�|
y�lk�i��g{jU�M��·�x�gil.�M~¨��|]��z¨x�g{jÂ¸i´ªl.�{l$w��k��z¨y�l�z¨�«tQl$�kx�z}|]� l��³x�|¢vÅx����K§U�4jc|Q�{lk~/z¨j³�{~}lkjclk��x�l$�
�iw�z¨�{���.w�z¨jn�{~²�Mx�|]� g	x�z¨���{��l o�¬è��iH¬�oµx¶z}w¶�iw�l$��x�|n��lk�q®¯|]��j x�gil>���{jclk��z}�¢�M~/l2�Y��lk��z¨jclk�^x�w�x�g@�Mx
�M��l�x�gilnw��{yY�ql$�kx>|M®5tQl$�kx�z}|]�Ê�Y¬
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�M�i�
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~¨z¨�{·Yw¢¸Yy{~²�]��·Å�{|]x�w2�M��l4x�gil4�{��|]y�l4��lkg{z}�k~}l$w¢¸{��|��]�Q¼Ã~¨z¨�{·Yw>�M��ln�$|]~}|]��l$��®¯��|]j

����l$lk�Âx�|���l$�Âx�|�z¨�i�Yz}�¢�Mx�lx�gil4~}|Q�¢�M~Fz¨��x�lk�iw�z¨xÈvÂ|M®�x�gil�x����K§U��¬
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� �%EG^DbcL HRU(]�LDE O��nC�OPFIBd^`BMHa]eC�^nC�OP]rC�O>L�^`[��`X��(]�O>L�]

Ì |]�^x�z¨���i|]�iw�x����K§U�UÎ@|¢´ jc|Q�{lk~}wng@�¢��lcÎ!�¢´�w.´�gilk�az¨x��$|]jcl$wnx�|Êx�gilcjc|Q�{lk~¨z¨�{�½|M®��kz¨x�z}l$w
|]�Å���{���M~4��|��]�{wÅx����K§U��¬ oÈ�i�{l$l$�F¸�x�gil«��lk~}|Q�kz¨xµv Î@|¢´ÉÄ@lk~}� z}w�w��{yY��l$�kxÅx�|�jn�i��g ����l¢�Mx�lk�
Îi�i�kx��@�Mx�z}|]�iw¹z¨�i�Y�i�$l$�#y^vx�gilV�@�Mx��{��l�|M®ix�gilª�ilkxµ´¶|]��·_gC�{��l$w�lk�i�$l�|M®iz¨�^x�lk��w�l$�kx�z}|]�iw5�M�i�.w�gi|]��x
�Yz}w�x��M�i�$l>y�lkxµ´¶l$lk��xµ´¶|�z¨��x�lk��w�l$�kx�z}|]�iw�i�x�g@�M�(y^vcx�gil2x����K§U��z¨x�w�lk~Ç®�¬�f�gil$w�l�Îi�i�kx��@�Mx�z}|]�iw��¢�M�
y�l¶y�|]x�gcw��@�Mx�z²�M~@�M�i��x�lkj³��|]���M~Zgº�2x����K§U��~¨z¨��g^xª�MxV�2�k��|�w�wq¼Ã��|��]�F¸^�>��|��]�Q¼Ã´¶|]��·�¸Qlkx��riH¬¹f�gilk��l
z}w��i|³~}|^�¢�M~;w�x��Mx�z}|]�@�M��v���lk��z¨jcl4®º|]��x�gil��lk~}|Q�kz¨xµvÂ�M�i�Âx�giln�Yv^�@�Mj³z}�$w�z}w��{|]j³z¨�@�Mx�l$�Ây^vÅx�gil
Îi�i�kx��@�Mx�z}|]�iw°¬�f�g{z}wn��l$�^�{z¨��l$w.�Ww�x�|^��g@�]w�x�z}�cjc|Q�{lk~¨z¨�{�i¬Åf�gilcjc|Q�{lk~V´¶lc�{��|]��|�w�lcg@�]wnxµ´ª|
�$|]j³��|]�ilk��x�wrfª���^�ilk�ilkz¨�{�c�ilkxµ´¶|]��·W�M�i��x�z¨jcl�Yz}w��k��lkx�z>v°�Mx�z}|]�/¬

�KQ�@ � JMU=JDU=O B�� BDU(C�� FZE
	
f�gil(Äi��w�xc�$|]j³��|]�ilk�^xcz}wU�«w�x��M�i�i�M��� �^�ilk�ilkz¨�{�¾�ilkxµ´¶|]��·�¸ª´�gilk��lW�±�^�ilk�ilÅ��lk�{��l$w�lk��x�w(�
~¨z¨�{·Æy�lkxÈ´ªl$lk� xµ´ª|¾z¨��x�lk��w�l$�kx�z}|]�iw¢¬ oÈ�iw�x�l¢�]� |M®2x�gilÅ���{jny�lk�U|M®��k�iw�x�|]jclk��wcz¨��x�gil��^�ilk�il
gCzÃ¬ l�¬¹x�gilÅ�^�{jny�lk��|M®2��lkg{z}�k~}l$wcz¨� x�gilÅ��z¨��lk� ��|��]�Q¼Ã~¨z¨�{·(iH¸V´�g{z}��g z}wc�YzÇ§U�k�{~¨xcx�|±jcl¢�]w��{��l�¸
x�gil�|]yiw�lk�����My{~}l#´ªlc�M��l#z¨��x�lk��l$w�x�l$�±z¨�«z}w2x�gil�l$w��¢�M��lH¼Ãx�z¨jcl�¸�x�g@�Mx�z}w�x�gil.x�z¨jcl#z¨�^x�lk���]�M~�y�lH¼
xÈ´ªl$lk�ax�gilclk��x����M�i�$lÅ�M�i�½x�gil�l$w��¢�M��lU|M®¶x�gilU~¨z¨�{·�¬�f�g{z}wz}wx�gilcz¨�Y®¯|]��jU�Mx�z}|]�a�il$l$�{l$�½®º|]�
l¢�]��gÆ~¨z¨�{·½|M®�x�gilc�ilkxÈ´ª|]��· gCz¨�S�{���]�kx�z}�$l(w�z¨�i�$lcz¨xz}w��(Îi�i�kx��@�Mx�z¨�{�½�^�@�M��x�z¨xµvS´ªlU�$|]�iw�z}�{lk�
�{��|]y@�My{z¨~¨z¨xÈvUjcl¢�]w��{��l>|M®\l$w��¢�M��lH¼Ãx�z¨jclri�x�|n��l$�$|]�iw�x����i�kx�x�gil�l2�Y��l$�kx�l$��x����$��lk~Ç¼Ãx�z¨jcl2y�lkxµ´ªl$lk�
xÈ´ª|±�M��y{z¨x����M��v½��|]z¨�^x�w.|M®�x�gilU�ilkxµ´ª|]��·�¬�f�g{z}w.z¨�Y®¯|]��jU�Mx�z}|]�az}wnl¢�]w�z¨~¨v½|]y{x��Mz¨�il$�Æy�v±�{��|]y�l
��lkg{z}�k~}l$w°¬ Ì |]jny{z¨�il$�W´�z¨x�gÂx�gil4��lk~}|Q�kz¨xµv(z¨�Y®¯|]��jU�Mx�z}|]�/¸@z¨x�jU�$v�w�lk����l4x�|³�{lkx�lk��j³z¨�iln~}|^�¢�M~¨~¨v
x�gil�z¨��x�lk�iw�z¨xµv�|M®�x�gil�x����K§U��¸5z¨�Æ�@�M��x�z}�k�{~²�M�³´�gilkx�gilk��z¨x#z}w#w
�Mx��{���Mx�l$�a|]���i|]x¢¬ j2|¢´ªlk��lk�¢¸
x�g{z}wz¨�Y®¯|]��jU�Mx�z}|]�Æ´�z¨~¨~ª�M~¨´¶�¢vQwny�l³w��@�M��w�lc�M�i�½´ªl³�il$l$�Æ�(´¶�$v½x�|Åz¨�Y®ºlk�x�gil³�Yz}w�x���z¨y{�{x�z}|]�
|M®5l$w��¢�M��lH¼Ãx�z¨jcl$w2|¢��lk�2x�gil�ilkxµ´¶|]��·Ê�Mx2�M�^v�x�z¨jcl4®¯��|]jÁx�gilnz¨�Y®¯|]��jU�Mx�z}|]�±�$|]~¨~}l$�kx�l$�Ây^v�x�gil
�{��|]y�l���lkg{z}�k~}l$w¢¬ªf�g{z}w�z}w�x�gil4�{�{����|�w�l4|M®¹x�gilw�l$�$|]�i�Â�$|]j³��|]�ilk��x2|M®�|]�{��jc|Q�{lk~Ã¬

�KQ�� � O��mU H O�]�LDE�U9C�O��^DC�O�FIB
oÈ�½�]�{�Yz¨x�z}|]�½x�|�x�gil�w��@�Mx�z²�M~��Yz}w��k��lkx�z>v°�Mx�z}|]�,g¯w�lkx�|M®ª~¨z¨�{·Qw�i�´ªl�g@�¢��l³�Ux�z¨jcl��Yz}w��k��lkx�z>v°�Mx�z}|]�
gCxÈv^�{z}�¢�M~¨~¨vU��®¯lk´ j³z¨���{x�l$w�iH¸^´�g{z}��g(��z¨��l$w5�iw¶�4�����M�{g

G = N ⊗Z
+ ¸�´�gilk��l N �$|]����l$w���|]�i�{w

x�|Ux�giln�ilkxÈ´ª|]��·±�M�i�
Z

+ x�|�x�gilx�z¨jcl#�Yz}w��k��lkx�z>v°�Mx�z}|]�/¬2f\|Ål¢�]��g«��|]z¨��x
α = (`, t) ∈ G

¸@´¶l
�Mx�x��]��g¾�M�Êz¨�Y®º|]��jU�Mx�z}|]�

τα ∈ {0, 1}
z¨�i�Yz}�¢�Mx�z¨�{�Åx�gil�w�x��Mx�l.|M®5x�gil#x����K§U� g

1
zÇ®¶�$|]�{��l$w�x�l$�F¸

0
|]x�gilk��´�z}w�lriH¬ Ëª�]��g��$lk~¨~�z}wc�$|]����lk~²�Mx�l$� x�|±z¨x�w³�ilkz¨��g�y�|]��gCz¨� x�z¨jclW�M�i� w��@�]�$lri��M�i��x�gil

lk���M~¨�@�Mx�z}|]�Å|M®�x�g{z}wª~}|Q�¢�M~!�$|]����lk~²�Mx�z}|]���{lkx�lk��j³z¨�il$w¶x�gil�jc|Q�{lk~Ã¬�oµ�(|]x�gilk�V´ª|]���{w°¸^´¶l2�]w�w��{jcl
x�g@�Mx�x�gil¶�q|]z¨�^x��{��|]y@�My{z¨~¨z¨xµvÂ�Yz}w�x���z¨y{�{x�z}|]�«|¢��lk��x�gilnw�lkx�z}w�|M®¹x�gil�®¯|]��j

p({τα;α ∈ G}) =
∏

α∈G

∏

v∈V (α)

ψ(α; v)

×CØ�Ù\×¯Ú
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7�8 :(; ��;><�? oÖw�z¨�{�³jc|Q�{lk~;�My�|°��l
Tc

´�gilk��l
V (α) ⊂ G

z}w\x�gil¶w�lkx;|M®i�ilkz¨��g^y�|]��w�|M®
α
�M�i�.x�gil5~}|Q�¢�M~Y�$|]����lk~²�Mx�z}|]�#z}w�lk�i�$|Q�{l$�.z¨�.x�gil

®¯�{�i�kx�z}|]�
ψ
¬;oÈ�x��{���/¸]jcl$w�w
�M��lH¼Ã�@�]w�w�z¨�{�2�M~¨��|]��z¨x�g{jcw gZ®º|]�;l2�i�Mj³�{~}lVy�lk~¨z}lH®C¼Ã�{��|]�@�M���Mx�z}|]�ni\�¢�M�

y�l2�iw�l$�(®¯��|]j x�gil�·Q�i|¢´��Wz¨�Y®¯|]��jU�Mx�z}|]�Ê�M�i�(x�gil�·Q�i|¢´�~}l$�Y��l.|M®
ψ
x�|�l2�Yx����]�kx�z¨�Y®¯|]��jU�Mx�z}|]�

®¯��|]jÉx�gil2�q|]z¨�^x4�{��|]y@�My{z¨~¨z¨xµv�¸\x�|���z¨��l#®º|]�4l2�{�Mj³�{~}l�xÈv^�{z}�¢�M~5w
�Mj³�{~}l$w|M®
τα
¬nf�gil�w�z¨j³�{~}l$w�x

jc|Q�{lk~4x�g@�Mx�x��M·�l$w�z¨�^x�|��]�$�$|]�{��xÂx�g{z}wW�$|]����lk~²�Mx�z}|]�sz}wÂ�M�soÈw�z¨�{�ajc|Q�{lk~ �è� �|]�
G
¬ f�gil

�@�M��x�z¨x�z}|]�Â®C�{�i�kx�z}|]�Ê´ª|]�{~}����l¢�]�

Z(β) =
∑

{sα∈{−1,1}}

exp
[

−β
∑

α∈G

∑

v∈V (α)

Jα;vsαsv +Hαsα

] gº�Y¬>ori

´�gilk��l
sα ∈ {−1, 1}

��lk�{��l$w�lk��x�w�x�gilªx����K§U�ª�$|]�{��l$w�x�z}|]� g
sα = 2τα−1

iH¸
Hα

z}w����$|]�iw�x����Mz¨��x
Ä@lk~}�¾�]w�w�|^�kz²�Mx�l$�±x�|Åg{z}w�x�|]��z}�¢�M~V�i�Mx��Y¸

Jα;v
z}w�x�gil³�$|]�{�{~¨z¨�{�Ây�lkxµ´¶l$lk�S�ilkz¨��g^y�|]�nw�z¨x�l$w�´�z¨x�g

��l$w���l$�kx4x�|Å��|�w�z¨x�z}|]�S�M�i�±x�z¨jclc�M�i�
T
z}w4x�lkj³��lk���Mx��{��l³´�g{z}��gSjcl¢�]w��{��l$w4x�gil³���M�i�{|]j³�il$w

|M®5x�gil.w�vYw�x�lkjÂ¬�f�gil.w�l$lkj³z¨�{��~¨vWw�x����M�{��l#�$|]����lk�^x�z}|]�±®¯|]�
sα

�]�M~¨�il$w2�$|]jcl$w>®C��|]j x�gil®Ã�]�kx
x�g@�Mx>oÈw�z¨�{�³jc|Q�{lk~}w���lk�{��l$w�lk�^x�x�gil���|�w�z¨x�z¨��l|]���ilk���Mx�z¨��lnjU�M���ilkx�z>v°�Mx�z}|]�«|M®¹�@�M��x�z}�k~}l$w¢¬

f�gil��q|]z¨�^x��{��|]y@�My{z¨~¨z¨xµvÂ�Yz}w�x���z¨y{�{x�z}|]�Âx�gilk�Â��l¢�]�{w

p({sα;α ∈ G}) =
1

Z(β)
exp

[

−
1

T

∑

α∈G

∑

v∈V (α)

Jα;vsαsv +Hαsα

] gº�Y¬è��i

f�gil�gi|]jc|]��lk�il$|]�iw�oÈw�z¨�{���«|Q�{lk~-g¯�$|]�{�{~¨z¨�{�¾�$|]�iw�x��M��x�w
Jα;v = J

�M�i�
Hα = H

iz}w
�Ê´¶lk~¨~Ç¼µw�x��i�Yz}l$��jc|^�{lk~�|M®�®¯lk����|dg

J > 0
i#|]�c�M�^x�zÇ¼º®¯lk����| g

J < 0
i.jU�Mx�lk��z²�M~�w��{yY��l$�kx#x�|½�

�{�{zÇ®º|]��jÁjU�M���ilkx�z}�H¼ºÄ@lk~}�
H
z¨�Êw�x��Mx�z}w�x�z}�¢�M~;�{g^vQw�z}�$w¢¬�oµx2�Yz}w��{~²�$vYw��³�{g@�]w�lnx����M�iw�z¨x�z}|]�Ê´�gilk�

x�gilWw��@�]�$lH¼µ�Yz¨jclk�iw�z}|]� |M®�x�gilÂ�ilkxµ´ª|]��·�z}wcy{z¨����lk�Ux�g@�M� |]�il�¸¶´�z¨x�g���l$w���l$�kxcx�|S�S�k��z¨x�z}�¢�M~
x�lkj³��lk���Mx��{��l

Tc
¬�� gilk�

T > Tc
|]�{~¨v¾�Å�Yz}w�|]���{lk��l$�¾w�x��Mx�lc|Q�$�k�{��w¢¸/w��{z¨�iwn�M��l³���M�i�{|]j³~¨v

�Yz}w�x���z¨y{�{x�l$�U�M��|]�{�i�c�2jcl¢�M�Y¼ v¢lk��|4���M~¨�il g	x;z¨���{��l��Y¬>oriH¬¹oÈ�iw�x�l¢�]�F¸�´�gilk�
T < Tc

¸]z¨�U�Myiw�lk�i�$l
|M®Fx�gil2l2�Qx�lk���@�M~�jU�M���ilkx�z}��Ä@lk~}�F¸^xÈ´ª|#w�x��Mx�l$w��M��l�l$�^�@�M~¨~¨v³�{��|]y@�My{~}l��M�i���$|]����l$w���|]�i�Ux�|nx�gil
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7�8 :(; ��;���? oÖw�z¨�{��jc|Q�{lk~/y�lk~}|°´
Tc

´�z¨x�gÊ�#y{��|]·�lk�Êw�vQj³jclkx���v

|]�iw�lkx;|M®!��jU�]�k��|�w��$|]�{z}�VjU�M���ilkx�z>v°�Mx�z}|]�³lkz¨x�gilk��z¨�nx�gil5�{��|]�;�{|°´��#�Yz¨��l$�kx�z}|]�/¸]´�g{z}��g.jcl¢�M�iw
x�g@�Mx¶l¢�]��g(w��{z¨�Ug@�]w¶�4~²�M����lk�V�{��|]y@�My{z¨~¨z¨xÈvcx�|y�l�|]��z}lk�^x�l$�Uz¨��x�gil��{��z¨�Qz¨~}lk��l$�U�Yz¨��l$�kx�z}|]�(x�g@�M�
z¨��x�giln|]�{��|�w�z¨x�ln|]�ilhg	x;z¨���{��l.�Y¬è��iH¬

x{��|]j%x�gilV��|]z¨�^x�|M®{�Qz}lk´Æ|M®!��x����K§U�ª�ilkxµ´¶|]��·�¸�x�g{z}w/jcl¢�M�iw�x�g@�Mx;w��i��g���jc|^�{lk~Qz}w;�My{~}lªx�|
�{l$w��k��z¨y�l2x�g{��l$l���|�w�w�z¨y{~}l>x����K§U�H¼Ã��lk��z¨jcl$w�f�Îi�{z}�mgCjc|�w�x�|M®;x�gil�w��{z¨�iw��{�niH¸Y�$|]�{��l$w�x�l$� gCjc|�w�x
|M®/x�gil2w��{z¨�iw��{|¢´��ni¶�M�i�(�{lk�iw�l gC��|]�{��g{~¨vUg@�M~Ç®\|M®\x�gil>~¨z¨�{·Qw��M��l2�$|]�{��l$w�x�l$�2iH¬ xi|]�¶��l¢�M~Fw�z¨x��Y¼
�Mx�z}|]�iw°¸{´ªll2�Y��l$�kx�|]x�gilk��xµvQ��l$w�|M®¹�$|]�{��l$w�x�z}|]�W�@�Mx�x�lk���iw¢¸@�M�i��´¶lw�l$lk·Ux�|��]w�w�|Q�kz²�Mx�l�x�gilkj
x�|�x�gil���|�w�w�z¨y{~}l�w�x��Mx�l$w�|M®5�.���M�i�{|]j�¼µoÈw�z¨�{�cjc|^�{lk~KgCzÃ¬ l�¬Y´�z¨x�g���lk�ilk���M~\�@�M���Mjclkx�lk��w�iH¸{´�g{z}��g
g@�]wc�M~}w�|Wy�l$lk��´ªlk~¨~Ç¼µw�x��i�Yz}l$� z¨� w�x��Mx�z}w�x�z}�¢�M~��{g�vYw�z}�$w¢¸�z¨��x�gilÅ�$|]��x�l2�Yxc|M®2w��{z¨�Y¼Ã��~²�]w�w�l$w � l �µ¬
oÈ�i�{l$l$�Âz¨�Êw�|]jcln�¢�]w�l$w°¸{´�gilk�Êx�gilnw�vQw�x�lkj z}w�®¯���iw�x����Mx�l$�F¸!y�l$�¢�M�iw�lnw�|]jcln|M®�x�giln�$|]�{�{~¨z¨�{��w
�M��ln�ilk���Mx�z¨��l�¸@~}l¢�]�Yz¨�{��x�|��³�$lk��x��Mz¨�«���{j.y�lk��|M®5�$|]��x����]�Yz}�kx�z}|]�iw¢¸F�c�{��|]~¨zÇ®¯lk���Mx�z}|]�±|M®�jclkx��K¼
w�x��My{~}l¶w�x��Mx�l$w�|Q�$�k�{��w¢¸�´�g{z}��gclk��lk��x��@�M~¨~¨v�w��¢�M~}l$w�l2�Y��|]�ilk�^x�z²�M~¨~¨vn´�z¨x�g³x�gil�w�z>v¢l�|M®@x�gil�w�vYw�x�lkj
g	x�z¨���{��ln�Y¬è��iH¬

� � XMU E�U2L�FIBM]eC�E�J=LNC�O�FIB ^`B=H �=EGU2H OPLNC�OPFIBd^`[ �YFRE O�C�X �

�KQ�@ �hO�]eC�FRE O>L�^R[IHR^nC�^
f�gil�{�{����|�w�ln|M®¹�$|]~¨~}l$�kx�z¨�{��g{z}w�x�|]��z}�¢�M~;�i�Mx���z}w�x�|³l$w�x�z¨jU�Mx�lx�gil�@�M���Mjclkx�lk��w

Jα;v
�M�i�

Hα|M®!x�gilVjc|Q�{lk~Ygº�Y¬>ori��Dgº�Y¬è��iH¬Vp>�i�$lªx�gil$w�lª�$|QlH§U�kz}lk��x�wV�M��lª·Q�i|¢´��/¸�x�gil¶z¨�Y®º|]��jU�Mx�z}|]�#�{��|°�^z}�{l$�
y^vÂx�gil#�{��|]y�l#��lkg{z}�k~}l$w�´�z¨~¨~5�M~¨~}|¢´©x�|U®¯��l$l5v¢l����$lk��x��Mz¨�½���{j.y�lk�|M®ªx�gil#w��{z¨�iw¢¸F�M�i�ÊzÇ®ªx�g{z}w
z¨�Y®º|]��jU�Mx�z}|]�cz}w�w��Y§U�kz}lk�^x¢¸�x�g{z}w�´�z¨~¨~i�Y��z¨��l�x�gil�w�vQw�x�lkj�x�|4|]�il�|M®�g{z}w¹��|�w�w�z¨y{~}l�w�x��Mx�l$w¢¸]´�g{z}��g
�$|]����l$w���|]�i�{w�x�|��#��z¨��lk�W�$|]�{��l$w�x�z}|]�W�@�Mx�x�lk���/¬

f�gil5�{��|]y{~}lkj�|M®i��l$�$|]�iw�x����i�kx�z¨�{��x�gil5x����K§U�V®C��|]j���w��@�M��w�lVz¨�Y®¯|]��jU�Mx�z}|]�#z}w¹�M�nz¨�Y®ºlk��lk�i�$l
�{��|]y{~}lkj¿´�g{z}��g±�¢�M�Wy�lnw�z¨j³�{~¨vÂw�x��Mx�l$�Ê�]w�®¯|]~¨~}|°´�w¢¬ x�z¨��w�x2�M~¨x�gi|]�{��g«x�gil�{��|Q�$l$�Y�{��l#�$|]�{~}�
y�l�z¨j³�{~}lkjclk��x�l$�W®º|]����l¢�M~/�]�M��z²�My{~}l$w°¸{w��i��gÊ�]w�x����K§U�n�{lk�iw�z¨xÈvÅ|]����lk~}|Q�kz¨xµv(Î@|°´¸i´ªl.�Mz¨j �Mx
z¨�Y®ºlk����z¨�{�|¢��lk�Vx�gil��ilkxµ´ª|]��·c�2y{z¨�@�M��v#xµvQ��l�z¨�Y®º|]��jU�Mx�z}|]�/¸��@�Mjclk~¨v#´�gilkx�gilk�V|]�U�>��z¨��lk�c~¨z¨�{·
x�gil#x����K§U��z}w��$|]�{��l$w�x�l$�½|]���i|]x¢¬ !/lkx4�iw4�¢�M~¨~

τ`(t) ∈ {0, 1}
x�g{z}w����M��z²�My{~}l.®¯|]��x�gil#~¨z¨�{·

`
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(a)

(b)

7�8 :(; ��;���? f/���K§U�n�ilkxµ´ª|]��·Wgº��i��M�i�ÂoÈw�z¨�{�³jc|^�{lk~KgCyni�|]�W�³���M�i�{|]j �����M�{g

�M�i���MxVx�gil��Yz}w��k��lkx�l�x�z¨jclH¼µw�x�lk�
t
¬¹f�g{z}w5z¨�Y®º|]��jU�Mx�z}|]���¢�M�Uy�l��$|]j³j.�{�{z}�¢�Mx�l$��y^v�x�gil��{��|]y�l

��lkg{z}�k~}lnlkz¨x�gilk�>�]w

•
�.Äi��jÁw�x��Mx�lkjclk��x�fVx�gil4x����K§U� � 3 g

τ`(t) = 1
i�|]�-� 3 �D���º¸Yg

τ`(t) = 0
i¶�$|]�{��l$w�x�l$���

•
�n�{��|]y@�My{z¨~¨z¨xÈvDf5��z¨��lk��x�gil2�k�{����lk�^x�w���l$l$�Q¼Ã��lk~}|^�kz¨xÈv

v
¸Qx�gilk��l�z}w��#�$lk��x��Mz¨���{��|]y@�My{z¨~¨z¨xÈv

p̂`,t(v)
x�g@�Mx�x�gil4x����K§U�4z}w��$|]�{��l$w�x�l$�F¬

oÈ�(�M�^vc�¢�]w�l�¸�®¯|]�¶l¢�]��gÅ~¨z¨�{·³z¨xVz}wª��|�w�w�z¨y{~}l�x�|��]�$�k�{jn�{~²�Mx�l�w��i��g(�i�Mx��nz¨��|]���{lk�¶x�|.�$|]�iw�x����i�kx
�M�(g{z}w�x�|]��z}�¢�M~����M~¨�il�¬�!/lkx

{τ i
`(t), i = 1 . . . n`,t}

�nw�lkx¶|M®/x����K§U�2z¨�Y®º|]��jU�Mx�z}|]�iw��$|]~¨~}l$�kx�l$��y^v
x�gil��{��|]y�l#��lkg{z}�k~}l$w¢¸

n`,t

��lk�{��l$w�lk��x�wnx�gil.�^�{jny�lk�n|M®ªx�z¨jcl$w.�U�{��|]y�l���lkg{z}�k~}l$w4´��]w4z¨�±x�gil
~¨z¨�{·

`
�Mx��i�$v^¼Ãx�z¨jcl

t
w�z¨�i�$l�x�gil�y�lk��z¨�{�{z¨�{�³|M®\�i�Mx��.�$|]~¨~}l$�kx�z}|]�/¬5f�gilk�/¸�x�gil>g{z}w�x�|]��z}�¢�M~��]�M~¨�il

h`,t

���	�
=

1

n`,t

n`,t
∑

i=1

τ i
`(t),

´�g{z}��g���lk�{��l$w�lk��x�w�x�gilª�{��|]y@�My{z¨~¨z¨xµv.|M®��$|]�{��l$w�x�z}|]�#|M®!~¨z¨�{·
`
�Mx�x�z¨jclH¼µw�x�lk�

t
¬\oµ®ix�gilVg{z}w�x�|]��z}�¢�M~

z¨�Y®º|]��jU�Mx�z}|]�Âz}w���z¨��lk�Wy�vÂ�#��lk~}|^�kz¨xÈv�w�lkx
{vi

`(t), i = 1 . . . n`,t}
¸ix�gilk�Âz¨�iw�x�l¢�]�Å´ªln�{lHÄi�il

h`,t

���
�
=

1

n`,t

n`,t
∑

i=1

p`,t

(

vi
`(t)

)

.
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oÈ� �]�{�Yz¨x�z}|]�/¸5~}lkx³�iw³�]w�w��{jcl(x�g@�Mx³xÈ´ª|½~¨z¨�{·Yw
`
�M�i�

`′
�M��lÅ�Yz¨��l$�kx�~¨va�$|]�{�il$�kx�l$� x�g{��|]�{��g

w�|]jcl��i|^�{l�¬¹oµ®F�4�{��|]y�l���lkg{z}�k~}l���|Ql$w¹®C��|]j
`
x�|
`′
¸�z¨xV´�z¨~¨~iy�l>�My{~}l�x�|w�lk�i���M�cz¨�Y®¯|]��jU�Mx�z}|]�

�$|]�i�$lk���{z¨�{�
τ`τ`′

¬sx{��|]j x�g{z}w�|]�il.�¢�M�Ê�$|]j³�{�{x�lx�gil.�$|]����lk~²�Mx�z}|]�Êy�lkxµ´¶l$lk�
α = (`, t)

�M�i�
β = (`′, t+ 1)

σh
αβ

� �
�
=

εαβ − hαhβ
√

hα(1 − hα)hβ(1 − hβ)
�]�$�$|]���Yz¨�{��x�|�x�gil4g{z}w�x�|]��z}�¢�M~;�¢��lk���M��z¨�{�U�{��|Q�$l$�Y�{��l

εαβ

���	�
=

1

nαβ

nαβ
∑

i=1

τ i
ατ

i
β,

´�gilk��l
{(τ i

α, τ
i
β), i = 1 . . . nαβ}

z}w�x�gilw�lkx�|M®¹z¨�Y®¯|]��jU�Mx�z}|]�W�$|]~¨~}l$�kx�l$�Wy�vÅx�gil��{��|]y�l�¢�M��w¢¬

�KQ�� ��� ^ �"U(] O�^`B BMU9C�� FRE 	
¦ w�w��{j³z¨�{�4x�g@�Mx�x�gil�x����K§U��Î@|¢´ lk��|]~¨�{x�z}|]�Ug@�]w5�2�@�Mx��{���M~!�¢�M�iw��M~i|]��z}lk��x��Mx�z}|]�/¸^´ªl��$|]�iw�z}�{lk�
x�g@�Mx�x�gil2w�x��Mx�l�|M®\x�gil>x����K§U��z¨�Å�n��z¨��lk�Å~¨z¨�{·�|M®\x�gil>�ilkxµ´¶|]��·Å�Mx�x�z¨jcl

t
z}w¶�$|]�i�Yz¨x�z}|]�il$�Åy^v

x�gil4w�x��Mx�l4|M®;x�gil��ilkxµ´¶|]��·W�Mx�x�z¨jcl
t− 1

¬ ¦ w��#��l$w��{~¨x¢¸Yx�gil4�{��|]y@�My{z¨~¨z¨xµvÅx�g@�Mx��M�Â|]�{x���|]z¨�{�
~¨z¨�{·Æ|M®2�Â��z¨��lk� �k��|�w�w�¼Ã��|��]�{w

a
z}w�w��Mx��{���Mx�l$� �Mx�x�z¨jcl

t
z}w��$|]�i�Yz¨x�z}|]�il$��x�|Wx�gilÅw�x��Mx�l$w�|M®

z¨�i�$|]j³z¨�{�U��|��]�{w�x�|
a
�Mx�x�z¨jcl

t− 1
¬

m��]w�l$�Â|]�Wx�gil.�i�Mx��³´�g{z}��gÊjU�$v�y�l4��l¢�M~¨z}w�x�z}�¢�M~¨~¨vÂl2�Yx����]�kx�l$�Â®¯��|]j x�gilnx����K§U��ilkxµ´¶|]��·
y^v x�gil«�{��|]y�l«��lkg{z}�k~}l$w¢¸�´ªl½�]w�w��{jcl«x�g@�MxÂ�Æ|]�ilH¼µ�i�$v w
�Mj³�{~}l«|M®.x����K§U�Êz}wÅ�Yz}w�x���z¨y{�{x�l$�
�]�$�$|]���Yz¨�{��x�|c�#�{��|]y@�My{z¨~¨z¨xµvÅ®¯�{�i�kx�z}|]�/¸i´�g{z}��gÂ´ªl�{lkx��Mz¨~;�i|¢´¬

p>��x�gil�x�|]�W|M®;x�gil�x����K§U�4�ilkxÈ´ª|]��·�¸ix�gil4�$|]����lk~²�Mx�z}|]�iw�´ªl4jcl¢�]w��{��l�~}l¢�]�Âx�|³�{lHÄi�il�x�gil
�����M�{g

G
®¯��|]j

•
x�gilc�i|Q�{l$w

(`, t)
�$|]����l$w���|]�i�Yz¨�{�«x�|±��~¨z¨�{·

`
|M®�x�gilUx����K§U�U�ilkxµ´ª|]��·Æ´�z¨x�g��Âx�z¨jclH¼

w�x��Mj³�
t
�

•
x�gil(�$|]����lk~²�Mx�z}|]� ~¨z¨�{·Yw¢¸¹´�g{z}��g w�z¨j³�{~¨v���|]z¨�Æx�gil(�i|Q�{l$w

(`, t)
�M�i�

(`′, t + 1)
zÇ®�x�gil

�$|]����l$w���|]�i�Yz¨�{��~¨z¨�{·Yw
`
�M�i�

`′
�M��ln�$|]�{�il$�kx�l$�Êy�vW�³�i|]�Y¼Ã�]�M�{z}w�g{z¨�{�

σ``′
¬�f�gil$w�l#�M��l

~}|^�¢�M~;�$|]����lk~²�Mx�z}|]�iw¢¸iw�z¨�i�$l
`
�M�i�

`′
g@�¢��ln���i|Q�{l�z¨�W�$|]j³jc|]�/¬

f�gil������M�{gcz}w5|]��z}lk��x�l$�F¸{�M�i�³´¶l�w��¢v.x�g@�Mx
α = (`, t)

z}wª�2�@�M��lk�^xV�i|Q�{l�|M®
β = (`′, t′)

r �M�i�
β
z}w>�U��g{z¨~}�«|M®

α
r�zÇ®5x�gilkvW�M��l.~¨z¨�{·�l$�Ây^vÊ�#Äi�{z¨x�l#�$|]����lk~²�Mx�z}|]�

σ``′ 6= 0
�M�i�WzÇ®

t′ = t− 1g¯w�l$lzx�z¨���{��lW�Y¬è��iH¬yxi|]�U�«��z¨��lk� �i|Q�{l
α
´¶lÂ�¢�M~¨~

a(α)
x�gil�w��{yiw�lkx³|M®��i|^�{l$w�´�g{z}��g �M��l

�@�M��lk�^x�wc|M®
α
�M�i�

c(α)
x�gil�w��{yiw�lkx#|M®2�i|^�{l$w�´�g{z}��g��M��lÅ��g{z¨~}� |M®

α
¬Sf;|±l¢�]��g �i|Q�{l

α
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�����

t

t + 1

�����

798 :(; ��;><�? gº��i�x�gil��|��]�W�ilkxµ´ª|]��·Ê�Y�{�{~¨z}�¢�Mx�l$�W®º|]��xÈ´ª|�x�z¨jclH¼µw�x��Mj³�iw
t
�M�i�

t+ 1
´�z¨x�gWx�gil

�k��|�w�w�¼Ã��|��]�{w>��lk�{��l$w�lk��x�l$�±y�vÊ�kz¨���k~}l$w �IgCyni�x�gil#�$|]����l$w���|]�i�Yz¨�{���$|]����lk~²�Mx�z}|]�½�����M�{g
´�gilk��l4�i|Q�{l$w��M��l4x�z¨jclH¼µw�x��Mj³��l$����|��]�{w���lk�{��l$w�lk��x�l$�Wy�v(y{~²�]��·�w��^�@�M��l$w¢¬

t

t + 1

t − 1

c(α)

a(α)

α

7�8 :(; ��;���?5¦ �i|Q�{l
α
¸{z¨x�w�w�lkx�|M®��@�M��lk�^x�w

a(α)
�M�i��z¨x�w�w�lkx�|M®¹��g{z¨~}�Y��lk�

c(α)
¬
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´¶lc�Mx�x��]��g¾x�gil�x����K§U�c�]�M��z²�My{~}l
τα ∈ {0, 1}

¬cf�gil2�q|]z¨�^x4�{��|]y@�My{z¨~¨z¨xµv¾�Yz}w�x���z¨y{�{x�z}|]�Æ|M®ªx�gil
�{�{·Q�i|¢´��W�]�M��z²�My{~}l$w

τα
z}w>�]w�w��{jcl$��x�|�y�l|M®;x�gil4®¯|]��j

pB({τα, α ∈ G}) =
∏

α∈G

p(τα|{τβ , β ∈ a(α)})

!\lkx
U
y�lWx�gil«w��{yiw�lkx�|M®�i|Q�{l$w

α∗ ®º|]��´�g{z}��g x�gil«�{��|]y�l«��lkg{z}�k~}l$w�g@�¢��l±�{��|¢�Qz}�{l$�Í�M�
z¨�Y®º|]��jU�Mx�z}|]�/¸Q´�g{z}��gÅz¨�(��lk�ilk���M~�´�z¨~¨~�y�l�x�gil>�{��|]y@�My{z¨~¨z¨xµv

pα∗
|M®\w��Mx��{���Mx�z}|]� g

τα∗ = 1
iH¬�m¶v

�$|]�iw�x����i�kx�z}|]�/¸ix�gil¶��|]z¨��x��{��|]y@�My{z¨~¨z¨xÈv�jcl¢�]w��{��l$��®º|]��x�g{z}w�w��{yiw�lkx�g@�]w2�#�{��|^�Y�i�kx�®¯|]��j

q({τα∗ , α∗ ∈ U})
���	�
=

∏

α∗∈U

(

τα∗pα∗ + τ̄α∗(1 − pα∗)
)

,

�iw�z¨�{�#x�gil�y�|Q|]~}l¢�M���i|]x��Mx�z}|]�
τ̄ = 1 − τ

¬�f�gil��{�{����|�w�l2|M®�x�gil�M~¨��|]��z¨x�g{j z}w�x�|��{lkx�lk��j³z¨�il
x�gil4�$|]j³�{~}lkx�l.w�lkx�|M®¹jU�M����z¨�@�M~/®¯�{�i�kx�z}|]�iw

pα(τα) =
∑

{τβ ,β 6=α}

p(τα, {τβ , β ∈ G})

p({τα∗ , α∗ ∈ U})
q({τα∗ , α∗ ∈ U}).

�KQ � � �D^RO E � OP]eU,EG^`B=HZF � �d^=E
	 F=V�� U=[PH
f�gil�m��¢v�l$w�z²�M�U��lk�{��l$w�lk��x��Mx�z}|]�Å|M®�x�gil�z¨�Y®¯lk��lk�i�$l������M�{g/¸^�M~¨x�gi|]�{��g�l2�i�]�kx¢¸^�M�{��l¢�M��wV�YzÇ§U�k�{~¨x
x�|Ug@�M�i�Y~}ln´�z¨x�gÊx�gilnjcl$w�w��M��l�@�]w�w�z¨�{�U�{��|Q�$l$�Y�{��ln´�g{z}��gÊ´�z¨~¨~�y�lnl2�Q�{~²�Mz¨�il$�Ê~²�Mx�lk�¢¬ � gilk�
z¨x��$|]jcl$w�x�|�jU�M·�l4l2�Y�{~¨z}�kz¨x�x�gil4w�lkx�|M®��$|]�i�Yz¨x�z}|]�@�M~\�{��|]y@�My{z¨~¨z¨x�z}l$w

p(τα|{τβ, β ∈ a(α)})
¸@z¨x

z}w�x�lkj³�{x�z¨�{�cx�|U�M�{�{��|0�Yz¨jU�Mx�lx�g{z}w>�]w

p(τα|{τβ , β ∈ a(α)}) =

∏

β∈a(α) p(τα|τβ)

Zα({τβ , β ∈ a(α)})
,

´�z¨x�g
Zα

���i|]��jU�M~¨z>v$z¨�{���$|]�iw�x��M��x

Zα({τβ , β ∈ a(α)})
���	�
=

∑

τα∈{0,1}

∏

β∈a(α)

p(τα|τβ),

lk�iw��{��z¨�{�(x�g@�Mx
p(τα|{τβ , β ∈ a(α)})

z}w4���{��|]y@�My{z¨~¨z¨xµv±jcl¢�]w��{��l.®º|]�
τα
¬m�l$�¢�M�iw�l�|M®¶x�g{z}w

�i|]��jU�M~¨z>v°�Mx�z}|]�Â�$|]�iw�x��M��x¢¸Qz¨xª´�z¨~¨~�y�l��il$�$l$w�w
�M��vcx�|n�@�]w�wVjcl$w�w
�M��l$w��Mjc|]�{�#�@�M��lk��x�w°¸Yg@�$�Qz¨�{�
����g{z¨~}��z¨�W�$|]j³jc|]�/¸{z¨�W�]�{�Yz¨x�z}|]�Êx�|�x�gil4jcl$w�w��M��l$w�y�lkxÈ´ªl$lk�W�@�M��lk�^x�w>�M�i����g{z¨~}�Y��lk�/¬�t^�i��g
�#�$|]j³�{~¨z}�¢�Mx�z}|]�Âz}w��YzÇ§U�k�{~¨x�x�|.g@�M�i�Y~}l�¸!�M�i�Å´ªl4�¢�M~¨~�®¯|]���M�W�]�{�Yz¨x�z}|]�@�M~;�M�{�{��| �Qz¨jU�Mx�z}|]�Wy�v
��l$�{lHÄi�{z¨�{�Ux�gil��q|]z¨�^x��{��|]y@�My{z¨~¨z¨xµv�jcl¢�]w��{��lz¨��x�lk��jcw�|M®��#�@�Mz¨��´�z}w�l����M�i�{|]j �±�M��·�|¢��Ä@lk~}�

pMF ({τα, α ∈ G}) =
1

Z

∏

α∈G

∏

β∈a(α)

ψ(τα, τβ).

×CØ�Ù\×¯Ú
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´�gilk��lx�gil4�@�Mz¨��´�z}w�l4z¨�^x�lk���]�kx�z}|]�Â®¯�{�i�kx�z}|]�iw>�M��lw�z¨j³�{~¨v(��z¨��lk�Ây^v

ψ(τα, τβ) = p(τα|τβ).

xi��|]j8x�gilÊg{z}w�x�|]��z}�¢�M~4�i�Mx��¾´¶l«jU�$v g@�¢��l«�M� gilk�{��z}w�x�z}�±l$w�x�z¨jU�Mx�z}|]�Í|M®x�gilÊ�$|]�i�Yz¨x�z}|]�@�M~
�{��|]y@�My{z¨~¨z¨x�z}l$w

p(α|β)
y�lkxÈ´ªl$lk��x�|.�i|^�{l$w

α = (`, t)
�M�i�

β = (`′, t+1)
|M®/x�gil>�����M�{gÅw��i��g

x�g@�Mx
`
�M�i�

`′
¸;x�gilU�$|]����l$w���|]�i�Yz¨�{�W~¨z¨�{·Yw¢¸¹�M��lc�$|]�{�il$�kx�l$�Sy^vS���$|]����lk~²�Mx�z}|]�a~¨z¨�{·�¬(oµ�Sx�gil

~¨z¨j³z¨xn´�gilk��l�x�gil³g{z}w�x�|]��z}�¢�M~V�i�Mx��Åz}w4l2�i�]�kx¢¸/zÃ¬ l�¬�zÇ®�x�gilc�]�$�k�{jn�{~²�Mx�z}|]�ax�z¨jcl³z}w4w��Y§U�kz}lk�^x�~¨v
~}|]�{�i¸ix�gil¶�q|]z¨�^x��{��|]y@�My{z¨~¨z¨xµv

p(τα, τβ)
x�lk�i�{w�x�|

p(τα, τβ) = εαβτατβ + (hβ − εαβ)τ̄ατβ + (hα − εαβ)τατ̄β + (1 − hα − hβ + εαβ)τ̄ατ̄β.

f�giln�$|]�i�Yz¨x�z}|]�@�M~\�{��|]y@�My{z¨~¨z¨xµv�x�gilk��lH®º|]��l4��l¢�]�{w

p(τβ|τα) =
p(τα, τβ)

p(τα, τβ) + p(τα, τ̄β)

= τβ

[εαβ

hα

τα +
hβ − εαβ

1 − hα

τ̄α

]

+ τ̄β

[hα − εαβ

hα
τα +

1 − hα − hβ + εαβ

1 − hα
τ̄α

]

.
gº�Y¬>ori

¦ x�x�g{z}w���|]z¨��x�z¨x�z}w³w�x����Mz¨��g�xq®º|]��´¶�M��� x�|ÊjU�M·�lÅx�gilÅ�$|]�{�il$�kx�z}|]� ´�z¨x�g x�gil(���M�i�{|]j7oÖw�z¨�{�
jc|Q�{lk~�®º|]��jn�{~²�Mx�z}|]�±|M® gº�Y¬>ori��Dgº�Y¬è��iH¬ªoµ�i�{l$l$�F¸iw�lkx�x�z¨�{�U�M���Mz¨�Â®º|]�

α ∈ G

sα

� �
�
= 2τα − 1,

�M�i�Â�iw�z¨�{�³x�gil4�{��|]��lk��x�z}l$w�|M®¹y{z¨�@�M��v����M��z²�My{~}l$w¢¸{´¶l4g@�$��l

ψ(sα, sβ)
���	�
= exp

(

log p(τα|τβ)
)

= exp
(

Jαβsαsβ +Hαβsα +Hβαsβ + Cαβ

)

,

´�z¨x�g


























































Jαβ

� �
�
=

1

4
log

εαβ(1 − hα − hβ + εαβ)

(hα − εαβ)(hβ − εαβ)
,

Hαβ

� �
�
=

1

4
log

εαβ(1 − hα)2(hα − εαβ)

(1 − hα − hβ + εαβ)h2
α(hβ − εαβ)

,

Hβα

� �
�
=

1

4
log

εαβ(hβ − εαβ)

(1 − hα − hβ + εαβ)(hα − εαβ)
,

Cαβ

� �
�
=

1

4
log

εαβ(hα − εαβ)(hβ − εαβ)

(1 − hα − hβ + εαβ)h2
α(1 − hα)2

.
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x�z¨�@�M~¨~¨v
Hα

���
�
=

∑

β∈a(α)

(Hαβ +Hβα) +
∑

β∈c(α)

(Hαβ +Hβα),

�$|]j³�{~}lkx�l$w�x�gil�$|]�{�il$�kx�z}|]�W´�z¨x�gWx�gil�jc|^�{lk~\|M®VtQl$�kx�z}|]�Ê�Y¬è�Y¬

�KQ�� � � U2^RB�� � UY[�H#O\C�U=E�^DC�O�FIB ]�LDXMU �mU
oÈ�Æ|]���{lk��x�|Ê��l$�$|]�iw�x����i�kx³x�gil�x����K§U��´¶l(�iw�l(�Wjcl$w�w��M��lH¼Ã�@�]w�w�z¨�{�Ê�{��|Q�$l$�Y�{��l��Mjc|]�{�±x�gil
�i|Q�{l$wÅ|M®nx�gilÊ�����M�{g/¸>w��i��g x�g@�Mx(l¢�]��gÍ�i|^�{l«w�lk�i�{w(x�|Sz¨x�wÅ�ilkz¨��g^y�|]��wÅz¨x�w(~²�]w�x(�{���i�Mx�l$�
lk���M~¨�@�Mx�z}|]�Í|M®x�gilW�{��|]y@�My{z¨~¨z¨xÈv

pα

x�|Æy�l«w��Mx��{���Mx�l$�F¬�oµ� x��{��� x�gil«�i|Q�{lÊlk���M~¨�@�Mx�lÊx�gil
�{��|]y@�My{z¨~¨z¨xÈv(|M®�y�lkz¨�{�³w��Mx��{���Mx�l$�(®¯��|]j x�gil���l$�$lkz¨��l$�Åjcl$w�w��M��l$w¢¸{�]�$�$|]���Yz¨�{��~¨v(x�|#x�gil�jcl¢�M�Y¼
Ä@lk~}�Â���{~}l$w�´ªl�{lkx��Mz¨~\�i|¢´¬

¦ w�w��{jcl�x�g@�Mx
α
z}wV�$|]~¨~}l$�kx�z¨�{�nx�gil�z¨�Y®º|]��jU�Mx�z}|]�c®¯��|]j z¨x�w��@�M��lk�^x�wVz¨�

a(α)
¸^x�gil$w�l��ilkz¨��gY¼

y�|]��w>�M��l�i|]x>�$|]�{�il$�kx�l$�Ê�M�i�«��~}|Q|]�Â�@�]w�w�z¨�{��x�g{��|]�{��gÊw�lk��lk���M~�|]x�gilk���i|Q�{l$w�z}w��il$l$�{l$�Êz¨�
��lk�ilk���M~Vy�lH®º|]��lc�Å�$|]�{�il$�kx�z}|]�¾z}wl$w�x��My{~¨z}w�gil$�F¬ ¦ �$�$|]���Yz¨�{��~¨v«´¶l³�ilk��~}l$�kxx�gil³�$|]����lk~²�Mx�z}|]�iw
y�lkxµ´¶l$lk�Wx�gil$w�l��i|Q�{l$w��M�i��´���z¨x�lx�gil��q|]z¨�^x��{��|]y@�My{z¨~¨z¨xµv

p
(

τα, {τβ}β∈a(α)

) �]w

p
(

τα, {τβ}β∈a(α)

)

= p(τα) p
(

{τβ}β∈a(α)|τα
)

=
(

ταhα + τ̄α(1 − hα)
)

∏

β∈a(α)

p(τβ|τα)

´�z¨x�g
p(τβ|τα)

��z¨��lk�Ây^v gº�Y¬>oriH¬
f�gilc�{lHÄi�{z¨x�z}|]�Æ|M®�x�gilcw���gilkjcl³®º|]~¨~}|¢´�wnx�gil$w�lcl2�Y�{��l$w�w�z}|]�iw�fw��{�{��|�w�l�x�g@�Mx#�Mxnw�x�lk�

s
¸

x�gil�z¨�i�Yz¨�^z}�Y�@�M~!�{��|]y@�My{z¨~¨z¨x�z}l$w¶�M��l���z¨��lk�cy�v
ps

α

��x�gil��{���i�Mx�l>|M®
pα

�Mx5x�gil��il2�YxVw�x�lk�cz}w5x�gilk�
��z¨��lk�Wy�v

ps+1
α =

∑

{τβ}

p(τα = 1, {τβ})
∏

β∈a(α)

(

τβhβ + τ̄β(1 − hβ)
)

∏

β∈a(α)

(

τβp
s
β + τ̄β(1 − ps

β)
)

�M�i�Âx�gil2Ä"�Yl$����|]z¨��x�z}w�x�gilk��lH®¯|]��lnw�|]~¨�{x�z}|]�W|M®

pα = hα

∏

β∈a(α)

[

1 +
( εαβ

hαhβ

− 1
)pβ − hβ

1 − hβ

]

.
gº�Y¬è��i

¦ w´¶lUw�l$l�¸�z¨�Æ�Myiw�lk�i�$l�|M®��ilk´,�i�¢v�¼Ãx�z¨jclÅ�i�Mx��Y¸�´�g{z}��ga´ª|]�{~}�S®º|]���$lUw�|]jcl�|M®�x�gil
pβ

x�|
y�l��YzPtFlk��lk��x³®¯��|]j7x�gilkz¨�cg{z}w�x�|]��z}�¢�M~��]�M~¨�il

hβ

¸ªx�gilÂw���gilkjcl��@�Mx��{���M~¨~¨v �$|]����lk����l$w�x�|±x�gil
g{z}w�x�|]��z}�¢�M~¶l2�Y��l$�kx��Mx�z}|]�a���M~¨�il$w¢¬Wf�g{z}w#jcl¢�M�Y¼ºÄ@lk~}�a�{��|^�$l$�Y�{��l�z}w.���Mx�gilk�#�k���i�{l��M�i�Æ��z¨��l$w
�{�iw
�Mx�z}wq®º�]�kx�|]��va��l$w��{~¨x�w³l$w���l$�kz²�M~¨~¨va´�gilk� ´ªlÅx���vSx�|½w�lk�i��jcl$w�w��M��l$w�y@�]��·Q´¶�M��� z¨� x�z¨jcl�¸
y�l$�¢�M�iw�l�x�giln�M�{�{��| �Qz¨jU�Mx�lnz¨�i�{lk��lk�i�{lk�i�$lnz}w�~}|�w�x�y�lkxµ´¶l$lk�W�ilkz¨��g�y�|]��w¢¬
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��5�� Ô ¡��Z �� ��� f �«l¢�M� x�z}lk~}�
�
	����� f ¦ w�lkx�|M®¹w��@�]�$lH¼Ãx�z¨jcl�i|Q�{l$w

{(`, t), ` = 1 . . . N, t = 1 . . .M}
�cw�lkx�|M®�g{z}w�x�|]��z}�¢�M~

�i�Mx��
{h(`,t), ` = 1 . . . N, t = 1 . . . M}

�M�i�
{ε`,`′ , ` = 1 . . . N, `′ = 1 . . . N}

¸@�M�i�Åx�gil
�$|]����l$w���|]�i�Yz¨�{�c�����M�{g

G
¬ ¦ w�lkx�|M®¹�^z}w�z¨x�l$�Âw��@�]�$lH¼Ãx�z¨jcl4�i|Q�{l$w

{α∗}
�M�i��x�gil

�$|]����l$w���|]�i�Yz¨�{�c´¶lkz¨��g�x�w
pα∗

w�lk�i�Åy^vÅx�gil��{��|]y�l4��lkg{z}�k~}l$w°¬
ï�������� lk��lk��v��i|Q�{l (`, t)

|M®¹x�gil4�����M�{g�� �
��� ��� (`, t)

z}w��#�Qz}w�z¨x�l$�Âw�z¨x�l ������	
ô�� z¨�{z¨x�z²�M~¨z>v¢lnx�gil�Ä@lk~}�

p`,t = p∗`,t � ��!#"��
ñ�� z¨�{z¨x�z²�M~¨z>v¢lnx�gil�Ä@lk~}�

p`,t = h`,t
��� ��	 � ���
ò�� ��	 � ���$�
ó�������� t = 2

x�|
t = M

� �
% � w�´¶l$lk�Âx�gilw�lkx�|M®¹�i|Q�{l$w¢¸i�M�i���{���i�Mx�lw�l$�^�ilk��x�z²�M~¨~¨vÅx�gil4´ªlkz¨��g^x�w�|]�Ê�M~¨~\x�gil��i|^�{l$w

|M®¹x�gil4�����M�{gWl2�{�$lk�{x�x�gil4�Qz}w�z¨x�l$��|]�il$w
{α∗}

¸{��lk�ilk���Mx�z¨�{�Ux�gil4���M~¨�il$w
p∗`,t
¸

�iw�z¨�{�U�Y¬è�³´�z¨x�gÂ�@�M��lk��x>�ilkz¨��g�y�|]��w¢¬
ï�ð�� ��	 � ���$�
ïHï��&� �'�� � 	 x�gilw�lkx�|M®�Ä"�Yl$��´¶lkz¨��g�x p∗`,t

�KQ)( � TZU=[ OPU$* � �=E�F �M^ �Z^nC�OPFIBy^R[ �YFRE O�C�X �
f�gilUw�z¨j³�{~}l³jcl¢�M�Y¼ºÄ@lk~}�Sw���gilkjcl³�{��l$w�lk�^x�l$�Æ�My�|¢��lUg@�]wn�ÅjU�K��|]�n�Y���$´�y@�]��·Df.z¨x�{|^l$w�i|]x
x��M·�l³®C�{~¨~V�]�Y���M��x��M��l�|M®¶x�gil�z¨�Y®º|]��jU�Mx�z}|]�Sx�g@�Mxz}w��{��|°�^z}�{l$�Sy�v±x�gil��{��|]y�lc�¢�M��w¢¬³oÈ�i�{l$l$�F¸
z¨�Y®º|]��jU�Mx�z}|]�(�{��|]�@�M���Mx�l$w¶|]�{~¨v�®º|]��´¶�M���(z¨��x�z¨jcl�¸Q�M~¨x�gi|]�{��gÅx�|��l$�$|]�iw�x����i�kxªx�gil>x����K§U�>�Mx��
��z¨��lk��x�z¨jcl

t
z¨��x�gil��@�]w�x¢¸Y|]�il4�¢�M���iw�l��@�]w�x��]w�´ªlk~¨~;�]w¶®¯�{x��{��l�z¨�Y®º|]��jU�Mx�z}|]�Â´�z¨x�g���l$w���l$�kx

x�|Åx�z¨jcl
t
¬cÀ2w�z¨�{��x�gil �±�M��·�|¢�±���M�i�{|]j'Ä@lk~}�½��lk�{��l$w�lk��x��Mx�z}|]��|M®¶x�gilc�i�¢v�¼Ãx����K§U�Ug{z}w�x�|]��v

´¶l�jU�$vÅ�]�kx��@�M~¨~¨v(w�lkx¶�{�W�.y�lk~¨z}lH®C¼Ã�{��|]�@�M���Mx�z}|]�Ê�M~¨��|]��z¨x�g{j ´�g{z}��g�´�z¨~¨~/�k�{��l>x�g{z}w��{��|]y{~}lkjÂ¬
f�gil.y�lk~¨z}lH®¯w4�M��l#l$w�x�z¨jU�Mx�z}|]�iw4|M®Vx�gil.jU�M����z¨�@�M~��{��|]y@�My{z¨~¨z¨x�z}l$w

pα

x�g@�Mx2x�gil³�M~¨��|]��z¨x�g{jÉ´�z¨~¨~
�{��|°�^z}�{l �è� �µ¬nf�gilkvW´ª|]�{~}�±y�l#l2�{�]�kx�zÇ®ªx�gil#�����M�{g±g@�]�¾�Ux���l$lH¼Ã~¨z¨·�l³w�x����i�kx��{��l�¸Fy{�{x�z¨�½|]�{�
�¢�]w�l5x�gil5�����M�{g.g@�]w;�kvY�k~}l$w/´�g{z}��g.´¶lªl2�Y��l$�kx\x�|�y�l5w��Y§U�kz}lk�^x�~¨v~²�M����l5x�|2�$��|]z}�#�$|]����lk����lk�i�$l
�{��|]y{~}lkjcw �è� �µ¬cf�gilc�$|]j³�{~¨z}�¢�Mx�z}|]� �]�{�{l$�½x�|�x�gilcw�z¨j³�{~}lc�M~¨��|]��z¨x�g{j �{��l$w�lk�^x�l$�Æ�My�|¢��l�¸;z}w
x�g@�Mx�x�gil�z¨x�lk���Mx�z}|]�iw�´�z¨~¨~F�i|]x��$|]�iw�z}w�x�w�x�|��{���i�Mx�l�x�gil�y�lk~¨z}lH®¯w��Yz¨��l$�kx�~¨v�¸iy{�{x��#�ilk´Í·^z¨�i��|M®
jcl$w�w��M��l$w�´�g{z}��gÊ´�z¨~¨~Fgilk~¨�Âx�|c�$|]�iw�x����i�kx�x�gil4y�lk~¨z}lH®ºw��M�i��´�g{z}��gW´ªln�{lHÄi�il4�i|¢´¬

f�gil�z}�{l¢�4|M®Fx�gil�y�lk~¨z}lH®F�{��|]�@�M���Mx�z}|]��z}wVx�|�®º�]�kx�|]�ªx�gil�jU�M����z¨�@�M~��{��|]y@�My{z¨~¨z¨xµv��Mxª�4��z¨��lk�
w�z¨x�l�z¨����{��|Q�Y�i�kx�|M®;�$|]��x���z¨y{�{x�z}|]�iw��$|]j³z¨�{��®C��|]j �ilkz¨��g�y�|]��z¨�{�cw�z¨x�l$w¢¸^´�g{z}��g��{��l$�kz}w�lk~¨v(�M��l
x�gil#jcl$w�w
�M��l$w¢¬4f�gil#�{���i�Mx�lH¼Ã���{~}l$wn�M��l#x�gil.®º|]~¨~}|¢´�z¨�{�i¬1!\lkx

α
�U�i|Q�{l#´�z¨x�g±�@�M��lk��x�w

a(α)�M�i�U��g{z¨~}�Y��lk�
c(α)

g¯w�l$l x�z¨���{��l��Y¬è��iH¬�f�gil�jcl$w�w
�M��l�w�lk��x5y^v
α
x�|
γ ∈ V (α) = a(α)∪c(α)
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z}w


















mα→γ(τγ) =
∑

τα

∏

β∈V (α), β 6=γ

mβ→α(τα)pαγ(τα|τγ),
zÇ®
γ ∈ V (α),

mα→γ(τγ) =
∑

τα

∏

β∈a(α), β 6=γ

mβ→α(τα)pγα(τγ |τα),
zÇ®
γ ∈ c(α).

gº�Y¬è��i

f�gily�lk~¨z}lH®ºw
bα
�M��l4x�gilk�Â��l$�$|]�iw�x����i�kx�l$�«�]�$�$|]���Yz¨�{�cx�|

bα(τα)
���
�
=

1

Zα

∏

β∈a(α)∪c(α)

mβ→α(τα),

´�z¨x�g
Zα =

∑

τα∈{0,1}

∏

β∈a(α)∪c(α)

mβ→α(τα).

¦ w���l$�kzÇÄ@�����{~}l4z}w��{lHÄi�il$�Å®º|]���i|Q�{l$w
α∗ ´�g{z}��gÂg@�¢��ly�l$lk���^z}w�z¨x�l$�Åy^vÅ�{��|]y�l�¢�M��w°¸

mα∗→β =
∑

τα∗

p(γ|α∗)bα∗(τα∗)

f�g{z}wV�{��|^�$l$�Y�{��l2�M~¨~}|¢´�w¶x�|4��|4y�lkv�|]�i�cx�gil�jcl¢�M�Y¼ºÄ@lk~}�(�M�{�{��| �Qz¨jU�Mx�z}|]���M�i�cx�|��l$�$|¢��lk�¶x�gil
w�|M¼µ�¢�M~¨~}l$�Âm�lkx�giln�M�{�{��|0�Yz¨jU�Mx�z}|]�Â®º|]��x�gil2®¯��l$lH¼µlk�ilk����v � � �µ¬

� � � ^=E 	"F=V=OP^RByC�E�^DbcL C�F � � � FIHRU=[

oÈ�±|]���{lk�4x�|Ux�l$w�x4|]�{��M~¨��|]��z¨x�g{j+|M®ªx����K§U�#��l$�$|]�iw�x����i�kx�z}|]�S´ªl#�il$l$�¾�U�$|]�^��lk�{z}lk��x.x����K§U�
�ilkxÈ´ª|]��·cjc|Q�{lk~Ã¸Q|]�U´�g{z}��gÅz¨xªz}w5��|�w�w�z¨y{~}l�x�|n��lk�q®º|]��j:jcl¢�]w��{��lkjclk��x�w��M�i��w�z¨jn�{~²�Mx�l>x����K§U�
�$|]�i�Yz¨x�z}|]�iw°¬5f�gil4jc|Q�{lk~/´ªl4�iw�l�z}w��]w�®º|]~¨~}|¢´�w�f

f�gil��ilkxÈ´ª|]��·(z}w¶�$|]j³��|�w�l$�(|M®\�i|Q�{l$w¶�$|]����l$w���|]�i�Yz¨�{��x�|#�k��|�w�w���|��]�{w�|]�¶x�|n�Qz¨��x��@�M~F�k�{x�w
zÇ®¹��|��]�Ww�lk��jclk��x�w��M��l4x�|^|c~}|]�{�i¸@�M�i�W|M®5�³w�lkx�|M®5|]��z}lk�^x�l$�Â~¨z¨�{·Yw��$|]�{�il$�kx�z¨�{�(x�gil$w�l4�i|Q�{l$w¢¬
Ëª�]��gÂ~¨z¨�{·

`
g@�]w>�#��z¨��lk�Âz¨j³��|]��x��M�i�$l

g`

¸Y´�g{z}��gÂy�v��$|]����lk�^x�z}|]�Êz}w�z¨�Êw��¢�M~}l����M�{��z¨�{�c®¯��|]j
oc®¯|]�#~¨z¨x�x�~}l����{���M~ª��|��]�{w¢¸¹x�|«��®º|]�ng{z¨��g^´¶�¢vQw¢¬±f�gil�~}lk�{��x�g |M®�x�gilU~¨z¨�{·½z}w.�i|]x�l$�

|`|
�M�i�

w�gi|]�{~}�½�i|]xl2�Y�$l$l$�Æ�(®¯lk´©g^�{�i�Y��l$�{w.|M®�jclkx�lk��w¢¬coÈx�w�¢�M�@�]�kz¨xÈv½z}w
C` = ���������	��
 |`|g`

¸
´�gilk��l

���������	��

z}w2x�gil.jU���Yz¨jn�{j �M~¨~}|°´¶�My{~}lc�¢�M�4�{lk�iw�z¨xÈvÊz¨�½��x����K§U�2���MjÂ¬4fVv^�{z}�¢�M~¨~¨v�¸

�����������
 = 200
zÇ®
|`|
z}w�jcl¢�]w��{��l$��z¨��·^z¨~}|]jclkx�lk��w°¬

f\|³l¢�]��gW~¨z¨�{·
`
´¶l�]w�w�|Q�kz²�Mx�l�n®C��l$l4l$w��¢�M��lH¼Ãx�z¨jcl

τ0
`

¸Q´�g{z}��gÊ�$|]����l$w���|]�i�{w�x�|�x�gil�x�z¨jcl
z¨xªx��M·�l$wVx�|nx����$��lk~F�M~¨~!x�gil�´¶�¢vcx�g{��|]�{��g�x�gil>~¨z¨�{·�¸�´�gilk�(x�gil�x����K§U�>z}w5Îi�{z}�F¬�f;|nl¢�]��gÅ�i|Q�{l
a
¸i´¶l.�]w�w�|Q�kz²�Mx�l4x�gilnjcl¢�M�Wx�z¨jcl

τ0
a

z¨x�x��M·�l$w�x�|c��|cx�g{��|]�{��gÊx�giln�k��|�w�w�¼Ã��|��]�F¸@´�gilk�±�M���Mz¨�
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��5�� Ô ¡��Z �� ��� f�m�lk~¨z}lH®C¼µ����|]�@�M���Mx�z}|]�
�
	����� f ¦ w�lkx�|M®¹w��@�]�$lH¼Ãx�z¨jcl�i|Q�{l$w

{(`, t), ` = 1 . . . N, t = 1 . . .M}
�cw�lkx�|M®�g{z}w�x�|]��z}�¢�M~

�i�Mx��
{h(`,t), ` = 1 . . . N, t = 1 . . . M}

�M�i�
{ε`,`′ , ` = 1 . . . N, `′ = 1 . . . N}

¸@�M�i�Åx�gil
�$|]����l$w���|]�i�Yz¨�{�c�����M�{g

G
¬ ¦ w�lkx�|M®¹�^z}w�z¨x�l$�Âw��@�]�$lH¼Ãx�z¨jcl4�i|Q�{l

{α∗}
�M�i��x�gil

�$|]����l$w���|]�i�Yz¨�{�c´¶lkz¨��g�x�w
pα∗

w�lk�i�Åy^vÅx�gil��{��|]y�l4��lkg{z}�k~}l$w°¬V�#jU���Qz¨jU�M~\���{jny�lk�>|M®
z¨x�lk���Mx�z}|]�iw

it ����� �i�#��l$���il$w�x�l$���{��l$�kz}w�z}|]� ε�  ���� � f5À	� Ì p	�	��Ë5��#�Ë ��zÇ®�m�� g@�]w��i|]x��$|]�^��lk����l$�F¸@x�gil4w�lkx�|M®5�M~¨~/jcl$w�w
�M��l$w
mα→βzÇ®�m�� g@�]w��$|]�^��lk����l$�

ï�� ¦ x�w�x�lk� it = 0
f

��������� lk��lk��v(l$�Y��l α→ β
|M®�x�gil������M�{g�� �

ô�� ��� α z}w��#�Qz}w�z¨x�l$��w�z¨x�l ������	 � z¨�{z¨x�z²�M~¨z>v¢lnx�gil4jcl$w�w��M��l$w
mα→β =

∑

τα
p(τβ|τα)p∗αñ�� ��!#"��

��� ���M�i�{|]j³~¨vÅz¨�{z¨x�z²�M~¨z>v¢lx�giljcl$w�w��M��l$w
mα→β(it = 0) ∈ [0, 1]

ò�� ��	 � ���
ó�� ��	 � ���$�
% ������� it = 1

x�|
it = it ����� � �

ï�ð�� w�´¶l$lk�Âx�gilw�lkx�|M®�l$�Y��l$w�z¨�Ê�#���M�i�{|]j¿|]���{lk�¢¸@�M�i���{���i�Mx�l4w�l$�^�ilk��x�z²�M~¨~¨v�x�gil
jcl$w�w
�M��l$w�|]�Ê�M~¨~Fx�gill$�Y��l$w�w�|M®�x�gil4�����M�{gÊl2�Y�$lk�{x�x�gil4|]�iln|]��z¨��z¨�@�Mx�z¨�{�c®¯��|]j �
�Qz}w�z¨x�l$�Å�i|Q�{l

{α∗}
¸{��lk�ilk���Mx�z¨�{��x�gil��]�M~¨�il$w

mα→β(it)
¸i�iw�z¨�{�³�{���i�Mx�l4���{~}l$w��Y¬è�

ïHï�� ��� |mα→β(it) −mα→β(it− 1)| < ε
|]�Ê�M~¨~Fx�gill$�Y��l$w ������	

ï ��� x�gil4z¨x�lk���Mx�z}|]�Êg@�]w��$|]����lk����l$�«�M�i����lk�ilk���Mx�l$�
m∗

α→β = mα→β(it)
ï�ô�� 
�� � � ~¨z¨�ilho¢�
ï  � ��	 � ���
ï�ñ�� ��	 � ���$�
ï ��� ��� it = it ����� ������	
ï�ò�� � �'�� � 	 À ��¼ Ì p	���2Ë5��#�Ë(�
ï�ó�� ��!#"��� it < it �������
ï % � � �'�� � 	 x�gil4w�lkx�|M®�Ä"�Yl$����|]z¨��x m∗

α→β = mα→β(it)
�
ð�� ��	 � ���
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x�gilk��l�z}w5�i|�x����K§U��¬�fVv^�{z}�¢�M~¨~¨v�zÇ®�x�gilk��l�z}w5�2x����K§U��~¨z¨��g�x¢¸�x�g{z}w5w��¢�M~}l���lk�{��l$w�lk�^x�w5x�gil��$��lk���M��l
x�z¨jcln|]�il�´¶�Mz¨x�w�z¨�Â®C��|]�^x�|M®�x�gil~¨z¨��g�x��{~¨�iw�x�gilx����M�iw�z¨x�x�z¨jcl4x�g{��|]�{��gÂx�giln�k��|�w�wq¼Ã��|��]�F¬

f�gil��ilkxµ´ª|]��·3� w�w�x�|^��g@�]w�x�z}�lk��|]~¨�{x�z}|]�Âz}w �±�M��·�|¢�Qz²�M�Ê�M�i���$|]��x�z¨�^�i|]�iw�´¬ �¢¬ x¢¬Yx�z¨jcl�¬¶p>�
l¢�]��gW~¨z¨�{·

`
�c�$lk��x��Mz¨�«���{j.y�lk��|M®���lkg{z}�k~}l$w

n`(t)
z}w��kz¨���k�{~²�Mx�z¨�{�Â�Mx�x�z¨jcl

t
�M�i�Wx�giln�$|]����lH¼

w���|]�i�Yz¨�{�Å~}|��]�«z}w2��z¨��lk�«y^v
ρ`(t) = n`(t)/C`(t)

¬ !/lkx
V +(a)

y�lnx�gil�w�lkx�|M®V~¨z¨�{·Yw2´�g{z}��g
�{l$w�x�z¨�@�Mx�z}|]�(z}w

a
¬¹f;|.jcl¢�]w��{��l�x�gil2�$|]�{��l$w�x�z}|]�Â�Mx

a
¸^´ªl4�M~}w�|n�{lHÄi�il2x�gil>~}|��]�

ρa(t)
|M®/x�gil

�i|Q�{l�]w

ρa(t) =

∑

`∈V +(a) g`ρ`(t)
∑

`∈V +(a) g`

.

oµ®
a
z}w¹x�gil��{l$w�x�z¨�@�Mx�z}|]�c|M®!~¨z¨�{·

`
¸��M�i�

`′
w�x��M��x�w�®C��|]j�x�gilk��l�¸�´¶l��]w�w�|Q�kz²�Mx�l�x�|>x�gil�x����M�iw�z¨x�z}|]�

n` −→ n` − 1

n`′ −→ n`′ + 1.

x�gil�x����M�iw�z¨x�z}|]�W���Mx�l
λa

``′(ρ`, ρ`′ , ρa)
���	�
=

1 − ρ`′

τ` + τa
,

´�gilk��l

1

τ`

���	�
=
f(ρ`)

τ0
`

,

1

τa

���	�
=

(1 − ρa)

τ0
a

,

�M�i��´�gilk��l
f
z}w����|�w�z¨x�z¨��l2�{l$�k��l¢�]w�z¨�{�#®C�{�i�kx�z}|]�/¸{w��i��g�x�g@�Mx

f(0) = 1
¬�oµ�Å|]���{lk�¶x�|njc|Q�{lk~

�#x����K§U�nw�z¨x��@�Mx�z}|]�W´�z¨x�g�xÈ´ª|U�YzPtFlk��lk��x>��lk��z¨jcl$w¢¸{´¶l��gi|Q|�w�l

f(ρ)
���	�
= 1 − η

∫ ρ

0 dxx
n(1 − x)n

∫ 1
0 dxx

n(1 − x)n
,

g�li¬>ori

´�z¨x�g
n
~²�M����l�¬ � z¨x�g(x�g{z}w���gi|]z}�$l�|M®/®¯�{�i�kx�z}|]�/¸Q®¯|]�

ρ < 0.5
¸Yx�gil2x����K§U�2z}wªÎi�{z}� g

f(ρ) ' 1
iH¸

´�gilk��l¢�]w�®¯|]�
ρ > 0.5

¸@z¨x�z}w��$|]�{��l$w�x�l$�Wg
f(ρ) ' 1 − η

iH¬
tQ|]jcl|M®�x�gil�i|^�{l$w��M��ln�$|]�{�il$�kx�l$��x�|³x�gil|]�{x�w�z}�{l´ª|]��~}�W�M�i����lkg{z}�k~}l$w�jU�$v�lk��x�lk�2|]�

~}l¢�¢��l#x�gil#w�vQw�x�lkjÉ�Mx�x�gil$w�ln�i|Q�{l$w¢¬ ¦ x�w��i��g¾�U�i|^�{l
a
¸�x�gil#���Mx�l.|M®¶lk��x����M�i�$l³|M®V��lkg{z}�k~}l$w

z¨�^x�|U�#~¨z¨�{·
`
z}w

λa
` (ρ`)

� �
�
= Tlevelλa(1 − ρ`),
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0

0,5

1

0 0,2 0,4 0,6 0,8 1
0

0,02

0,04

0,06

0,08

798 :(;��9;><�?5¦ ��lk���M��l4�Yz}w�x���z¨y{�{x�z}|]�Ê|M®¹~}|��]�
ρ`

|¢��lk��x�gil4�ilkxµ´¶|]��·W�M�i��|¢��lk���i�¢v�¼Ãx�z¨jclzgCy{~²�]��·(i
�M�i�Åx�giln�]w�w��{jcl$����lk~}|Q�kz¨xµv^¼Ã~}|��]�W�Yz²�M�����Mj

f(ρ)
gC��l$�2iH¬

´�gilk��l
λa > 0

z}w�(�@�M���Mjclkx�lk�#�Mx�x��]��gil$�¾x�|
a
�M�i�

Tlevel

z}w�x�gil³�k�{����lk�^xn��~}|]y@�M~5~}lk��lk~5|M®
x����K§U��¬¶t^z¨j³z¨~²�M��~¨v�¸{®º|]���#~¨z¨�{·

`′
x�g@�Mx�lk�i�{w��Mx

a
¸Yx�gill2�Qz¨x����Mx�lz}w

µa
`′(ρ`′)

���	�
= (1 − Tlevel)

µa

τ`′
,

´�z¨x�g
µa > 0

¬
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∑
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